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FOREWORD 

The ACS SYMPOSIUM SERIES was founded in 1974 to provide 
a medium for publishin
format of the SERIES parallels that of the continuing ADVANCES 
IN CHEMISTRY SERIES except that in order to save time the 
papers are not typeset but are reproduced as they are sub
mitted by the authors in camera-ready form. As a further 
means of saving time, the papers are not edited or reviewed 
except by the symposium chairman, who becomes editor of 
the book. Papers published in the ACS SYMPOSIUM SERIES 
are original contributions not published elsewhere in whole or 
major part and include reports of research as well as reviews 
since symposia may embrace both types of presentation. 
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PREFACE 

"pvuring the mid-1800s a number of events led scientists to seek a rela-
tionship among the chemical elements that were known at the time. 

About five years before Mendeleev's publication of what has been called 
the first periodic table, John Newlands published his periodic table which 
was not accepted by the scientific community, and was not to be recog
nized as an achievement until the Royal Society belatedly awarded him 
the Davy Medal five years after it had similarly honored Mendeleev. 
The remarkable discovery of Newlands was the repetitive pattern of 
properties of the element
nizzaro's new atomic weights. Thus Newlands, studying a collection of 
objects (elements) via the properties of each object, applied unsuper
vised pattern recognition to a problem of multivariate analysis long 
before computers and pattern recognition were invented. His approach 
to the discovery of the periodicity of the elements would make him one 
of the early chemometricians, if not the first. 

Modern chemistry, as a physical science, studies chemical systems 
by obtaining information through the use of a variety of measurement 
systems. On the whole, the measurement systems available to chemists 
are quite sophisticated and generate data that are accurate and precise. 
Psychology, as a social science, studies human systems, also by making 
measurements. However, the data generated by psychology's measure
ment techniques are comparatively imprecise and inaccurate, and some
times even nonmetric in nature. As a result of this problem experimental 
psychologists are eager to discover new mathematical and statistical 
methods to extract useful information from their observations. The area 
of psychology concerned with the design of experiments and the interpre
tation of observations is called psychometrics, and the journal Psycho-
metrika has been published since 1936. 

Psychology is not the only science formally searching for better 
methods of information extraction. Biometrics and econometrics are 
formal areas of study in biology and economics. In June 1974 the Chemo-
metrics Society was founded in Seattle, Washington during an informal 
gathering of chemists. In a published letter to prospective chemome
tricians (Journal of Chemical Information and Computer Sciences (1975) 
15, 201), chemometrics is defined as the development and application of 
mathematical and statistical methods to extract useful chemical informa
tion from chemical measurements. Modern chemistry has ventured out-
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side the controlled environment of the laboratory to tackle difficult prob
lems with chemical measurements. This, combined with the proliferation 
of computers in chemical laboratories, has prompted a demand for new 
and improved methods to design and control experiments and to analyze 
the wealth of data that can be generated. 

"Chemometrics: Theory and Application' represents a sampling of 
the work of chemometricians and does not constitute an all-inclusive 
review of that field. With one major exception and some minor ones 
this volume represents the content of a symposium under the same title 
presented by the Division of Computers in Chemistry at the 172nd 
National Meeting of the American Chemical Society, August 29 to 
September 3,1976 in San Francisco. The major exception is the inclusion 
of a contributon by Sjôstrôm and Wold. S. Wold was an invited speaker 
who unfortunately was unable to attend the meeting. The minor excep
tions amount to difference
delivered at the San Francisc

As data become easier and less expensive to acquire, there is little 
doubt that the chemist will be forced to rely more heavily on the com
puter and new mathematical and statistical analysis methods. Likewise, 
as instruments become more complex with multiple outputs as well as 
multiple inputs, the computer will assume a greater role in instrument 
control as well as such tasks as fault detection and even fault correction. 
The works of the authors found in this book clearly demonstrate that 
chemists are indeed interested and active in the search for better meas
urement system control and optimization and measurement analysis 
methods. 

University of Washington BRUCE R. KOWALSKI 
Seattle, Washington 
March 7, 1977 
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1 
Advances in the Application of Optimization 
Methodology in Chemistry 

STANLEY N. DEMING 

Department of Chemistry, University of Houston, Houston, TX 77004 

STEPHEN L. MORGAN 
Department of Chemistry, University of South Carolina  Columbia  SC 29208 

Many chemical measuremen
as systems (1) consisting  inputs
outputs (see Figure 1). The primary input to a chemi
cal measurement process i s a sample, some property of 
which i s to be assigned a numerical value (2). Exam
ples of specific properties that might be measured are 
the percentage of iron in an ore, the concentration of 
calcium in a patient's blood serum, and the parts per 
million of hydrocarbons in urban air. 

In addition to the primary input, many secondary 
inputs (or factors) can have an effect upon the numer
ical value that i s eventually assigned to the property 
of interest. These additional factors include temper
ature, reagent amount, wavelength, time, homogeneity, 
and the presence of interfering substances. If the 
numerical result of the measurement process is to be a 
precise representation of the property of interest, it 
is clearly important that the more significant of 
these factors must be controlled. As Mandel has 
stated. "The development of a method of measurement i s 
to a large extent the discovery of the most important 
environmental factors and the setting of tolerances 
for the variation of each one of them" (3,4). 
Ideally, the method should be "rugged" against uncon
trol l e d changes in the environmental factors so that 
the tolerances can be broad. 

It i s often convenient to classify factors as 
known or unknown, and controlled or uncontrolled. A 
further c l a s s i f i c a t i o n results if it is noted at what 
point a factor enters the measurement scheme (see 
Figure 2); specifically, i s the factor associated with 
the measurement process itself (e.g., temperature, 
reagent amount) or i s i t instead associated with the 
sample (e.g., homogeneity, presence of interfering 
substances)? 
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CHEMOMETRICS: THEORY AND APPLICATION 

INPUTS · TRANSFORMS • OUTPUTS 

Figure 1. Systems view of the measurement 
process 
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Figure 2. Expanded view of the measurement process 
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1. DEMiNG AND MORGAN Optimization Methodology 3 

This latter distinction i s often important in the 
development of analytical methods. If a known envir
onmental factor i s associated with the measurement 
process i t s e l f , then i t i s usually possible to control 
that factor during both the development and implemen
tation of the method; thus, by suff i c i e n t l y close con
t r o l , the factor's influence, on the numerical result 
can be minimized. If a known environmental factor i s 
associated with the sample, i t might not be possible 
to control that factor when the method i s actually 
implemented. It i s , however, usually possible to con
t r o l the factor during the development of the method 
in such a way that the range of values normally en
countered for that factor can be simulated. By this 
mechanism, the effect of a factor associated with the 
sample can be assessed, and the method can be devel
oped so as to minimiz
controlled factor. 

The primary output from a chemical measurement 
process i s the numerical value of the property of 
interest in the sample. But many other, secondary 
outputs (or responses) might also be important: exam
ples include cost per measurement, sensitivity to 
interfering substances, and linearity of the assigned 
numerical value vs. the property being measured. 
Thus, the development of a method of measurement can 
be more than the discovery of the most important en
vironmental factors and the setting of tolerances for 
the variation of each one of them; i t can also be the 
adjustment or optimization of the most important con
trollable environmental factors so as to achieve the 
best possible compromise among the many different re
sponses (5) . 

The "advances" reported here i l l u s t r a t e the use 
of c l a s s i c a l experimental designs in conjunction with 
optimization techniques to automatically produce a 
chemical measurement process possessing desirable per
formance characteristics (6). 

Automated Continuous Flow System 
Automated continuous flow methods of chemical 

analysis (7) have become widely accepted as reliable 
means of carrying out a large number of determinations 
in a short period of time with minimal analyst inter
action. In the future, many existing continuous flow 
methods w i l l need to be improved and many new contin
uous flow methods w i l l need to be developed both to 
meet the more exacting requirements of established 
disciplines, as well as to f u l f i l l the growing demands 
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4 CHEMOMETRICS: THEORY AND APPLICATION 

of relatively new areas such as environmental and 
c l i n i c a l chemistries (8) . 

The instrument used in this work i s b u i l t around 
standard Technicon AutoAnalyzer-II continuous flow 
components and a Hewlett-Packard 9830A computer. Many 
of the operations normally carried out by the analyst 
are under direct computer control. These operations 
include starting and stopping a tray of samples, ac
quiring digitized absorbance values from the c o l o r i 
meter, and controlling the flow rate of individual 
reagents. This latter operation i s accomplished by 
using individual p e r i s t a l t i c pumps for each reagent 
line; each p e r i s t a l t i c pump i s driven by a stepping 
motor which can be made to turn at a rate that w i l l 
deliver the desired flow. Computer options include: 
16K bytes of read/write memory; thermal page printer; 
plotter; dual-platte
input/output, matrix
advanced programming capability. A 32-bit s e r i a l , b i
directional, time multiplexed interface i s used to 
communicate information between the instrument and 
computer. 

Chemical System 

The concentration of calcium in blood serum can 
be determined by dialysis of calcium ion into a re
cipient stream followed by reaction with the complex-
ing agent cresolphthalein complexone in basic solution 
(9̂ ) . Figure 3 i s a diagram of the flow scheme used in 
this work. 

Before dialysis, the serum sample i s mixed with a 
solution containing hydrochloric acid (HCL-B), 8-
hydroxyquinoline (8HQ-B), and water (used as a diluent 
to make up a fixed total flow). During dial y s i s , the 
calcium i s transferred to a recipient stream contain
ing hydrochloric acid (HCL-A), 8-hydroxyquinoline 
(8HQ-A), cresolphthalein complexone (CPC), and water. 
Diethylamine (DEA) i s added to make the solution basic 
and the absorbance of the colored product i s measured 
at 570 nm. 

Figure 4 i s a systems view of the continuous flow 
method for calcium. Six controllable factors associ
ated with the measurement process have an influence 
either upon the number that i s assigned to the calcium 
concentration, or upon some of the secondary outputs, 
or both. These factors are HCL-B, 8HQ-B, HCL-A, 
8HQ-A, CPC, and DEA. Two uncontrollable factors that 
are associated with the sample are the concentrations 
of magnesium and protein in the serum. Magnesium i s 
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DEMINC AND MORGAN Optimization Methodology 

PIRLYZER 
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Figure 3. Flow scheme for continuous flow determina
tion of calcium in blood serum 
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Figure 4. Systems view of continuous flow determination 
of calcium in blood serum 
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6 CHEMOMETRICS: THEORY AND APPLICATION 

an interfering factor because i t can codialyze with 
calcium and contribute to the measured absorbance by 
forming a colored Mg-CPC complex (10). Protein i s an 
interfèrent because i t i s thought to contribute to a 
Donnan-type equilibrium in the dialysis process (11) 
and because i t chemically binds calcium. 
Objectives 

The objectives of the work presented here were to 
— increase the sensitivity of absorbance response 

with respect to serum calcium concentration (that 
i s , maximize the slope 6A/6[CA]); 

— decrease the sensitivity of absorbance response 
with respect to serum magnesium concentration (i..e. 
minimize | OA/δ [Mg] | ) ; 

— decrease the sensitivit
with respect to
mize IδΑ/6[protein]|); 

— maintain a relatively low blank absorbance (in this 
work, the blank absorbance was considered accept
ably low i f i t was less than the absorbance above 
the reagent blank produced by a 15 mg dl"" 1 Ca 
standard); and 

— maintain good linearity of absorbance with respect 
to serum calcium concentration (in this work, the 
standard deviation of residuals from a model f i r s t 
order in calcium was used to assess l i n e a r i t y ) . 

Samples 
A set of 20 serum samples were prepared by d i l u t 

ing one part reference serum with one part saline s o l 
ution containing a specified amount of calcium ion, 
magnesium ion, and bovine serum albumin (protein). 
Each serum sample thus prepared corresponded to a 
treatment combination ~in the non-central composite 
experimental design (12) given in Table I. 

Objective Function 
Calcium, magnesium, and protein effects were 

assessed by f i t t i n g a f u l l second-order polynomial 
model to data obtained from the set of 20 samples: 

3 3 3 
A - 00 + J l *L*i + J l j ^ l P i l ï i ï i ( 1 ) 

where A i s the absorbance above the reagent blank, and 
2El' 252' a n (^ 253 correspond to calcium, magnesium, and 
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1. DEMiNG AND MORGAN Optimization Methodology 7 

Table I 
Experimental Design for Samples 

Sample Calcium— a 
Magnesium— Ρ rote 

7 -1 -1 -1 
3 -1 -1 + 1 

14 -1 + 1 -1 
6 -1 + 1 + 1 
4 
8 

11 + 1 + 1 -1 
19 + 1 + 1 + 1 
13 0 0 -2 
5 0 0 +2 
2 0 + 2 0 

16 0 + 3 0 
17 -3 0 0 
18 -3 0 0 
10 -2 0 0 
15 -2 0 0 
1 +2 0 0 

12 +2 0 0 
9 0 0 0 

20 0 0 0 

—coded levels are: 
calcium, mg d l ~ ^ 

magnesium, mg d l ~ ^ 
protein, g d l " 

-3 -2 -1 0__ +1 +2 +3 
5.8 7.8 9.8 11.8 13.8 15.8 -

- 1.0 3.0 5.0 7.0 9.0 
- 3.8 4.8 5.8 6.8 7.8 
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8 CHEMOMETRICS: THEORY AND APPLICATION 

protein levels, respectively. The parameter estimates 
hi* 1?2' a n d 1?3 a r e thus measures of the sensitivity 
with respect to calcium, magnesium, and protein 
levels, respectively. 

During the optimization stage, the following ob
jective function was maximized: 

F - k l - IË2I - |b 3| (2) 

Boundary conditions were specified for |b2| and |b3| 
to keep them less than 10% of the value or A 
boundary condition was also specified for the absorb
ance of the reagent blank (see Objectives). No bound
ary was placed on the linearity. 
Optimization 

The six controllabl
measurement process i t s e l f (HCL-B, 8HQ-B, HCL-A, 
8HQ-A, CPC, and DEA) were varied according to the 
rules of a variable size sequential simplex algorithm 
(13, 14). The simplex technique has been used pre
viously for laboratory optimizations and i s described 
in the literature (13-20). 

After evaluating a predetermined number of ver-
texes (i..e., after carrying out 25 different treatment 
combinations of factors associated with the measure
ment process i t s e l f , each time running the tray of 20 
samples, f i t t i n g Equation 1, and evaluating Equation 
2), the objective function had increased by approxi
mately 67% over the worst vertex in the i n i t i a l sim
plex. Most of this increase came about because the 
calcium sensitivity was increased by approximately the 
same percentage. Magnesium sensitivity increased 
slig h t l y and protein sensitivity decreased sl i g h t l y ; 
both were kept well within the established boundary 
conditions. The baseline response was kept low. 
Linearity suffered somewhat. 

Mapping 
After presumably optimum conditions were estab

lished by the simplex technique, a Box-Behnken design 
(21) was evaluated in the region of the suspected 
optimum to establish tolerances for the six control
lable factors and their interactions. The design i s a 
highly fractional, three-level factorial design and i s 
described in the literature (21) ; i t contained 54 
treatment combinations, each of which required measur
ing the 20 serum samples and f i t t i n g Equation 1. 
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1. DEMiNG AND MORGAN Optimization Methodology 9 

The results of the mapping study were used to f i t 
six equations of the form 

6 6 6 
(3) 

where R i s one of the six responses considered (ob
jective function, calcium sensitivity, magnesium sen
s i t i v i t y , protein sensitivity, absorbance of reagent 
blank, or linearity) and the ^ ' s correspond to the 
six controllable factors HCL-By 8HQ-B, HCL-A, 8HQ-A, 
CPC, and DEA. 
Discussion 

The data acquired during the mapping study con
tains information relatin
factors. The result
36 single-factor effects and 90 two-factor interact
ions. Only a small subset of this information w i l l 
be discussed in this paper, the apparent effects of 
the two factors HCL-B and 8HQ-B on the four responses 
F, b^ # t>2, and b3. 

Figure 5 i s a contour plot of the objective func
tion calculated using Equation 3 vs. HCL-B and 8HQ-B, 

In 

UJ 

d 
Si 

LEVEL 0Γ HO. BEFORE DIRLY515 

Figure 5. Objective 
junction contours vs. 
HCL-B and 8HQ-B. 
Numbers are F X 
1000 (see Equation 2). 
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10 CHEMOMETRICS: THEORY AND APPLICATION 

a l l other factors set at their zero level. The con
tour is indicative of a saddle region with the sta
tionary point located near the center of the Box-
Behnken design. At the zero level of 8HQ-B, the ob
jective function goes through a maximum as the level 
of HCL-B i s increased. At the zero level of HCL-B, 
the objective function goes through a minimum as the 
level of 8HQ-B i s increased. These results from the 
mapping study indicate that the value of the objective 
function could be increased i f the amount of 8HQ-B 
were increased. Recalling that the objective function 
F i s a function of three other responses (see Equation 
2), l e t us examine these three contributing responses 
in some detail, remembering that the contours are not 
"exact" as shown in the figures but rather are "fuzzy" 
because of experimental uncertainties and the possi
ble lack of f i t of the model to the data. 

Figure 6 shows that HCL-B has a strong effect on 
the calcium sensitivity; as the concentration of 
hydrochloric acid before dialysis i s increased, the 
calcium response decreases. The factor 8HQ-B has 
l i t t l e effect on the calcium sensitivity; 8-hydroxy-
quinoline does not bind calcium effectively at low pH. 

Figure 7 suggests that, in general, the magnesium 
interference i s not greatly affected by either HCL-B 
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DEMiNG AND MORGAN Optimization Methodology 11 

LEYEL OF H a BEFORE DIALYSIS 

Figure 7. Magnesium 
sensitivity contours 
vs. HCL-B and 8HQ-
B. Numbers are b* 
X 1000 (see Equation 

I). 

H a BEFORE DIALY5I5 

Figure 8. Protein sen
sitivity contours vs. 
HCL-B and 8HQ-B. 
Numbers are b$ X 
1000 (see Equation 1). 
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12 CHEMOMETRICS: THEORY AND APPLICATION 

or 8HQ-B. Thus, although the absolute value of the 
magnesium sensitivity i s subtracted from the calcium 
sensitivity i n forming the objective function, in this 
region of the response surface i t s degradation of the 
objective function i s small. The magnesium s e n s i t i v i 
ty i s well within the boundaries established for i t . 
It i s predicted from this figure that the magnesium 
sensitivity would be near zero at high HCL-B and high 
8HQ-B. 

Figure 8 shows that HCL-B apparently has a large 
effect on the protein sensitivity while 8HQ-B has a 
lesser effect. The large values of protein s e n s i t i v i 
ty at low HCL-B are subtracted from the calcium sensi
t i v i t y i n this region (see Equation 2 and Figure 6) 
and causes the objective function to "fold down" at 
low HCL-B. 

Conclusion 

Although only a small fraction of the total i n 
formation obtained in this study has been discussed 
here, i t i s evident that cl a s s i c a l experimental de
signs used in conjunction with optimization techniques 
and computerized automation offer an e f f i c i e n t means 
of more completely developing and improving chemical 
measurement processes. 
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2 
ARTHUR and Experimental Data Analysis: 
The Heuristic Use of a Polyalgorithm 
A. M. HARPER, D. L. DUEWER,* and B. R. KOWALSKI 
Laboratory for Chemometrics, Department of Chemistry, 
University of Washington, Seattle, WA 98195 

JAMES L. FASCHING 
Department of Chemistry, University of Rhode Island, Kingston, RI 02881 

Most non-routine dat
aid the formulation and/or evaluation of some model or hypothesis 
of the intrinsic data structure. The more detailed the model of 
the data's structure, that is, the more complete the analyst's 
understanding of the data, the more facile the selection of appro
priate algorithms for the data analysis. Conversely, where very 
little is known of the data's structure it is difficult to make 
a priori selection or evaluation of analysis methodologies. 

ARTHUR (1,2), a system of data manipulation, pattern recogni
tion and robust statistical algorithms, is designed as a tool for 
the analyst in applications where the data's structure is not well 
understood. The algorithms included in the system are those which 
our laboratory and other members of the Chemometrics Society have 
found useful in the analysis of a number of quite different chemi
cal and biological data sets. Recently implemented provisions for 
the inclusion of measurement uncertainties in the mathematical 
methods (3) enable the determination of which aspects of the data 
structure are truly inherent to the data. Descriptions of these 
algorithms can be found in the appendix of this chapter. It 
should be noted that ARTHUR is meant to be complementary to and 
not in competition with such primarily statistical systems as SPSS 
(4) and BMD (_5). 

The primary u t i l i t y of ARTHUR being i n the formulation and 
evaluation of models for incompletely-understood data sets, i t i s 
not possible to specify given algorithms or sequences of algorithms 
which are "best". However, i n the course of much data analysis 
(both f r u i t f u l and frustrating) some "rules of thumb" or heu r i s t i c 
procedures have been formulated. Following an introduction to the 
"ARTHURian" terminology of data analysis and pattern recognition, 
and a description of the inclusion of measurement uncertainties i n 
pattern recognition methods, the he u r i s t i c techniques the develop
ers and users of ARTHUR have found most generally useful w i l l be 
described. 
•Present address: Department of Chemistry, University of Arizona, 
Tucson, Arizona 85721. 
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Definitions 

The following terms and definitions have proved useful i n 
describing the types of data analysis algorithms available i n 
ARTHUR and i n describing the data to be analyzed. 

C l a s s i f i c a t i o n analysis. The data are known to be composed of 
specified groupings or categories. The goals of such analysis are 
the i d e n t i f i c a t i o n of what parameters ( i f any) q u a l i t a t i v e l y d i s 
tinguish the known groupings and ( i f possible) the selection of a 
c l a s s i f i c a t i o n rule for identifying the known groups. 

Continuous property analysis. The data are known to represent a 
continuous range of responses towards some given property(ies). 
The goals of such analysis are the i d e n t i f i c a t i o n of what parame
ters ( i f any) are functionally related to the property and ( i f 
possible) the selection
that property. 

Unsupervised analysis. The data are not known to have any system
a t i c characteristics. The goal of such analysis i s the discovery 
of what systematic behavior the data exhibit ( i f any e x i s t s ) . 
Study of the r e g u l a r i t i e s among objects i s generally referred to 
as cluster analysis; study of the r e g u l a r i t i e s among measurements 
i s generally referred to as factor analysis. 

Object. A compound, sample, individual or other entity for which 
a l i s t of characterizing parameters i s present i n the data base. 

Measurement. An experimentally available parameter (independent 
variable) used to characterize the objects. 

Feature. Any transformation of one or more measurements used to 
characterize the objects. When referring to a parameter which 
can be either a measurement or a feature, the term "measurement/ 
feature" i s used. 

Data vector. The complete l i s t of measurement/feature values used 
to characterize a p a r t i c u l a r object. (The older chemical pattern 
recognition l i t e r a t u r e , including that of the Laboratory for Chem
ometrics, refers to this as a "pattern". Considerable semantic 
confusion over "patterns of patterns" forced the change to the 
term, "data vector".) 

Category. One of the groups of objects studied i n the c l a s s i f i c a 
tion analysis algorithms. Categories which are e n t i r e l y independ
ent of one another, such as the labeling of white bond papers by 
t h e i r manufacturer, are referred to as discrete categories. Cate
gories which have some dependence upon one another, such as "low, 
middle and high," are referred to as continuous categories. 
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16 CHEMOMETRICS: THEORY AND APPLICATION 

Property. A quantitative parameter characteristic of the objects 
for which a functional representation i s desired (dependent v a r i 
able) . 

Training set. The l i s t of data vectors used to generate c l a s s i f i 
cation or prediction rules. 

Evaluation set. The l i s t of data vectors used to evaluate the 
performance of c l a s s i f i c a t i o n or prediction rules. 

Test set. The l i s t of data vectors, i n c l a s s i f i c a t i o n or predic
ti o n analysis, for which the true category or property value i s 
not known. The Evaluation and Test sets are functionally one and 
the same. The Evaluation set i s a " l e t ' s pretend" Test set. 

Uncertainty. The error associated with an a n a l y t i c a l measurement. 
The uncertainty i s assume
as sampling, instrumental

I t should be recognized that these d e f i n i t i o n s are not p a r t i c u l a r 
l y r i g i d or mutually exclusive. A continuous property can cer
t a i n l y be segmented into the low resolution categories "too low" 
and "high enough". The parameter considered as a property i n one 
phase of analysis may well be a measurement i n another. The 
Training and Evaluation set d e f i n i t i o n s may be switched. I t may 
even be desired to switch the d e f i n i t i o n of object and feature. 
If the data are considered as a matrix (objects as rows and fea
tures as columns), the switch i s equivalent to the transposition 
of the matrix. And i t i s cer t a i n l y good practice, no matter what 
the s p e c i f i c nature of the data analysis problem, to make at least 
cursory unsupervised data analysis, i f nothing more than to give 
a rough screen f o r some gross, unsuspected structure i n the data. 

Pattern Recognition: New Techniques that U t i l i z e A n a l y t i c a l Error 

The general problem that i s amenable to solution by the tech
niques available i n ARTHUR i s the analysis of patterns i n an n-
dimensional space. In the past, applications u t i l i z i n g pattern 
recognition have not taken into account the errors i n the measure
ments because the mathematical methods currently available make 
no provision for t h e i r inclusion. However, i n most chemical data 
the inadvertent assignment of zero measurement error which results 
i s c l e a r l y an u n r e a l i s t i c assumption. This problem has been i n 
vestigated by Fasching, Duewer and Kowalski (3) » As a result of 
t h i s study, several algorithms i n ARTHUR have been modified to 
include the uncertainties i n the calculations. 

Current pattern recognition techniques treat measurements 
as dimensions i n an η-dimensional space. I f , for each member of 
a c o l l e c t i o n of objects (samples), η measurements are known, the 
samples are represented as points i n the space formed by the 
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measurements. Therefore the value of a given measurement for a 
par t i c u l a r object serves to exactly position the point represent
ing the object along a coordinate measurement axis i n the n-space. 
Figure 1 depicts the configuration of the data vectors from two 
samples i n a three-dimensional space. The set of a l l such vectors 
defines the data matrix. 

In a n a l y t i c a l applications, where the uncertainties i n the 
measurement are either known or can be estimated, there exists a 
matrix of uncertainties corresponding to and of the same dimensions 
as the data matrix. Mathematical operations that transform the 
data matrix also change the uncertainty matrix to a transformed 
uncertainty matrix. Each element of the uncertainty matrix re
f l e c t s the exactness (in units of + one standard deviation) to 
which the corresponding element of the data matrix i s known. 
Therefore, each measurement i n the data matrix i s now treated as 
a mean value with a probability d i s t r i b u t i o n defined by i t s error. 
The e f f e c t of the inclusio
Figure 1 i s i l l u s t r a t e d i
r e f l e c t the fact that a data vector i s not, i n r e a l i t y , a point i n 
the measurement space, but i s the most probable value i n a region 
of probability i n this space. I f the area of the e l i p s o i d i n t h i s 
example i s defined at a 50% probability l e v e l of the standard devia
tion of each measurement, then another set of measurements made on 
a sample would have an equal probability of ly i n g outside the 
e l i p s o i d as within i t . This model i s more reasonable for most 
chemical problems. 

At present, ARTHUR has been modified to include the a n a l y t i 
c a l error i n representative methods of preprocessing, display, 
supervised learning and unsupervised learning. A f u l l description 
of these modifications can be found i n reference 3. The current 
methods deal only with symmetric uncertainties. A nonmetric 
(unsyrametrical) distance i s defined; however, c l a s s i f i c a t i o n and 
clustering routines u t i l i z i n g distance have not, as yet, been 
s i m i l a r l y modified to make use of t h i s type of distance matrix. 

Since the uncertainty matrix contains information about the 
error associated with each measurement, i t can be incorporated 
into the preprocessing of the data matrix. The more r e a l i s t i c 
features generated can be u t i l i z e d i n a l l reported methods of 
pattern recognition, thus eliminating the need to change each 
analysis method. The scaling algorithms (SCALE)* i n ARTHUR have 
been modified to include uncertainties. An error-weighted mean 
and variance are u t i l i z e d i n place of the feature mean and variance 
i n these calculations. The new mean of the j t h feature i n the 
data i s defined as: 

m 

•Methods (names i n c a p i t a l letters) are described i n Appendix, 
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Figure 1. Data vectors in three dimensions 

Figure 2. Elipsoids in three dimensions 
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where the u^ j's are the entries i n the uncertainty matrix corres
ponding to data matrix measurement x^ j , and the sum i s over 
the training set data vectors. Modification of the available 
distance metrics have also been made along with the addition of 
new distance calculations based on measurement uncertainties. The 
algorithms for these can be found i n the appendix (DISTANCE) to 
this chapter. The modified city-block distance and the modified 
Mahalanobis distance are now weighted by a function of the measure
ment errors associated with the features going into the calcula
tion. A new metric, the gaussian overlap-integral distance, 
greatly emphasizes the features that have a small d i s t r i b u t i o n 
with respect to t h e i r measurement size and related uncertainties. 
A maximum distance of one i s assigned to features that d i f f e r 
greatly from each other or have very small uncertainties. Anoth
er new distance calculation, the gaussian feature-space distance, 
calculates a distance value that i s proportional to the p r o b a b i l i 
ty that a feature in th
ulation as the correspondin
These are summed over a l l the feature space to give the intersample 
distance. The calculation i s nonmetric and the distance matrix i s 
unsymmetrical. 

The uncertainty matrix has also been incorporated i n the Kar-
hunen-Loseve transform. The modified technique transforms the 
uncertianties into a new uncertainty matrix along with the sample 
matrix. The assumption i s made that the same degree of correla
tion applies to the uncertainty matrix as i s used i n the trans
formation of the sample matrix. 

Introduction to Data Analysis Using ARTHUR 

Different collections of objects may have quite d i f f e r e n t 
data sturctures varying from a random scatter to well defined 
clusters or curvilinear shapes. Since each algorithm affects 
data reduction according to the c r i t e r i o n upon which i t i s based, 
a thorough understanding of the inherent assumptions imposed 
upon the data structure i n the formulation of a technique and the 
limitations that may result can provide information helpful i n 
arr i v i n g at an understanding of the underlying structure of the 
data when the methods are applied i n combination. 

Suppose, for example, the η-dimensional structure of two cat
egories of objects we wish to separate by pattern recognition 
c l a s s i f i c a t i o n techniques corresponds to the one dimensional 
problem depicted i n Figure 3, where the shaded portions of the 
figure correspond to category 1 and the unshaded portions to cate
gory 2. Whereas i n one dimension the solution to the problem i s 
obvious, i n η-dimensions the bimodality may not readily reveal 
i t s e l f . I f PLANE or SIMCA were applied to these data, the results 
might lead one to believe that the categories cannot be d i s t i n g 
uished since the data are neither l i n e a r l y separable nor continu
ous. However, KNN would encounter no problems since the objects 
in the near v i c i n i t y of a given point tend to be of i t s class. 
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Figure 3. Bimodal distribution 
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Bayesian c l a s s i f i c a t i o n (as long as no a p r i o r i d i s t r i b u t i o n i s 
assumed) would also produce good results. (Note that plots of the 
data might expose th i s d i s t r i b u t i o n i n a less ambiguous form. 
Consequently, this example i s meant only as an i l l u s t r a t i o n of 
the effects of the methods on an easy to understand distribution) 

unfortunately, the solution to a real problem does not, i n 
general, tend to be as straightforward and may require a great 
deal of interaction and guidance from the analyst aided by pre
processors, display methods, and s t a t i s t i c s . For t h i s reason, the 
c a p a b i l i t i e s of ARTHUR for displaying the data are quite well 
developed when combined with the ingenuity of the analyst as 
w i l l be seen i n a l a t e r section of t h i s chapter. On the other 
hand, since preprocessing refers to any method that translates, 
rotates, or i n any way transforms the data, such i n f i n i t e diverse 
p o s s i b i l i t i e s arise that were we to include only those methods 
that we and others have found useful, they would dominate the code. 
Therefore, the set of preprocessin
aimed mainly toward normalization
s i o n a l i t y reduction. In addition, ratios of features can be added 
to the feature l i s t i n TUNE and individual features can be trans
formed or combined in CHFEATURE. Since the methods chosen to 
preprocess the data can ultimately determine success or f a i l u r e i n 
the solution of a problem by pattern recognition methods and/or 
the cost of the analysis, methods not available i n ARTHUR should 
not be neglected. An example of this i s the u t i l i z a t i o n of the 
Fourier, Hadamard and autocorrelation functions for the transforma
tion of spectral data (£, 7). 

Two assumptions made throughout any supervised pattern recog
n i t i o n technique are that the features used contain information 
useful to the solution of the problem and that, even when th i s 
i s known to be the case, the data can be transformed into a 
representation amenable to the algorithms employed. When this i s 
not the case i t may become necessary to either change the form of 
the question being asked about the existing data or redesign the 
experiment from which the measurements are obtained. Hopefully, 
the information gained through p r i o r analysis w i l l serve to guide 
the analyst i n t h i s endeavor. 

We have discovered that techniques o r i g i n a l l y designed for un
supervised learning applications are powerful tools i n the early 
stage of a l l data analysis problems. These methods have seen l i t 
t l e application i n chemistry. Since the goal of these methods i s 
the determination of the existence of inherent data structures 
within a larger data structure, neither training nor c l a s s i f i c a t i o n 
i s attempted. TREE and HIER are two unsupervised learning methods 
which are based on the s i m i l a r i t y of objects as defined by t h e i r 
distances i n the feature space. Factor analysis can also be u t i l 
ized in t h i s mode. 

We have found the following procedures to be generally useful 
in data-model formulation. Note that many of the algorithms are 
multi-purpose; one application of the algorithm can, however, be 
made to serve more than one purpose with careful planning (and some 
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luck). It must also be noted that certain algorithms, i n particu
l a r the measurement-by-measurement plots (VARVAR) and hiera r c h i c a l 
clustering (DISTANCE-HIER) , can become very expensive of computer 
and/or analyst resources with large data bases. 

I. Input and validate the data. Applies to ALL data bases. 
A. Get the data from coded-file ("card image") to binary 

format (INPUT). 
B. Check for missing data (INFILL). 
C. Check for constant and/or exactly redundant measure

ments (INDUMP). 
D. Check for i n v a l i d or suspect data by looking for out

l i e r s and unique behavior (UTILITY; SCALE? VARVAR; 
pr i n c i p a l component analysis: SCALE, KAPRIN, KAVEC-
TOR, KATRAN, VARVAR; Cluster analysis: DISTANCE/HIER, 
or DISTANCE/TREE). 

E. Correct an
and t r y again

II. Preliminary examination of measurements. Applies to MOST 
data bases. 
A. Get the univariate measurement s t a t i s t i c s and d i s t r i 

butions (SCALE and BASET-BAHIST). 
B. Get the measurement-by-measurement plots (VARVAR). 
C. Modify or remove any measurements i d e n t i f i e d as " i n -

t r a c t i b l e " i n above procedures, p a r t i c u l a r l y neces
sary with qualitative or quantified measurements 
(CHFEATURE). 

D. Scale a l l measurements to uniform mean and or variance 
(SCALE). 

E. Examine the intermeasurement correlations (CORREL; 
HIER, -TREE, -VARVAR; Pr i n c i p a l component analysis: 
KAPRIN-KATRAN-VARVAR, -KA VECTOR). 

F. Determination of the i n t r i n s i c dimensionality of the 
data (KAPRIN-KAVECTOR, -KAMALIN, -KACROSS). 

G. Produce a reduced, orthogonal set of features (KAPRIN-
KATRAN, -KAVARI-KAORTH-KATRAN). 

III. Category C l a s s i f i c a t i o n . 
A. Examine the univariate Fisher and variance weights 

(WEIGHT). 
B. Modify or eliminate measurement featuies with t r i v i a l 

univariate c l a s s i f i c a t i o n u t i l i t y (CHFEATURE; WEIGHT-
CHFEATURE, -GRAB; SELECT). 

C. Linear Discriminant c l a s s i f i c a t i o n s (PLANE, MULTI, 
LESLT, LEDISC, REGRESS). 

D. Projection of data onto discriminant axes (LESLT-VAR
VAR, -SCALE-KAPRIN-KATRAN-VARVAR). 

E. k-nearest neighbor analysis (DISTANCE-KNN). 
F. Category modeling with p r i n c i p a l component descriptions 
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(SIJACOBI-, SIPRINCO-SICLASS; SICSVA). 
G. Bayesian c l a s s i f i c a t i o n (BASET-BACLASS, -BAGAUS-BA-

CLASS, -BASPLINE-BACLASS). 
H. Modify or delete measurement features as indicated 

during above analysis and t r y again (CHFEATURE, TUNE, 
TUMED). 

I. Redefine or delete data vectors as indicated during 
above analysis and try again (CHDATA, CHCATEGORY, 
CHSPLIT, CHJOIN). 

J. COMPARE THE RESULTS OF THE VARIOUS METHODS! The 
differences between the various c l a s s i f i c a t i o n algo
rithms 1 results may indicate what data-structure 
assumptions are v a l i d , and may lead to s i g n i f i c a n t 
progress i n the understanding of the i n t r i n s i c struc
ture. 

K. Using measurement/features selected to give optimum 
c l a s s i f i c a t i o n
HIER, -TREE

IV. Property prediction. 
A. Examine the univariate correlations-to-property 

(WEIGHT). 
B. Examine a l l property-to-measurement plots (VARVAR). 
C. Modify or eliminate measurement features with t r i v i a l 

univariate prediction u t i l i t y (CHFEATURE; WEIGHT-
CHFEATURE, -GRAB; SELECT). 

D. Multilinear regression and measurement selection 
(LEAST, STEP, REGRESS, DISTANCE-LEPIECE). 

E. Nearest neighbor averaging (DISTANCE-PNN). 
F. Modify or eliminate measurement features as indicated 

during above analysis and try again (CHFEATURE, TUNE 
TUMED). 

G. Redefine or delete data vectors as indicated during 
above analysis and try again (CHDATA). 

V. Unsupervised clustering (without p r i o r measurement/fea
ture selection). 
A. Cluster analysis using the orthogonal; reduced fea

ture set of 11(G) (DISTANCE-HIER, -TREE, -NLM-VARVAR). 
B. Postulate some data structure. 
C. Perform the appropriate analysis for the hypothesized 

structure. 
D. Optimize the measurement/features for the postulated 

data structure (CHFEATURE, TUNE, TUMED, SCALE). 
E. Redo the cluster analysis with the optimized measure

ment/features . 
F. Be cautious about leaping to conclusions. 

VI. Estimate the degree of confidence you can place upon the 
analysis. Applies to MOST data bases. 
A. Many of the c l a s s i f i c a t i o n , prediction and factor 

analysis algorithms provide s t a t i s t i c a l probability 
estimates as part of the i r output. These estimates 
assume the data to be an adequate representation of 
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the parent population and to be multivariate normal. 
We have found these parameters to give a much better 
indication of how poor training set performace was 
rather than how good test set performance w i l l be. 

B. The performance of c l a s s i f i c a t i o n , prediction and 
some factor analysis algorithms can be q u a l i t a t i v e l y 
estimated from the Evaluation Set results. The de
gree that these results can be used as an indication 
of future performance i s limited by how adequately 
the parent population i s represented by the Evalua
tion set. 

C. If the number of objects i n the Training and Evalua
tion sets i s s u f f i c i e n t l y large, jackknifing (8) can 
be used to estimate c l a s s i f i c a t i o n , prediction and 
factor analysis r e l i a b i l i t y (CHSUBS, CHDATA). 

D. I f the experimental data uncertainties are known or 
can be estimated
to as "uncertaint
a l l analysis algorithms (CHRANDOM, TURANDOM). Many 
algorithms make e x p l i c i t use of experimental uncer
t a i n t i e s , i f available, as well. 

Application of Display Techniques to Obsidian Data. 

To i l l u s t r a t e the u t i l i t y of some of the algorithms suggested 
in the previous outline for examination of a data set, the "much 
used" ARCH obsidian data described i n references 10 and 11 were 
examined by the sequence of routines shown i n Table 1. This data 
set, because of i t s simple structure, accompanies the send-out 
version of ARTHUR U , 2 ) . ARCH i s separable by a l l c l a s s i f i c a t i o n 
routines i n ARTHUR and i s used i n our laboratory as a debugging 
and method testing aid. Table 2 gives some of the s t a t i s t i c s for 
the obsidian data (INPUT-SCALE). It consists of elemental concen
trations of ten metals i n 63 obsidian samples from 4 s i t e s near 
San Francisco, obtained by X-ray fluorescence. 

Histogram plots (BASET-BAHIST) provide a convenient method 
for rapid scanning of the feature di s t r i b u t i o n s . Both the i n d i v i 
dual category and the summation-over-the-data histograms are output 
from BAHIST. Figure 4 i s the summation pl o t for Barium. There 
appear to be three modes i n the ov e r a l l d i s t r i b u t i o n . Inspection 
of the individual-category histograms for this element revealed 
that within each category the d i s t r i b u t i o n i s unimodal with cate
gories two, three and one and four comprising the three modes of 
the summation p l o t . In view of t h i s , i t i s not surprising that 
t h i s feature receives a high weighting by both the Fisher and 
variance c r i t e r i a (SCALE-WEIGHT) as shown in Table 3. Figure 5 
displays i n dendrogram form the Q-mode clustering of the interfea-
ture correlations (SCALE-KADISP-HIER) of ARCH. In t h i s p l o t the 
shorter the "branch" between two features, the higher the correla
tion. Yttrium shows no correlation with the rest of the features. 
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Table 1 

Number of training vectors 63 
Number of test vectors 12 
Number of features 10 
Ratio of training vectors to features 6.3 
Number of categories 4 
Average r a t i o of vectors to features 

for each category 1.58 

Feature L i s t 

Feature Mean Standard Deviation Skewness Kurtosis 
1. Fe 120.9 232.3 .49 1.62 
2. T i 26.02 111.8 -.04 1.37 
3. Ba 42.48 16.70 -.86 2.77 
4. Ca 680.8 
5. Κ 392.8 
6. Μη 46.52 14.41 .53 2.03 
7. Rb 107.5 16.84 .25 2.42 
8. Sr 31.59 17.36 .32 1.82 
9. Y 56.02 6.987 -.26 2.81 
10. Zr 15.68 43.73 -.82 3.11 

Table 2 

INPUT Input data. 
SCALE Autoscale the data. 
BASET Create frequency histograms for each measurement. 
BAHIST Plot the frequency histograms. 
WEIGHT On scaled data, get the ordered Fisher and variance weights. 
VARVAR Plot the Fisher weighted data. 
VARVAR Plot the variance weighted data. 
CORREL Get the lower diagonal correlation matrix. 
KADISP On scaled data, create a distance matrix from the feature 

correlations. 
HIER Q-mode clustering of feature correlations. 
KAPRIN On scaled data, get the ordered eigenvectors and eigenvalues. 
KATRAN Transform the data by i t s eigenvectors. 
VARVAR Plot the transformed data. This i s the Karhunen-Loève pro

jection. 
TUNE On unsealed data get the n(n-l) ratios of the measurements. 
CHJ0IN Form a new data f i l e of n 2 measurements by merger of input 

and r a t i o data. 
SCALE Autoscale the n 2 measurements. 
SELECT Select the η most "important" of the n 2 measurements by 

the t o t a l Fisher weight. 
VARVAR Plot the selected features. 
ENDIT Program termination. 
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Table 3 

Weight 
Feature Variance Fisher 

1. Fe 8.414 1.202 
2. T i 9.005 2.342 
3. Ba 37.01 6.648 
4. Ca 8.830 2.519 
5. Κ 4.957 .3736 
6. Μη 4.792 .3442 
7. Rb 2.680 .1685 
8. Sr 6.305 .5323 
9. Y 1.016 .0011 

10. Zr 11.1

// Data 
Vectors 

19 

Figure 4. Summation histogram over all cate
gories for barium 

In Chemometrics: Theory and Application; Kowalski, B.; 
ACS Symposium Series; American Chemical Society: Washington, DC, 1977. 



2. HARPER ET AL. ARTHUR and Experimental Data Analysis 27 
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Figure 5. Hierarchical dendrogram of feature correfotions 
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Figure 9. First two features selected from addition of fea
ture ratios to original data 

and was shown i n Table 3 to have very low u t i l i t y for category 
separation. The effect of t h i s i n Factor Analysis methods has 
been discussed by Duewer (9). 

The f i r s t two features formed from the Karhunen-Loive trans
form of the data (SCALE-KAPRIN-KATRAN-VARVAR) are plotted i n Fi g 
ure 6. These features are representative of 74.5% of the t o t a l 
variance in the data. The p l o t shows the individual categories 
as forming clusters i n t h i s space. However, i t should be kept i n 
mind that this display technique has as i t s goal preservation of 
as much information (in a variance sense) i n as few features as 
possible. Therefore, the features formed are ordered by th e i r 
o v e r a l l contribution to the t o t a l variance and not by the i r u t i l i 
ty i n separation. 

Figures 7 and 8 are plots of the f i r s t two features of the 
Fisher and variance weighted data, respectively, of Table 3. 
WEIGHT, when used as a variable reduction technique, should be 
approached with caution. The same or more information can be 
retained by the orthogonal selection offered i n SELECT i n fewer 
features. Also, we have discovered that, for data sets of a 
large number of categories, easy separability between a few of 
the categories can result i n the highly weighted features a l l de
scribing the same category separations i n the data. Therefore, 
for t h i s type of data, i t i s a good practice to examine the i n d i 
vidual category-pair weight contributions to the t o t a l weight. 
For example, neither of the Fisher weighted features plotted i n 
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CsJ 

X = 1 1 

Figure 10. Karhunen-Loève projection of data with uncer
tainties 

Figure 7 describe the separation of Category 1 from Category 4, 
Figure 9 shows the f i r s t two SELECT features (TUNE, CHJOIN, 

SCALE, SELECT, VARVAR) chosen from a feature l i s t containing the 
o r i g i n a l measurements plus a l l ratios of the measurements. The 
weighting used as a basis for the selection was the t o t a l Fisher 
weight. Although Potassium previously was indicated to have less 
u t i l i t y for separation than six of the other metals, the r a t i o 
BA/K has a higher weighting than that of Barium. Comparison of 
this p l o t with Figure 5 reveals that the addition of the Potassium 
factor has eliminated the overlap of Categories 1 and 4. 

Figure 10 depicts the Karhunen-Loève projection of the same 
data with the uncertainties added. Measured uncertainties were 
available for ninety percent of the data and the rest were e s t i 
mated by one of the authors (JLF). The l i m i t s of one standard 
deviation for the uncertainties of the transformed variables de
termine the size of the cross-hatch. Samples that display large 
uncertainties for the new features should be reinvestigated or 
eliminated from the data. 

Conclusion 

In March, 1975, our laboratory announced the a v a i l a b i l i t y of 
ARTHUR upon request for a small fee equivalent to the cost of 
documentation copying, tape-creation computer time, and mailing. 
It i s currently i n use at several laboratories around the world. 
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This version of the program evolved from a need i n the s c i e n t i f i c 
community for a v e r s a t i l e , easy to use, pattern recognition system 
covering the most recent developments i n pattern recognition meth
ods. 

E a r l i e r versions of the program had been devoted mainly to 
those methods that f e l l i n the realm of pattern recognition. As 
we gained experience with the analysis of rea l problems, ARTHUR 
expanded to include various multivariate s t a t i s t i c a l methods. How
ever, the development of a useful pattern recognition program has 
become a continuous, and at times accelerating, project. 

The routines described i n this chapter are the major ones 
currently i n use i n our laboratory. Since we are concerned with 
solving chemical problems with data analysis mathematics, ARTHUR 
has evolved into a more ve r s a t i l e system for studying the n-dimen-
sional data structure of a series of samples. 

There are many methods that could be added to the program
This process takes a considerabl
method must be programmed
provide a clear advantage over existing methods i n ARTHUR. At 
the Laboratory for Chemometrics i n Seattle, development of the link 
and support of the system to several different interactive graphics 
terminals (2) i s continuing and several novel applications are i n 
progress. 

Alternate methods for handling missing data are being i n v e s t i 
gated and added to the program. Expansion of pattern recognition 
techniques to u t i l i z e uncertainty i s continuing both at the Univer
s i t y of Rhode Island and at the University of Washington. 
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APPENDIX 

Bayesian C l a s s i f i c a t i o n 

An approximate Bayes Rule forms the c r i t e r i o n for c l a s s i f i c a 
tion of categorized data vectors i n BAYES. The subsystem i s made 
up of seven stand-alone subroutines. Used as a c l a s s i f i e r , BAYES 
f i r s t builds frequency histograms for each feature i n each cate
gory. These may be used i n th e i r "raw" form i n place of the prob
a b i l i t y d i s t r i b u t i o n i n Bayesian c l a s s i f i c a t i o n or may be smoothed 
by f i t t i n g a Gaussian d i s t r i b u t i o n or a cubic spline function 
p r i o r to c l a s s i f i c a t i o n . 

BACLASS. C l a s s i f i c a t i o n of data vectors based on frequency hi s t o 
grams i s done i n BACLASS (12). I f Ρ i s the a p r i o r i probability 
of category "k" and R^ i s the r i s k associated with the misclassi-
f i c a t i o n of a pattern i
pattern " i " i s a member

η f p k R k p < x i , j l x j , k > 
P t x j x . ) - Π £ 

3 = 1 * PmV ( xi,jl Xj,m> m=l 

where i s the number of categories, "n" i s the number of feat
ures and P(x i . |x. ^) i s the value of the probability d i s t r i b u t i o n 
for the j t h 3 ' feature of category "k" at the value 

An alternative probability calculation provided i s ; ' 

P(X k| X i) = I 
j=i 

where "a" i s user defined. In either case, the data vector i s 
assigned to a class according to the largest value of P(X ) c|x i). 

BASET. BASET constructs the raw frequency histograms from the 
input data f i l e training set vectors (12). Any assumption of fea
ture independence w i l l be true only i f i t i s true for the input 
data. A histogram i s b u i l t for each variable i n each category. 
The resolution of the histograms i s determined by the t o t a l number 
of data vectors i n the smallest category. (By default, i t i s one-
f i f t h of th i s number, but may be redefined by the user.) The i n 
tensity of a pa r t i c u l a r resolution element i n a histogram i s 
based upon the frequency of feature values within a category that 
l i e within i t s range. The histograms are stored on a disk f i l e . 

BAGAUS and BASPLINE. These two routines allow the user to smooth 
the histograms b u i l t i n BASET. Gaussian smoothing i s done i n 
BAGAUS, whereas BASOLINE performs a cubic spline f i t (13). The 

P k R k ( P ( x i # j | x j > k ) ) -1 VA 

Σ ρ Α <*<*i,jl xj,ic» 
m=l 
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parameters obtained from the f i t s are stored on a f i l e and can 
be used for c l a s s i f i c a t i o n i n BACLASS. 

BAHIST. Line printer histograms for each variable of each cate
gory are provided by BAHIST (12). These are displayed with nor
malization by both the category maximum and training data maximum. 
Summation histograms for each feature over a l l the data are also 
printed. 

BATEST. BATEST i s used to examine each histogram for normality. 
A theoretical true Gaussian d i s t r i b u t i o n i s b u i l t from the stand
ard deviation and mean of the input histogram. The histogram 
i s then scanned for the element that represents the maximum devia
tion from the theoretical d i s t r i b u t i o n . A s i m i l a r i t y value between 
0 and 1 i s calculated using the Kolomogorov-Smirnov test for nor
mality (14). This test i s sensitive to any "holes" i n the histo
gram, and should be use
spection of the histogram

Intermeasurement Correlations 

CORREL calculates a l l feature-feature and feature-property 
covariances and correlations. Confidence intervals for each 
correlation c o e f f i c i e n t and estimates of the probability that the 
data could come from an uncorrelated parent population are also 
provided. I f X i s a data matrix of m data vectors, then the co-
variance between the i t h and j t n feature i n X i s th 

(CV) 
Î < xi,k" xi> ^ xj,k" 5j> 
k=l 

m-1 
and the interfeature correlation of features i and j becomes: 

m 
I < xi,k- xi>< xj,k- xj> 
k=l 
m m 
Σ ( x i , k " 5 i ) 2 I <xj,k-xj>: 

|k=l k=l 

1/2 

For data whose properties are continuous, the correlation of the 
individual features to the properties i s informative. This i s 
defined as: 

(CP)i 
Σ ( x i f k " 5 i ) ( p k " P ) 

k=l 
" m m 

I ( x ^ - X i ) 2 ï (P k-5) 2 

k=l k=l 

1/2 
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where the sum i s for the i feature over the m data vectors, P k 

i s the property associated with the k data vector, and ρ i s the 
average for the property over a l l of the data. 

A confidence i n t e r v a l about the correlation i s obtained with 
the Fisher z-transform (15). I f C ^ j i s the correlation between 
the i t h and j t h feature then 

ζ = tanh" 1 (C. .) 

i s approximately normally distributed with standard deviation 

The confidence in t e r v a l (CI). . about the correlation becomes 
1 r J 

± ( C I ) i , j  t a n h ( a ± t c r ) 

where " t " i s Student's t

The computed correlation c o e f f i c i e n t can be used to test the hypo
thesis that the data could have come from a parent population 
having a zero correlation (16). The marginal d i s t r i b u t i o n densi
ty of the correlation c o e f f i c i e n t C. . i s : 

1 / J 
ρ , m rx , 1 ni/2(m-l)3 2 , (m-4)/2 
P c_(m,C) = π r [ 1 / 2 ( m . 2 ) ] ( 1 " " C i , J ) 

thus the probability of rejection of the hypothesis that the true 
correlation i s zero when i t i s true becomes: 

P r e i = 2 ^ PC< -;< m' ci η) d C i , i 
l C i , j l 

Interpattern Distance Matrix Calculations 

DISTANCE calculates the interpattern distance matrix and 
stores i t for use i n other routines. For data with known uncer
t a i n t i e s , several distance metrics are available which take into 
account the measurement error. The distance metrics for data with 
no uncertainties include: 

Mahalanobis distance of order N: (17) 

D(N) i / : J = J^k,!"*^^ 1/N 

where X £ f i n i s the £ t h variable of the 111th data vector and n i s the 
t o t a l number of features. For N«2 t h i s i s the Euclidean distance. 
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City block distance: 

D i , j = J J W j l 

Ratio distance of 0. U. Anders (18) 

η k-1 1 
Σ Σ 6 

[n(n-l)/2] 

where ^ j ^ £ = °' w h e n ^ < ( x
k i^xZ ±) < 

< xk,j/ xil,j> 
= 1, when

LL and UL are the lower and upper l i m i t s , respectively, for 
"matching" of the r a t i o s . These l i m i t s are selected by the prog
ram user. 

The distance metrics for data that have uncertainties are (3): 

Behren-Fisher: This algorithm i s a Mahalanobis distance function 
of order n, weighted by measurement uncertainties. The distance 
(d^j) between data vectors i and j i s : 

where "m" i s the number of features, α and β are weighting con
stants (usually equal to one) and U £ k i s the uncertainty associa
ted with the k t h feature (x^ k) of the £ t h data vector. 

Error weighted c i t y block: The uncertainty-modified c i t y block 
distance (d^j) i s : 

d - î l x i r x j k l 

i j kii «+ΜΛν ι / 2 

where m, x i k , u i k , a, and β are the same as for Behren-Fisher. 

Gaussian Overlap-Integral Distance: This distance calculation 
greatly emphasizes the features having a small d i s t r i b u t i o n with 
respect to their measurement size and uncertainties. I f x^ k i s 
the value of the i f c feature of the k t h data vector and u i k i s the 
related uncertainty i n x^* the Gaussian probability function for 
feature x^ k i s : 
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« i k/2¥ 
exp -1/2 x i k ~ x i k 

•*ik 

I f the same probability function p ( x j k ' x j k ' u j f c ) c a n b e written 
for the j data vector, the overlap-integral distance between 
points i and j i s : 

,1/2 ρ m u u 
= y 1- ik jk 

u 
k=l 

u.. +u.. _ i k jk_ 
*dx 

where "m" i s the number of features i n the data matrix. 

Gaussian Feature-Space Distance: The Gaussian feature-space 
calculation i s a non-metri
Gaussian probability functio
by i t s uncertainties and calculates the distances r e l a t i v e to 
i t s e l f , only. I f x i k and x., are the k t h feature of data vector 
i and j respectively, and u^ k i s the uncertainty i n x i k then a 
dimensionless range z ^ f o r the average of and X j k can be c a l 
culated as: 

[x., + x., J/23 - x., 
„ - ik jk ik 
z i k ~ 2 u ik 

The distance calculation, u t i l i z i n g z^ k i n determination of the 
area under the probability curve i s : 

ID 
m 

- Σ 
k=l 

z i k - X 

/2T 0J J 

This distance can be made metric by using the square root of the 
sum of the squares of the related uncertainties for a p a i r of 
features from the two data vectors for the average, instead of 
the two corresponding uncertainties. 

P r i n c i p a l Component Factor Analysis 

Within Arthur, there exists a subsystem of mutually indepen
dent routines designed to aid i n the reduction of the dimension
a l i t y of the data by eigenanalysis (principal component factor 
analysis). The goal of these methods i s the extraction of as 
much variance as possible i n a minimum number of features by a 
method of analysis which w i l l y i e l d r e l a t i v e l y stable and i n v a r i 
ant re s u l t s . This i s achieved by extraction of the minimum num-
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ber of factors (eigenvectors) which best span the o r i g i n a l data. 
Several routines are provided which aid i n the analysis of the 
factors derived. The following i s a b r i e f description of each 
subroutine of the subsystem. 

KAPRIN. The extraction of the eigenvectors and eigenvalues of 
a data dispersion matrix i s performed i n KAPRIN (19). The routine 
begins by forming the η χ η dispersion matrix "D" from the input 
data such that 

Τ 
D = Χ X 

where X i s an m χ η matrix of data vectors. The ch a r a c t e r i s t i c 
eigenvectors and eigenvalues of the dispersion matrix are found 
by the Jacobi diagonalization method and ordered from highest 
eigenvalue to lowest. 

KATRAN. Creates a new dat
data (19). I f X1 i s th
V, from a data matrix X, then 

X* = XV1 

In cases where the uncertainty values for the features are includ
ed with the data the related uncertainties are transformed into 
a matrix along with the sample matrix. 

KACROSS. A convenient measure of how well a given feature aligns 
with the variance spanned by a given factor i s provided by the 
squared correlation of that feature with each feature of the 
data transformed by the factor (9). I f X 1 i s a matrix to which 
X i s being compared, then the square correlation of the j feat
ure of X to the k t h feature of X1 i s 

|"m Ί 2 
Σ (χ.#.-χ.)(χ· -x^) 

c 2 = u 

j/k m m 

ι=1 ι=1 
where "m" i s the number of data vectors. 

KAVARI, the varimax rotation used within ARTHUR, i s based on the 
method of Kaiser (20). I t consists of a large number of orthogon
a l transformations involving two factors at a time which maximize 
the variance of the squared elements. 

I f V i s an η χ η factor matrix (matrix of ordered eigenvect
ors) of X, then the communality can be defined as: 

η 1 n' 
h. = Υ ν, . /λ. = Y a h 
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where v^. i s an element of V with associated eigenvalue The 
varimax 1rocation i s the orthogonal transformation of V which max
imizes the function 

η» Γ η Γα? 

i=l L J=lL hi . 

η α· · 
X' h. ι=1 ι 

A factor matrix of Χ i s input for use as the i n i t i a l loadings. 
Beginning with the f i r s t two vectors, then the f i r s t and t h i r d , 
etc., each p a i r of vectors i s orthogonally rotated u n t i l the c r i 
t e r i a of variances of t h e i r squared elements cease to improve. 

KAMALIN. The average error c r i t e r i a can be used to determine the 
number of factors required to reproduce the data within the aver
age root mean square data uncertainty. I f X' = XV^, then Υ=χ·ν', 
where V 1 i s V with the
of the o r i g i n a l varianc
V. The average error associated with the n-p factors i s 

where "n" i s the number of features i n X and "m" i s the number of 
data vectors. 

KAPICK selects variables based on t h e i r contribution to the v a r i 
ance of the vector with the largest eigenvalue. The feature whose 
contribution i s largest i s selected, then deleted from the data. 
The n-1 remaining features are orthogonalized from the chosen fea
ture forming a new data matrix. 

KAORTH orthogonalizes a rotated vector matrix V, such that 

V· = v i ^ V ) " 1 

I t i s used to correct for the small buildup of nonorthogonality en
countered i n the i t e r a t i v e varimax rotation. 

KADISP creates a data f i l e whose elements are distances as defined 
by the data dispersion matrix (9) • The square dispersion matrix 
D = X TX where X i s the input data matrix i s written to disk f i l e 
as a square data matrix for subsequent analysis. 

KAVECTOR. The vectors produced i n KAPRIN or KAVARI can be analyzed 
i n KAVECTOR. The analysis includes the t o t a l number of posi t i v e 
eigenvectors, t h e i r contribution to the t o t a l variance, the percent 
contribution to the vector by each feature, the number of eigenvec
tors with eigenvalues larger than the average eigenvalue and Bart-
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l e t t ' s χ 2 (9) values for determination of the number of meaning
f u l factors. 

KARLOV. (Karhunen-Loève transform) KAPRIN followed by KATRAN on 
mean scaled data i s often used as a method of reducing the dimen
s i o n a l i t y of a data set. The features derived from the K-L trans
form (22) are the best approximation i n a least-mean-square error 
sense to the o r i g i n a l data. Computationally, the transform con
s i s t s of extraction of the characteristic eigenvalues and corres
ponding eigenvectors of the data covariance matrix. The vectors 
are ordered from highest to lowest eigenvalue. Since the variance 
spanned by each vector i s i t s eigenvalue "λ^" the variance pre
served by each over the o r i g i n a l can be expressed as a percent of 
the t o t a l variance, 

% = x 100 

After normalization of each vector to unity, the o r i g i n a l data 
matrix X can be transformed by the vector matrix V to form a new 
data matrix X 1, where Χ' = XV . This can be thought of as an or
thogonal rotation X X* such that the f i r s t new feature contains 
the greatest variance i n the data and each successive feature re
presents the maximum residual variance. 

Because the information (in a variance sense) i s preserved i n 
as few features as possible the Karhunen-Loève transform i s often 
u t i l i z e d for projection of the data into two or three dimensions 
for display. 

S t a t i s t i c a l Isolinear Multicategory Analysis (SIMCÀ) 

SIMCA (21) i s a subsystem made up of fi v e independent rou
tines to f a c i l i t a t e d i s j o i n t p r i n c i p a l component analysis of cate
gorized data. One model per category i s b u i l t by p r i n c i p a l compo
nent analysis of i t s data vectors. The optimal number of compo
nents for invariant description of each category can be determined 
or preselected. C l a s s i f i c a t i o n of an unknown into a p a r t i c u l a r 
category i s based on the s i m i l a r i t y of the vector to the p r i n c i p a l 
component model which represents the class. 

Two methods are available for component extraction; the i t e r a 
t i v e NIPALS and the Jacobi diagonalization method. Optimization 
of the number of components i s done by cross-validation. 

SICSVA. Cross validation i s used i n SICSVA (21) to determine the 
optimal number of stable components necessary to describe the data. 
Each category i s divided into Τ groups where T=(number of data vec
tors) /10. The f i r s t group of data vectors i s deleted and a simi
l a r i t y model (see SIPRINCO) calculated for the remaining data. The 
deleted data vectors are f i t t e d to the model and the residual de
viations (see SICLASS) determined for each of "A" component models; 

In Chemometrics: Theory and Application; Kowalski, B.; 
ACS Symposium Series; American Chemical Society: Washington, DC, 1977. 



40 CHEMOMETRICS: THEORY AND APPLICATION 

(A = 0,1,,..,n-2, where η i s the number of data vectors) or 
(A = 0,l,.«.,M-2, where M i s the number of variables). The second 
group i s then deleted and compared to the model of the resulting 
data. This i s done for a l l groups. For each value of A, the sum 
deviation, D, over a l l Τ groups i s determined. By making F-tests 
on (DA-i-D A)/n versus D A/[n(M-A-l) ] a determination of whether the 
l a s t component added was s i g n i f i c a n t or not can be made. 

SIUTIL i s a u t i l i t y routine for output of the computed components 
for each category. 

SIJACOBI. After extraction of feature means as a f i r s t component, 
SIJACOBI uses the Jacobi method for extraction of the eigenvectors 
of each category. Whereas teh NIPALS method can be used to calcu
late any number of components, the Jacobi method calculates a l l 
eigenvectors of the data. Therefore, the optimal method depends 
on the number of feature
nents under consideration
i d e n t i c a l . For one or two components, SIPRINCO i s faster. For 
more than two components, SIJACOBI i s preferred. 

SIPRINCO computes the s i m i l a r i t y mode for each class by the NIPALS 
method (21). After extraction of feature means, each eigenvector 
and eigenvalue i s computed one at a time by minimization of the 
residual variances within a category. I f Y^ i s the i t h feature 
of.the 

k t h 
data vector of category m, then Y^ ^ m can be l i n e a r l y 

related to a number (A) of sets of values for the parameters B i f a , m 

and 0a,k,m such that 
A 

Y'i,k,m = Yi,k,m" ai,m = Σ ^i,a,mQa,k,m+ei,k,m 
a=l 

where o i j ^ m i s the mean of feature i i n category m. The method be
gins by loading one of the data vectors of a category as an e s t i 
mate of the O's. The " i " 3's are then computed such that the 
residual variance for Y1 i s a minimum: 

v 9 I 0k,m Y i,k, 
i e i , k - m i n + Bi,m - Κ 

- % k k,m 
the resulting 3 1 s are then used as estimates to minimize the Θ·s : 

Σο. γ· 
V 2 · s\ i pim i,k,m 
i e i k = B l n ^ = T - ê — — 

l eh 
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The process of estimation followed by minimization continues un
t i l i t converges for some set of &k and Θ^. New Y f values are 
computed as Y'jjç = Y ,ik"^im^mk t h e process begins again. This 
process continues u n t i l a l l A components have been determined. 

SICLASS (21) c l a s s i f i e s unknown data vectors on the basis of how 
well the p r i n c i p a l component model for a class f i t s the data. I f 

i s the k t h unclassified data vector, i t i s c l a s s i f i e d i n the 
following way: The data vector Y^ i s f i t t e d to the parameters 
(Xi m (category means) and 3i, a,m (principal components) for category 
m. The f i t t i n g corresponds to a lin e a r regression 

a=l 

The residual variance, 

where η i s the number of features, i s a convenient measure of how 
well the data vector f i t s the class model m. I f s 0 i s the stan
dard deviation of the q objects i n the reference class where 

s* - f I<e i k) 2/[(q-A-l) (n-AH 
k i 

then s m » s Q (F-test) implies the data vector i s not a member of 
the mth category. 

Unsupervised Clustering 

HIER i s an unsupervised learning (cluster analysis) method based 
on the r e l a t i v e s i m i l a r i t y of a set of data vectors (22). Each 
vector i s i n i t i a l l y assumed to be a lone cluster. A s i m i l a r i t y 
matrix i s constructed such that i f S j ^ j i s the s i m i l a r i t y between 
the i t h and j t h data vector, then 

S i , j « 1 LL3_ 
^max 

where ajjax i s t h e interpattern distance of data vectors " i " and 
" j " normalized by the largest interpattern distance d ^ x i n the 
data (see DISTANCE). 

The matrix i s scanned for the maximum s i m i l a r i t y i n the set. 
These "most similar" vectors are clustered, removed from the matrix 
and replaced by a new vector whose location i s the average of the 
two vectors. In combining clusters, two options are available. 
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Either the average of the two clusters i s weighted by the number 
of data vectors i n each cluster or each cluster i s given equal 
weight. The new matrix i s scanned for the next greatest s i m i l a r i 
ty and the procedure i s repeated. The process ends when a l l the 
data vectors form a single cluster. Output i s i n the form of a 
connection dendrogram. 

TREE i s an unsupervised learning (cluster analysis) method that 
generates a minimal spanning tree (23) over the data vectors i n 
the trai n i n g set. The tree i s then pruned to determine the 
"natural" clustering of the data. The tree i s formed by connecting 
the data vectors (represented by data points i n the feature space) 
such that each point forms a node of the tree (is attached by at 
least one l i n e segment or edge) and the sum of these l i n e segments 
over the entire data i s a minimum. Clusters are pruned from the 
tree on the basis of the length of a l i n e segment r e l a t i v e to the 
nearby l i n e segments. I
times the length of the
ti o n larger than the average length of the nearby edges, i t i s 
ruled inconsistent and the tree i s clipped at t h i s node. This 
routine, l i k e HIER, looks for natural groupings or clusters i n the 
feature space. 

Non-Linear Mapping (24) 

NLM i s a display technique that preserves interpoint distan
ces (see DISTANCE). The program i s i n i t i a t e d with either a ran
dom vector or the mapping resulting from l i n e a r projection of the 
f i r s t two eigenvectors of the data (see K-L). The p l o t t i n g d i s 
tance i s defined as the interpoint Euclidean distance i n the two 
dimensional projection plane. I f the true distance i n η space i s 
the Euclidean distance taken over a l l η variables then minimizing 
the error i n the distance encountered i n the two-dimensional map
ping w i l l r e s u l t i n the projection that best preserves the i n t e r -
point distance. A weighting factor i s sometimes applied to pre
serve either large distances or small distances at the expense 
of each other. Since t h i s minimization involves i t e r a t i v e l y 
changing the positions of the points i n two-space, a conjugate 
gradient technique i s employed for the minimization. 

C l a s s i f i c a t i o n Based on Interpattern Distance 

KNN c l a s s i f i e s unknown data vectors on the basis of interpattern 
distances to data vectors i n the trai n i n g set (25). The distances 
between a given data vector and a l l other vectors of the training 
set data are ordered from smallest to largest. An "unknown" i s 
c l a s s i f i e d by committee vote into that category which has the 
majority of k nearest neighbors. In case of a t i e the vector i s 
assigned to the category whose sum distance over k neighbors i s 
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the smallest. 

PNN calculates the properties for continuous property data vectors 
based on the p*-nearest neighbors of each vector. The c r i t e r i o n 
used for nearest i s the interpattern distance (see DISTANCE). 
Seven property estimates are calculated such that i f Pj i s the 
property of the j t * 1 data vector of the m nearest neighbors to 
vector i , then 

m 
p i « I p j /m 

j=l 
where m i s set to seven d i f f e r e n t preselected percents of the 
t o t a l data vectors i n the data set. 

Feature Selection by Weighting 

WEIGHT (26,27) i s a preprocessin
on the basis of i t s individual importance to the solution of a pat
tern recognition problem. For categorized data, the c r i t e r i o n of 
importance can be either the t o t a l variance or t o t a l Fisher weight 
for the feature. The variance weight i s a r a t i o of the interclass 
variance of two categories to the intraclass variances of the cate
gories. I f W. D,m,n i s a measure of the u t i l i t y of feature j i n 
separating categories m and n, the variance weight (WV)j f l t l / n 

Nm Na 
i s : 

(WV) D,m,n 
k=l k=l 

NmNn 
Nm 
I (aqc,m,J"5n,J>' 

k=l Nm 
+ I (*k,n,j-xn,j>' 

k=l~ Nn 

where i s the number of data vectors i n category i ; the t o t a l 
variance weight i s the geometric mean of the individual category 
pai r weights. The Fisher weight i s a r a t i o between the square d i f 
ference i n the category pa i r means and the sum of intraclass v a r i 
ances : 

— — — 2 
(WF) . m = (xm,j *n,J> 

3 ' m ' n Nm m 

k=l Nm k=l Nn 

The t o t a l Fisher weight i s the arithmetic average of the i n d i v i 
dual category p a i r weights. 

For continuous property data the weighting i n done on the ba
s i s of the correlation of the feature to the property. The square 
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correlation to property of feature j i s : 

Ν 

lk=l 
Ν 9 Ν 
Σ < x j , k - x j > Σ <p k-p> 

k=l J k=l 

where Ν i s the number of data vectors i n the trai n i n g set and p^ 
i s the property of the k data vector. 

SELECT (28) i s a feature selection technique that generates ortho
gonal features based on t h e i r importance to c l a s s i f i c a t i o n . The 
c r i t e r i o n for importance for categorized data i s the variance or 
Fisher weight and for continuous-property data, the correlation-
to-property weight (see
selected as the f i r s t feature
decorrelated from the chosen feature. The decorrelated features 
are reweighted and the feature whose new weight i s highest becomes 
the second selected feature. The process continues u n t i l either a 
speci f i e d number of features i s chosen or a given minimum weight 
attained. The selected (unweighted) features are output to a f i l e 
for l a t e r use. The user can opt for the decorrelated features or 
the same features i n t h e i r unchanged form. Since one set i s a 
l i n e a r combination of the other set, the same information i s re
tained for either option. Only the representation i s changed ( i . e . 
the sub-feature space i s either rotated or not rotated to orthogon
a l axes). 

GRAB. As a feature selection method, GRAB (12) i s intermediate 
between weight (with no feature decorrelation) and the more expen
sive SELECT (with t o t a l decorrelation). A previously-weighted f i l e 
of η data vectors i s input to the routine. Each feature i s as
signed an i n i t i a l weight 

W(l ) i = Σ < xi,k- xi> : 

k=l 

1/2 

The feature with the largest weight i s selected as the f i r s t new 
feature. Each of the remaining features i s reweighted such that 
i f C ^ fj i s the correlation between the i t h feature just chosen and 
the remaining feature j , 

W(2). = w i D . l l - l c ^ j l ] 

For the m t h i t e r a t i o n the weight of the j t h feature remaining i s 
m-1 

W(m)i = W(l)i Π [1-ICi J ] 
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the resulting selected features are autoscaled but neither weighted 
nor decorrelated, 

SCALE offers several methods of scaling features (26) i n the data. 
The scaling factors are derived from the η data vectors of the 
training set and applied to a l l of the data. For data for which 
the uncertainties are known, several scaling schemes are available. 
The following conventions are available for scaling without uncer
tainty weighting: 

Autoscaling: I f X.. i s the i t h feature associated with the 

< X i , j-5i> 

j t h data vector, then l r 3 

~n 1/2 1/2 
x i , j 

where η i s the t o t a l number of data vectors i n the trai n i n g data. 
The resulting new features a l l have a mean of 0.0 and a variance 
of 1.0. This removes any inadvertent weighting that might occur 
due to the difference i n magnitude of the features. 

Range scaling: I f Xmini and Xmax^ and the minimum and maxi
mum values respectively of feature i i n the t r a i n i n g data then 

x . , k = (Xirfc-anlnj) 
= (Xmaxi-Xminj[) 

scales each feature to a range of 1 lying between 0.0 and 1.0. 
Mean subtraction: 

x i ' k = ( x i f k " x i ) 

Variance normalization: 

x ' i , k = X i ' k — 

Mean normalization: 

x i,k 

l χ 2 . 
3-1 1 0 

x i , k 

Scaling methods which weight the measurement by i t s uncertainty (3) 
include: (a) Error-weighted autoscale, (b) Error-weighted mean 
subtraction and (c) Error-weighted mean normalization. In each of 
these methods the mean i n equation 1, 3, and 5 i s replaced by a 
weighted mean, x^, which i s calculated as: 
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η r * i . j | 
L 
η 1 ι · 
y ~τ~ • 
L u i , j 

where the sum i s over the data vectors and u^ j i s the uncertainty 
associated with feature ·. ' 

Linear Discriminant Analysis 

The l i n e a r c l a s s i f i c a t i o n section of ARTHUR contains routines 
for both category and continuous property data. For category data, 
multi-linear regression and hyperplane discriminant analysis are 
available. 

LEAST performs a lest-square
i s best suited to continuous property problems. I f D i s a data 
matrix with associated property matrix P, then (DTD)"*DTP i s t h e 

least squares solution to the set of l i n e a r equations P=DW where 
W i s a vector which weights the u t i l i t y of the features i n f i t t i n g 
the data. 

In actual practice, determination of the weight vector i s done 
by 

W » [Ε^^ΕίχΤρ 

where X i s obtained by mean normalization of D, c T 1 i s the invert
ed correlation matrix associated with D and Ε i s a diagonal matrix 
whose elements are the reciprocal variances of the features. 

Prediction of an unknown property Ρ· i s based on the weight 
vector obtained i s therefore 

p i = x»w 

LEDISC i s a multi-linear least squares regression designed for 
categorized data. Except i n property def i n i t i o n s i t i s computa
t i o n a l l y equivalent to LEAST. For a data set of η categories, η 
lin e a r regressions are performed such that for the i regression 
the property Ρ i s defined as 

ρ _ ( +1 for a l l vectors i n category i 
t 0 for a l l vectors not i n category i 

An unknown data vector i s placed into that class whose weight 
vector produces the largest value. 

LESLT i s a variable reduction technique which seeks to optimize 
category p a i r separation i n as few variables as possible (30). A 
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feature derived i s a linear combination of the o r i g i n a l data that 
describe the position of a data vector r e l a t i v e to a hyperplane 
between two categories i n the data set. The input data matrix 
(X) of η categories i s divided into n(n-l)/2 submatrices. I f Y 
i s the submatrix containing only those patterns i n categories i 
and j plus the test data, an outcome column matrix of properties 
can be defined such that 

G i , j Γ-1 for patterns i n i 
{+1 for patterns i n j 

Thus defined, there exists a vector Wk of weights such that 
YWk = Gi'J. (Determination of Wk i s the least squares solution for 
th i s equation (see LEAST).) The weight vector obtained i s used to 
transform and c l a s s i f y a l l the data vectors i n Y. This process i s 
followed for a l l category pairs. Once a l l the weight vectors are 
obtained, the entire data matrix (X) i s transformed such that 
X' = XW. The new matri
are approximate category-pai

LEPIECE (12) does a piece-wise least squares multiple regression 
for each data vector i n the training and test set. The property 
of each data vector i s predicted from the f i t (see LEAST) using 
the k-nearest-neighbors (see KNN) to the vectors. The value of 
k i s a user-defined multiple of the number of features. The c r i 
terion used for "nearest" i s the interpattern distance (see DIS
TANCE) . Only those features used i n the determination of the 
distance are used i n the regression. 

MULTI i s a hyperplane discriminant function method designed for 
multi-category data (31). Computationally, i t i s equivalent to 
PLANE, except i n category d e f i n i t i o n . For a data matrix of η 
categories, η hyperplanes are generated such that the i hyper
plane describes the separation of the i t h category from the rest 
of the data. 

PLANE generates and c l a s s i f i e s on the basis of a line a r discriminant 
function (31) and i s best suited to data containing two categories 
(see MULTI for multicategory case). By an error-correction feed
back method i t seeks a hyperplane i n an augmented n+1 space (where 
η i s the number of features) that best separates a pair of cate
gories. 

Each data vector i n η space i s considered a vector i n n+1 
space where the n+1**1 feature i s unity. Therefore, two classes 
can be defined as lying on either side of a hyperplane (whose equa
tion i n n+1 space i s W»Y=0), through the o r i g i n with correspond
ing class numbers +1 and -1. The discriminant function i s calcu
lated by f i r s t loading a weight vector W with random or user-de
fined values. During training, c l a s s i f i c a t i o n of vector Y^ by 
this weight vector i s a decision of the form 
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correct, i f the sign of the response r e l a -
W-Yk = S k = ti v e to the hyperplane i s the same as the 

sign of i t s class 

incorrect, i f the sign i s not the same 

If a pattern i s m i s c l a s s i f i e d , the weight vector i s adjusted by 
r e f l e c t i o n of the hyperplane about the m i s c l a s s i f i e d point. The 
new weight vector i s then used to c l a s s i f y the data. The process 
continues u n t i l a l l patterns i n the training set are correctly 
c l a s s i f i e d or a maximum number of iterations i s reached. 

For more than two categories, a hyperplane separating each 
pair of categories i s found. An unknown data vector i s then c l a s 
s i f i e d using a majority committee vote procedure on a l l the d i s 
criminant function responses. The use of PLANE for multi-category 
data i s equivalent to a piece-wise learning machine (31). 

REGRESS i s a multidimensiona
computes a li n e a r discriminant function. I t accepts both category 
and continuous data. Two optimization methods are available. 
Either the residual variance or the multiple correlation can be 
minimized. 

STEP (32) i s a stepwise multi-linear regression method. Features 
used i n the regression are determined by t h e i r contribution to the 
o v e r a l l variance. In the regression, features are added one at 
a time such that the feature that i s added makes the greatest im
provement i n the "goodness of f i t . " When a feature that i s indica
ted to be s i g n i f i c a n t to the reduction i n variance i n an early 
stage of the regression i s indicated to be i n s i g n i f i c a n t a f t e r the 
addition of several other features, i t i s eliminated from the reg
ression before addition of another feature. The c r i t e r i o n for 
selection of a feature to add or remove from the calculation i s as 
follows: 

Removal: I f the variance contribution i s i n s i g n i f i c a n t at 
a specified F-level, the feature i s removed from the regression. 

Addition: I f the variance reduction due to addition of a 
feature i s s i g n i f i c a n t at a specified F-level, t h i s feature i s 
entered into the regression. 
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U t i l i t i e s 

The following i s a series of routines that permit the user to 
eas i l y control processing of the data. A major source of ARTHUR'S 
v e r s a t i l i t y i s provided through the "CHANGE" (CHXXX) and the "TUNE" 
(TUXXX) routines. These routines allow the user to change the 
various d e f i n i t i o n s of a problem without changing the form of the 
input data. The Calcomp and Tektronics p l o t routines are designed 
to run on the CDC. The prin t e r / p l o t t e r routine VARVAR i s machine 
independent. Any data f i l e can be l i s t e d or punched at any point 
in a run by a c a l l to UTILIT. 

NEW i n i t i a l i z e s the program. System f i l e s are rewound and a l l 
except one are i n i t i a l i z e d by writing a one record header at the 
beginning of the f i l e . Several fixed common parameters can be 
redefined with a c a l l to t h i s routine

ENDIT terminates the program
occur by a user c a l l or by the encounter of a recognizable error 
condition during a run. 

UTILIT provides a li n e p r i n t e r l i s t i n g of the data matrix and/or 
the distance matrix. 

INPUT. In INPUT, a coded data matrix may be input to the program. 
If the data are categorized, i t i s reordered such that a l l data 
vectors belonging to the same class occur together. For continuous 
data, the user may opt for reordering by the magnitude of the prop
erty. Missing values i n the data are flagged with a value equal 
to the largest r e a l number allowed i n the program. The data matrix 
i s output to a binary f i l e that i s compatible with a l l other rou
tines i n ARTHUR. 

INFILL f i l l s i n any missing data i n the data matrix. For category 
data, a missing feature value i n a data vector of the training set 
i s f i l l e d with the mean value of the feature for the category to 
which the vector i s a member. A missing feature value i n the test 
set i s f i l l e d with the mean value of the feature for a l l the t r a i n 
ing data. For continuous property data the feature value i s f i l l e d 
with the mean of the data. 

INDUMP deletes constant and redundant features i n the data. For 
category data, the occurrence of a constant feature i n a category 
results i n an automatic c a l l to terminate the program since many 
methods employ variance i n the data features as a c r i t e r i o n . 

VARVAR produces l i n e p rinter plots of a data matrix. Two options 
are available. Either two features may be plotted against each 
other or one feature may be plotted against the properties of the 
data vectors. 
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VACALC produces calcomp plots equivalent to the l i n e p rinter plots 
available i n VARVAR. 

VATKIT produces plots for a Tektronics graphics terminal. These 
plots are equivalent to those produced i n VARVAR. 

CHANGE allows the user to quickly and conveniently change a data 
matrix d e f i n i t i o n from continuous property to category and vice 
versa. 

CHCATEGORY. In CHCATEGORY the user can redefine the category of 
selected data vectors, reorder the data, or create a new data ma
t r i x with a selected number of categories retained i n the tra i n i n g 
set and a l l others placed i n the test set. 

CHDATA allows manipulation of the data vectors i n a data matrix. 
Specified vectors may b
and vectors may be delete

CHFEATURE provides feature manipulation. Features may be deleted 
from the data, transformed (by addition, subtraction, m u l t i p l i c a 
tion, d i v i s i o n , exponentiation, and logarithmic substitution) and/ 
or combined by any of these operations to form new features. 

CHJOIN combines the matrices of two data f i l e s . This can occur 
i n two modes. Either the data vectors of the f i l e s are connected 
or the features of the two f i l e s are combined. In either case, a 
new data f i l e i s created from the merging. 

CHSPLIT. User defined categories may be s p l i t o f f onto an alterna
tiv e data f i l e i n CHSPLIT. 

CHSUB creates a new data f i l e by randomly selecting a subset of 
the data vectors i n the data matrix. By default a l l categories 
i n the data retain 80% of t h e i r data vectors. This percent can 
be redefined by the user. 

CHUNCE. Feature uncertainties can be added, changed, or deleted 
from the data f i l e i n CHUNCE. The uncertainty may be added as a 
re l a t i v e or absolute error. For a given feature (i) of a given 
vector (j) the uncertainty u ^ f j i s defined as 

(*rel>i,j * * i , j 
u i # j = ( x a b s ) i f j + — 

where (xabs)j^j i s the absolute error and ( x r e l ) i f j i s the r e l a t i v e 
error i n percent of the feature x i , j . By default, (xabs)i,j = 0, 
and ( x r e l ) i f j = 10.0%. 
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TUNE generates a new data f i l e with features formed from the n(n-l) 
ratios of the o r i g i n a l measurements. This simple transform not 
only offers more features to the various selection algorithms, 
but also, i n many cases, lend s t a b i l i t y to the features. For ex
ample, i n cases where iner t methods for sample d i l u t i o n have taken 
place before measurement, the ratios of concentrations of elements 
i n a group of samples more readily lend themselves to establish
ing a common o r i g i n than the individual concentrations (18). 

TURAND perturbs each measurement of each vector by a function of 
the error associated with the feature. I f X j ^ j i s the i * * 1 feature 
of the j t h data vector, then the error perturbed feature x ' i , j i s : 

x ' i / j = x i , j + a i / j s i , j 
where s^ i s the standard deviation of the di s t r i b u t i o n of 
and <*i rj i s a random numbe
variance and zero mean (33)

TUMED normalizes a l l vectors i n a data matrix by th e i r Euclidean 
distances from a defined o r i g i n . This transform i s often useful 
i n data that exhibit a "time" dependence. 

TUTRAN takes the transpose of a data matrix. The new data f i l e 
that i s formed i s output to a disk f i l e for subsequent analysis 
i n other routines. 
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Abstract Factor Analysis—A Theory of Error and Its 
Application to Analytical Chemistry 

EDMUND R. MALINOWSKI 

Department of Chemistry and Chemical Engineering, Stevens Institute of Technology, 
Hoboken, NJ 07030 

Factor analysis (FA)
dimensional problems, i
of chemistry (1-5). The first step in FA is concerned with de
termining the number of factors which are responsible for the 
data. Unfortunately, because of experimental uncertainty this is 
not an easy task. Most FA methods depend upon an accurate esti
mate of the uncertainties present in the data. Even then, each 
FA method may yield a different estimate of the size of the 
factor space. This poses a fundamental dilemma to the factor 
analyst in the early stages of his analysis. 

In the present paper we will develop a theory of error which 
helps us overcome this difficulty. Our approach will be quite 
different from the traditional statistical methods reported by 
others (3,6). Our attention will be focused on how the error 
mixes into the abstract factor analysis (AFA) scheme. AFA is 
that part of the overall FA process which is concerned with data 
reproduction using the abstract mathematical factors produced by 
the decomposition of the covariance matrix. The theory shows 
that the eigenvalues can be grouped into two sets: a primary set 
which contains the true factors together with a mixture of error 
and a secondary set which i s composed of pure error. By deleting 
the secondary set we actually remove error. Consequently the 
AFA reproduced data i s a better representation of the re a l data 
than the raw experimental data used i n the analysis. Although 
th i s i s not the prime purpose of AFA, i t does constitute an un
expected and useful fringe benefit. 

The theory shows that three types of error (real error, RE; 
extracted error, XE; and imbedded error, IE) exi s t . These errors 
are mutually related i n a pythagorean sense and can be calculated 
from the secondary eigenvalues, the size of the data matrix and 
the size of the factor space. 

Arguments are presented to show how the IE function can be 
used to determine not only the dimension of the factor space but 
also the r e a l error. Most importantly, t h i s i s accomplished 
without recourse to a knowledge of the experimental error. 
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An empirical function, c a l l e d the factor indicator function, 
IND, i s also described. This function, similar to the IE func
tion, i s calculated from the secondary eigenvalues. However, i t 
i s more sensitive than the IE function i n determining the size of 
the factor space. 

Mathematical models are used to i l l u s t r a t e and confirm the 
theory. The method i s then applied to nuclear magnetic resonance, 
absorption spectrophotometry, mass spectra, gas-liquid chromato
graphy and drug a c t i v i t y . 

Theory of Error 

Factor analysis i s concerned with a matrix of data points. 
I t i s based upon expressing each raw data point d^ k as a linear 
sum of product terms. I f the data contained no experimental 
error, the value of a pure data point d*^ would be expressed as 
follows : 

j = n * * 
d i * = * r i j C j k ( 1 ) 

3*1 

where r j j i s the j t h cofactor of the i t h row designee and 
Cjfc i s the j t J l cof actor of the k**1 column designee. The sum 
i s taken over a l l η factors which are responsible for the data. 

However, because of experimental error each raw data point 
i s best represented as a sum of pure data and an error e ^ , 

d i k - d i k + e i k < 2 ) 

Such errors mix into the FA process, perturbing the cofactors 
and producing an excessive number of factors. Instead of eq. (1) 
we obtain eq. (3) 

where the sum i s taken over c factors rather than n; c, of 
course, i s greater than n. Superscript φ i s used here to d i s 
tinguish these cofactors from those belonging to the pure data. 

From our knowledge of matrix algebra we can readily show 
that the number of terms i n the above sum i s either r, the num
ber of rows i n the raw data matrix, or c, the number of columns 
i n the raw data matrix, whichever i s the smaller number. Through
out our discussion we w i l l assume that c i s smaller than r. 
Hence the sum i n eq. (3) involves c terms. 

The proposed theory of error i s based upon the following 
observation. Although c eigenvectors are required to span the 
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t o t a l raw data space, only η of them are required to span the 
data space within experimental error. Because any orthogonal set 
of axes, of the proper number, can be used to describe the error 
space the same basis axes used to describe the raw data space can 
be used to describe the error space. Accordingly, then, the 
error e i k associated with data point d i k can be expressed as 
follows: 

e i k Σ f + Σ σ 0.. c*. (4) 

Here c ^ j ^ i s a component of the j t h basis axis used to describe 
the raw data, CT^j i s projection of the i t h error onto the j t h 

axis and i s the projection of the i t h error onto the j t h 

axis of the pure error space. Notice here that we have grouped 
the error factors into tw
j = 1 to j = n, i s associate
(called primary eigenvectors) which are required to account for 
the r e a l data. The second sum, from j=n+l to j=c, i s associ
ated with unnecessary eigenvectors (called secondary eigenvalues) 
which are produced by experimental error. 

Equation (4) represents the foundation of the proposed theory 
of error. We w i l l now explore i t s significance and confirm i t s 
v a l i d i t y by tracing i t s path through the factor analysis scheme. 

Upon placing eq. (4) and (1) into (2) we f i n d 
(5) 

d i k - ] \ < r*ij c * j k + ^ i j ^ j k > + V σ° cf 
3=1 3=n+l 

Comparing t h i s r e s u l t with eq. (3) we see that 

c* 
^ i j = * \ j + *Li <6> 

c jk 

In other words eqs. (3) and (5) can be expressed as 

j=n , , j=c , 

This can also be written as 
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where 

and 

ik 

i k 

Σ 
j - l 

i k 

jk 

(8) 

(9) 

ID 
Σ 
j=n+l !3 3k (10) 

Since e i s associated with pure error the retention of 
an excessive number of eigenvectors simply tends to reproduce 
experimental error. Henc
should be deleted. Whe
difference between the raw data point and the reproduced data 
point. 

The imbedded error e ^ ^ i s defined as the difference bet
ween the reproduced data point and the pure data point: 

i k 
a * 

= d ^ i k - d i k 
(11) 

Because the trace of the covariance matrix, constructed by 
premultiplying the data matrix by i t s transpose, i s invariant 
upon a s i m i l a r i t y transformation, the following i s true: 

i=r k=c 
Σ Σ 

i = l k=l 
ik 

3=n 3=c 
Σ + Σ 

j=l j=n+l 
(12) 

where 

χ* = 

and 

i=r 
Σ 

i = l 
ik 

^ "7 c 

(13) 
for j = 1,...,n 

i=r 
Σ σ ° . . 2 

i - l 1 3 

for j = n+1,...,c (14) 

Here λ j i s a primary eigenvalue and Xj i s a secondary eigen
value. The largest eigenvalues contain the pure cofactors 
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and thus belong to the primary set. The smallest eigenvalues 
contain nothing but pure error cofactors and thus belong to the 
secondary set. Deletion of the secondary eigenvalues and t h e i r 
associated eigenvectors from the AFA scheme should lead to data 
improvement. Equations (13) and (14) are important because they 
show how the error mixes into the eigenvalues. 

We can also construct a covariance matrix from the AFA 
regenerated data matrix. Its trace i s also invariant upon a simi
l a r i t y transformation. Hence 

i=r k=c 
Σ Σ 
i = l k=l 

rf 2 

d i k 

j-n 
= Σ 

j - l 
(15) 

By subtracting eq. (15) from (12) we obtain 

i=r k=c 
Σ Σ 

i = l k=l ik j=n+l i = l j=n+l 13 

(16) 
In 
In the discussion which follows we w i l l use these equations to 
develop f u l l y our understanding of the r e a l error, extracted 
error, imbedded error, and th e i r interrelationship. 

Residual Standard Deviation - The Real Error 

The residual standard deviation (RSD) i s defined i n terms of 
the projections of the error points onto the secondary axes, 
namely 

i=r j=c 
r(c-n)(RSD) 2 Σ Σ σ ° 2 (17) 

i= l j=n+l J 

Because the secondary axes involve pure error components which 
are deleted from the reproduction we see that the RSD i s , i n 
r e a l i t y , a measure of the r e a l error (RE), the difference bet
ween the pure data and the raw data. 

By placing eq. (16) into (17) we f i n d 

1/2 

RE = RSD = j=n+l 
r(c-n) 

(18) 
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Root-Mean-Square Error 

The root-mean-square error i s defined i n terms of e ° ^ k , the 
difference between a raw data point and i t s value regenerated by 
AFA, namely 

i=r k=c 
Σ Σ 
i = l k=l 

rc(RMS) 2 = Σ Σ e ° i k
2 (19) 

Because the reproduced data matrix i s orthogonal to i t s associ
ated residual error matrix, 

ΣΣ e ° i k 2 = ΣΣ d 2
i k - ΣΣ d * i k = ΣΣ ( d i k - d * i k ) 2 

Hence, we can readily see from (16), (19) and (20) that 

1/2 
RMS = Σ 

j=n+l 3 
(21) 

Pythagorean Relationship 

Let us now theoretically form a covariance matrix from the 
experimental error matrix. The trace of t h i s matrix i s invariant 
upon a s i m i l a r i t y transformation. Hence, r e c a l l i n g eq. (4), we 
conclude that 

i=r k=c i=r j=c , i=r j=c 
Σ Σ e 2

i k = Σ Σ σ^.2 + Σ Σ σ ° 2 
i = l k=l i = l j=l i = l j=n+l 

(22) 

Each of these three sums i s intimately related to the re
sidual standard deviation as follows: 

i=r k=c 
Σ Σ 
i = l k=l 

rc(RSD) 2 = Σ Σ e z
i k (23) 

m (RSD)' 
i=r j=n 
Σ Σ 
i = l j=l 13 

(24) 
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i=r 3=c 
r(c-n) (RSD)2 Ζ Σ σ 0 ^ 2 

i=l j=n+l 
(25) 

Placing these three equations into eq. (23) we fi n d 

(RE) 2 = (IE) 2 + (XE) 2 (26) 

where 

RE = RSD (27) 

IE = [ nïl/2 (RSD) (28) 
c 

f ) 1/2 

The r e a l error (RE) i s the difference between the pure data and 
the raw data. The imbedded error (IE) i s the difference between 
the pure data and the AFA reproduced data. The extracted error 
(XE) i s the difference between the AFA reproduced data and the 
raw data. Figure 1 i s presented as a mnemonic i l l u s t r a t i n g 
these relationships. 

Several important facets of AFA now become apparent. Since 
η < c we see c l e a r l y that IE < RE, hence AFA should always 
lead to data improvement. Secondly, by comparing eq. (29) to 
eqs. (18) and (21) we learn that the RMS, the difference between 
the AFA reproduced data and the raw data, i s the extracted error. 
This i s unexpected and quite surprising. I f we use too many 
eigenvectors to reproduce the data we w i l l reduce the extracted 
error and increase the imbedded error. I t i s important to use 
the proper number of eigenvectors i n the reproduction process. 

Testing the Theory with Mathematical Models 

In order to test the proposed theory of error a series of 
mathematical models of various dimensionalities, sizes and errors 
were constructed and factor analyzed. The simplest and easiest 
model to vi s u a l i z e consisted of the one-dimensional data set 
depicted i n Table I. The f i r s t two columns represent a pure data 
matrix. It i s obviously one-dimensional since a pl o t of the 
points i n column one against the corresponding points i n column 
two produce a straight l i n e of unit slope. When this pure data 
matrix i s factor analyzed we obtain the results shown i n the 
f i r s t column of Table I I . 

An a r t i f i c i a l error matrix (third and fourth columns of Table 
I) was constructed and added to the pure data matrix to produce 
the raw data matrix shown i n the f i f t h and sixth columns of 
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PURE 
DATA 

(IE) 

FA 
REPRODUCED 

DATA 

RAW 
DATA 

Figure 1. Mnemonic diagram of the Pytha
gorean relationship
the extracted
IE, and their rehtionships to the pure, raw, 

and FA reproduced data 

Table I - Artificial (One-Dimensional) Pure Data Matrix, 
Error Matrix, Raw Data Matrix and FA Reproduced 
Raw Data Matrix. 

FA Reproduced 
Pure Data Matrix Error Matrix Raw Data Matrix Raw Data Matrix 
olumn 

[0*1 [E] [D] - [D*] + [E] olumn 1 column 2 column 1 column 2 column 1 column 2 column 1 column 
1 1 0.2 0.0 1.2 1.0 1.0936 1.1052 
2 2 -0.2 -0.2 1.8 1.8 1.7904 1.8095 
3 3 -0.1 0.1 2.9 3.1 2.9846 3.0163 
4 4 0.0 -0.1 4.0 3.9 3.9288 3.9705 
5 5 -0.1 0.0 4.9 5.0 4.9240 4.9763 
6 6 0.2 -0.2 6.2 5.8 5.9671 6.0305 
7 7 0.2 -0. 1 7.2 6.9 7.0118 7.0862 
8 8 -0.2 0.1 7.8 8.1 7.9086 7.9926 
9 9 -0.2 0.1 8.8 9.1 8.9033 8.9978 
10 10 -0.1 0.2 9.9 10.2 9.9974 10.1036 
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Table I. This raw data matrix simulates r e a l chemical data which 
contains experimental uncertainty. When th i s matrix was factor 
analyzed we obtained the results shown i n the second and t h i r d 
columns of Table I I . Two eigenvalues and two sets of row co-
factors emerge from the analysis. 

These cofactors are intimately related to the raw data 
points. To understand t h i s relationship we p l o t the raw data 
points of column 1 against those i n column 2. This p l o t i s 
shown i n Figure 2. Notice that the points l i e i n a two-dimen
sional plane. The row cofactors i n Table II are the perpendicu
l a r projections of these points onto the primary and secondary 
axes which emerge from the FA. Notice that the projections onto 
the secondary axis contain nothing but error as predicted by 
the theory. 

When the secondary eigenvector i s deleted we obtain the FA 
reproduced raw data matrix shown i n Table I  The RMS of the 
difference between the F
calculated to be 0.087
error matrix i s 0.148. This i s i n accord with our prediction 
based upon the proposed theory of error. The imbedded error, 
0.087 i s l e s s than the r e a l error, 0.148, by a factor of approxi
mately /n/c = /1/2 as predicted by eq. (28). Exact agree
ment should not be expected because twenty data points do not 
constitute a good s t a t i s t i c a l sample. 

Instead of a d i r e c t comparison we can calculate the RE and 
IE from the secondary eigenvalues v i a eqs. (18) and (28). These 
results are shown i n Table III together with the d i r e c t c a l c u l a 
tions described above. 

Many other a r t i f i c i a l sets of data were constructed, having 
d i f f e r e n t sizes, dimensionalities and errors. A summary of the 
factor analyses of these matrices i s given i n Table I I I . In 
each case the RMS of the a r t i f i c i a l error compares favorably 
with the real error predicted from eq. (18). Also the RMS of 
the difference between the pure and reproduced data compares 
favorably with the imbedded error predicted from eq. (28). These 
tests give credence to the proposed theory of error. 

Imbedded Error Function 

It i s possible to deduce the true number of factors i n a 
data matrix by studying the behavior of the IE as a function of 
n. I f the errors are distributed randomly and f a i r l y uniform 
throughout the data matrix, and are free from sporatic or syste
matic behavior, then we should expect t h e i r projections onto 
each of the secondary axes to be approximately the same. I f t h i s 
i s true we may set X"j * ^°j+i = . . . » X ° c . Inserting t h i s into 
eqs. (18) and (28) gives 

IE » n 1 / 2 k for η > true η (30) 
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Figure 2. Illustration of the geometrical relationships 
between the raw data points of Table I and the pri
mary and secondary axes resulting from factor analysis 

of the raw data matrix 

Table II 

EIGENVALUES AND ROW-COFACTORS RESULTING FROM FA 

From Pure Data Matrix From Raw Data Matrix 

λ λ" λ" 
Λ ι 1 2 
770 767.1514 0.28861: 

rîi <2 

1.41421 1.55487 0.14964 
2.82843 2.54555 0.01344 
4.24264 4.24333 -0.11901 
5.65685 5.58569 0.10021 
7.07107 7.00063 -0.03374 
8.48528 8.48367 0.32765 
9.89950 9.96895 0.26479 
11.31371 11.24396 -0.15275 
12.72792 12.65816 -0.14528 
14.14214 14.21377 -0.13707 
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where k i s a constant, 

k = (31) 

The imbedded error function should decrease as we employ 
more and more primary eigenvectors. However, when we use a 
secondary eigenvector i n the reproduction scheme eq. (30) be
comes ef f e c t i v e . This equation shows that the IE w i l l increase 
systematically as we use more secondary eigenvectors. The 
imbedded error function should reach a minimum when we use the 
exact number of eigenvectors. This minimum can be used to deduce 
the true factor space. Unfortunately, with r e a l data t h i s be
havior w i l l not always occur because the p r i n c i p a l component 
feature of FA tends to exaggerate the nonuniformity of the error 
d i s t r i b u t i o n and, i n fact  place  heav  emphasi  bad dat
points. 

Factor Indicator Function 

During our investigations we found an empirical function, 
which we c a l l the factor indicator (IND), which i s more sensi
tiv e than the IE function i n determining the dimensionality of 
the factor space. This function involves the same variables 
( X ° ^ f r, c and n) and i s defined as follows: 

I N D = -Τ£Τ,2 <32) 

Similar to the IE function, the IND function reaches a minimum 
when the correct number of eigenvectors are employed. 

Testing IE and IND Function Using Model Data 

Prior to investigating real chemical data i t i s important 
to study the behavior of the IE and IND functions using a r t i f i 
c i a l data, generated mathematically, for which we know every 
aspect of the pure data and errors introduced. Many such models 
were studied. Three t y p i c a l examples are depicted i n Table IV. 

For model data A, the IE function decreases dramatically 
as we proceed from η = 1 to η = 4. The IE at η * 5 i s larger 
than the value at η = 4 . This w i l l occur when we have 
exceeded the true factor space. Hence we conclude that four 
factors are present. This conclusion i s substantiated by the 
fact that the IND function shows a minimum at η = 4. Having 
concluded that there are four factors we then predict that the 
r e a l error, RE, i s approximately 0.50. These conclusions are i n 
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excellent agreement with the known facts. The pure data was 
generated by using four mathematical factors and the RMS of the 
random error added was 0.55. 

For model data Β the IE function shows a rapid drop from 
η = 1 to η = 5 and only a s l i g h t decrease from η = 5 to η = 6. 
This s i g n i f i e s that there are probably only five factors present. 
More dramatically, the IND function reaches a true minimum at 
η = 5, substantiating t h i s conclusion. For η = 5 the RE i s 0.37 
in reasonable agreement with 0.46, the RMS of the error actually 
introduced. 

It i s important to recognize here that we have deduced the 
experimental error as well as the size of the factor space with
out relying upon any a p r i o r i knowledge of the error introduced. 

Model data C was generated by haphazardly choosing numbers 
from 1 to 100. When thi s 10 χ 8 data matrix was factor analyzed 
the results shown i n Table IV were obtained. Notice that the IE 
increases as we proceed
the IND function increase
obviously not one dimensional i t must be zero dimensional. In 
other words no factors are present. The data i s not factor 
analyzable. 

I t i s important to recognize here that we have discovered a 
c r i t e r i o n for deciding whether or not a data matrix i s factor 
analyzable. This i s so important that we recommend that i t be 
used routinely as the f i r s t step i n a factor analysis study. 

Applications 

The following sequence of studies was conducted using data 
which previously had been factor analyzed, the results having 
been reported i n the s c i e n t i f i c l i t e r a t u r e . The purpose was to 
see whether or not the newly-developed RE, IE and IND functions 
agreed with the previous conclusions and what new insight could 
be gleaned. 

A. NMR Sh i f t s . Weiner, Malinowski and Levinstone (2) con
ducted a FA study of the proton s h i f t s of some 14 solutes i n 9 
common solvents. Using their data matrix we obtained the results 
shown in Table V. The IE gives evidence that only three factors 
are involved since only a very l i t t l e decrease i n th i s function, 
from 0.33 to 0.32, occurs on going from three to four factors. 
This conclusion i s confirmed by the IND function which reaches a 
minimum at η = 3. For three factors the rea l error i s predicted 
to be 0.58 Hz i n excellent agreement with the experimental error 
which was estimated to 0.5 Hz. These conclusions agree with 
those of the o r i g i n a l investigators. 

When the 19F s h i f t s reported by Abraham, Wileman and Bedford 
(7) was subjected to factor analysis we obtained the results 
shown i n Table V. Both the IE and the IND functions give 
strong evidence that not two but three factors are operative. 
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T a b l e IV - R e s u l t s o f F a c t o r A n a l y z i n g Three D i f f e r e n t S e t s o f A r t i f i c i a l Data 

Model Data A 

η RE J E IND RE 

1 140.21 46.74 2.1909 48.05 
2 46.27 21.81 0.9444 30.76 
3 1.95 1.13 0.0543 21.09 
4 0.50 0.33 0.0200 8.83 
5 0.45 0.34 0.0283 0.37 
6 0.37 0.30 0.0409 0.29 
7 0.32 0.28 0.0797 0.15 
8 0.25 0.24 0.2543 0.11 

e l Data Β Model Data C 

JJE IND RE ϋ IND 

16.02 0.7507 27.00 9.54 0.55 
14.50 0.6277 24.66 12.33 0.69 
12:18 0.5859 21.88 13.40 0.88 
5.89 0.3532 18.51 13.09 1.16 
0.28 0.0233 14.42 11.40 1.60 
0.24 0.0323 11.02 9.54 2.75 
0.13 0.0376 6.47 6.05 6.47 
0.10 0.1084 - - -

A - A 16x9 f o u r f a c t o r d a t a m a t r i x w i t h v a l u e s r a n g i n g from - 581.00 t o 955.00 w i t h an 
RMS e r r o r e q u a l t o 0.55. 

Β - A 10x9 f i v e f a c t o r d a t a m a t r i x w i t h v a l u e s r a n g i n g from - 137.75 t o 180.14 w i t h an 
RMS e r r o r e q u a l t o 0.46. 

C - A 10x8 d a t a m a t r i x c o n s i s t i n

T a b l e V - R e s u l t s o f F a c t o r A n a l y z i n g Η a n d ^ F N u c l e a r M a g n e t i c R e s o n a n c e 
C h e m i c a l S h i f t s o f V a r i o u s S o l u t e s i n a V a r i e t y o f S o l v e n t s . 

PROTON S H I F T S 3 

j l RE ϋ IND χ 10' 

(Hz ) (Hz) 

1 2.32 0.77 3.62 
2 1.12 0.53 2.29 
3 0.58 0.33 1.60 
4 0.48 0.32 1.93 
5 0.37 0.27 2.30 
6 0.29 0.24 3.26 
7 0.27 0.24 6.79 
8 0.22 0.21 22.43 

FLUORINE SHIFTS* 3 

RE IND χ 10-

(ppm) (ppm) 

0.767 0.271 l S . 6 
0.077 0.038 2.1 
0.035 0.021 1.4 
0.027 0.019 1.7 
0.021 0.016 2.3 
0.015 0.013 3.7 
0.014 0.013 14.1 

a ) P r o t o n s h i f t s ( r e l a t i v e t o i n t e r n a l TMS) o f 14 s o l u t e s i n 9 s o l v e n t s . 
Data m a t r i x was i d e n t i c a l t o T a b l e I o f W e i n e r , M a l i n o w s k i a nd 
L e v i n s t o n e , J . P h y s . Chem., 74, 4537 ( 1 9 7 0 ) . The e r r o r was r e p o r t e d 
t o be a p p r o x i m a t e d 0.5 Hz. 

b) F l u o r i n e s h i f t s ( c o r r e c t e d f o r b u l k - s u s c e p t i b i l i t y e f f e c t s u s i n g a n 
e x t e r n a l s t a n d a r d ) o f 14 n o n p o l a r s o l u t e s i n 8 n o n p o l a r s o l v e n t s . 
D a t a was t a k e n i n p a r t f r o m T a b l e I I I o f Abraham, W i l e m a n and B e d f o r d , 
J . C . S . P e r k i n I I , 1027 ( 1 9 7 3 ) . The f o l l o w i n g s o l u t e s w e r e d e l e t e d 
f r o m t h e d a t a m a t r i x : C ^HrCFo, CF^CHOCBr a n d C ^ F j ^ . The e r r o r was 
r e p o r t e d t o be a p p r o x i m a t e l y 0.035 ppm. 
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Furthermore, for three factors, the RE value 0.035 i s i n perfect 
agreement with the reported error. 

Without recourse to FA, Abraham and co-workers assumed that 
only two factors, the gas-phase s h i f t and the van der Waals 
interaction, were responsible for the solvent s h i f t s . FA gives 
clear evidence that a t h i r d factor, although small, makes a mea
surable contribution. Target transformation FA should be helpful 
in i dentifying the physical significance of t h i s elusive factor. 

B. Spectrophotometrie Absorbances. Bulmer and Shurvell (8) 
factor analyzed the infared spectra of the carbonyl region of 
acetic acid and tr i c h l o r o a c e t i c acid i n CCI4 solution. Their 
data matrix consisted of the absorbances of 9 solutions of d i f 
ferent concentrations measured at 200 and 301 dif f e r e n t wave-
numbers, respectively. Using their reported eigenvalues we c a l 
culated the RE, IE and IND functions which are l i s t e d i n Table VI. 

For acetic acid, onl
0.00045) occurs on goin
imum at η = 4. Hence, four factors are present. 

Unfortunately, for tr i c h l o r o a c e t i c acid the IE function ex
h i b i t s neither a minimum nor a leveling o f f . No conclusions can 
be reached on t h i s basis. Fortunately, however, the IND gives 

Table VI - Results of Factor Analyzing Digitized Infrared Spectra 
of the Carbonyl Region of Acetic Acids in CCt, Solutions 

A c e t i c A c i d 3 T r i c h l o r o a c e t i c A c i d b 

η RE IE IND χ 105 RE J_E IND χ 101 

1 0.01461 0.00487 22.83 0.02992 0.00997 46.74 
2 0.00284 0.0013** 5.80 0.00520 0.00245 10.61 
3 0.00174 0.00100 4.82 0.00296 O.OOI7I 8.21 
4 0.00072 0.00048 2.90 0.00123 0.00082 4.92 
5 0.00060 0.00045 3.75 0.00086 0.00064 5.39 
6 0.00046 0.00038 5.13 0.00060 0.00049 6.64 
7 0.00036 0.00032 9.12 0.00045 0.00039 11.15 
8 0.00024 0.00023 23.90 0.00029 0.00028 29.^0 

5 

a ) B a s e d on a s t u d y made by B u l m e r a n d S h u r v e l l , J . P h y s . C h e m . , Jl* 
256 (1973). D a t a m a t r i x c o n s i s t e d o f t h e a b s o r b a n c e s o f 9 s o l u t i o n s 

o f d i f f e r e n t c o n c e n t r a t i o n s m e a s u r e d a t 200 d i f f e r e n t w a v e n u m b e r s . 

The e r r o r was e s t i m a t e d t o be between 0.0005 t o 0.0015 a b s o r b a n c e 

u n i t s . 

b) B a s e d on a s t u d y made by B u l m e r a n d S h u r v e l l , C a n a d . J . C h e m . , 53, 
1251 (1975). D a t a m a t r i x c o n s i s t e d o f the a b s o r b a n c e s o f 9 s o l u t i o n s 

o f d i f f e r e n t c o n c e n t r a t i o n s m e a s u r e d a t 301 d i f f e r e n t w a v e n u m b e r s . 

The e r r o r was e s t i m a t e d t o be b e t w e e n 0.0005 t o 0.0015 a b s o r b a n c e 

u n i t s . 
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evidence that four factors are present since i t reaches a minimum 
at η = 4. 

The re a l errors for η » 4, calculated to be 0.00072 and 
0.00123, respectively, are within the error range which was 
estimated to be between 0.0005 and 0.0015 absorbance units. 
Furthermore, the present conclusion that four factors are respon
s i b l e for the data i s i n complete accord with the conclusions of 
Bulmer and Shurvell based upon other s t a t i s t i c a l c r i t e r i a depen
dent upon a knowledge of the error. 

C. Mass Spectra. R i t t e r and co-workers (£) factor analyzed 
the mass spectral i n t e n s i t i e s of various mixtures of the same 
components. Their purpose was to use FA to deduce the number of 
components i n the related mixtures. Their c r i t e r i a depended upon 
a knowledge of the experimental error. 

When th e i r data matrix, which consisted of the i n t e n s i t i e s 
of 4 dif f e r e n t mixtures
at 20 m/e positions, wa
as shown i n Table VTI. The IE shows only a very s l i g h t decrease 
on going from 2 to 3 factors. The IND i s a minimum at η - 2. 
Our conclusion that there are two factors agrees with the known 
fact that only two components are present. 

When the mass spectral data concerning 7 di f f e r e n t mixtures 
of cyclohexane and hexane were analyzed the results given i n 
Table VII were obtained. In t h i s case both the IE and IND func
tions c l e a r l y indicated that not two but three components are pre
sent. Rit t e r and co-workers suggested that the unexpected t h i r d 
factor was due to nitrogen contamination. When the i n t e n s i t i e s 
of the m/e 28 peaks were removed from the data matrix the IE and 
IND functions, as shown i n Table VII, showed that only two 
factors remained. This confirmed the suspicion that nitrogen 
was present. 

This also i l l u s t r a t e s the s e n s i t i v i t y of the IE and IND 
functions. The deletion of the m/e 28 data involved the removal 
of only 7 data points out of 126. The amount of nitrogen present 
was extremely small and only contributed p a r t i a l l y to the m/e 28 
in t e n s i t i e s . 

The RE calculated for the three data matrices were 0.154, 
0.128 and 0.134, respectively. These errors are almost three 
times the error, 0.05, reported by Ritte r and co-workers. The 
error was based solely upon the error involved i n reading the 
int e n s i t i e s from the spectra. The rea l error from FA i s a com
posite from a l l sources of error, including operational and i n 
strumental variations as well as reading errors. 

D. Gas-Liquid Chromatography. Selzer and Howery (9) factor 
analyzed the gas-liquid chromatographic retention indices of 
ethers and found that s i x abstract factors reproduced the data 
s a t i s f a c t o r i l y . Using a data matrix concerning some 22 ethers 
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on 18 chromatographic columns we obtained the results presented 
in Table VIII. No conclusions can be drawn from the IE function 
because IE decreases continuously throughout the entire range 
of factors, exhibiting neither a minimum nor a leveling o f f . The 
IND function, on the other hand, shows a single, true minimum at 
η = 6 i n accord with the conclusion of Selzer and Howery. The 
RE for six factors i s 2.76, i n excellent agreement with the ex
perimental error estimation that the uncertainty i s no greater 
than 3 retention indices. 

E. Drug A c t i v i t y . Weiner and Weiner (5) were the f i r s t to 
use factor analysis to investigate b i o l o g i c a l drug a c t i v i t y . 
Using the drug data of Keasling and Moffett (10), they factor 
analyzed the natural logarithm of 11 dif f e r e n t b i o l o g i c a l respon
ses of 16 st r u c t u r a l l y related drugs. Because of the nature of 
the tests no error estimation was reported. Using an arbitrary 
error c r i t e r i o n Weiner

Using the same dat
rithmic function, we obtained the results shown i n Table IX. 
Notice here that the IE increases as η goes from 1 to 3. Also 
notice that the IND function blows up as we employ more eigen
vectors. This behavior i s i d e n t i c a l to that which we observed 
during our analysis of a perfectly random matrix of numbers (see 
Model Data C i n Table IV). We conclude, therefore, that this 
drug data i s not factor analyzable. 

There are two possible reasons for t h i s f a i l u r e . F i r s t , 
the experimental error may be too large. Secondly, i t i s pos
si b l e that the logarithm of the drug a c t i v i t y does not obey the 
sum of product functions demanded by mathematics involved in the 
FA approach. The acquiring of accurate experimental drug a c t i 
v i t y data should help eliminate one of these two p o s s i b i l i t i e s . 
The results presented here, however, warn the analyst that some-

T a b l e IX - R e s u l t s o f F a c t o r A n a l y z i n g t h e N a t u r a l L o g a r i t h m o f the B i o l o g i c a l 
D rug A c t i v i t y o f a S e r i e s o f S t r u c t u r a l l y R e l a t i v e C o m p o u n d s . 3 » b 

η RE J E IND η RE J E IND 

1 0.453 0.136 0.00453 6 0.191 0.141 0.00766 
2 0.370 0.158 0.00456 7 0.155 0.124 0.00970 
3 0 . 3 Π 0.162 0.00486 8 0.134 0.114 0.01488 
4 0.266 0.160 0.00543 9 0.089 0.080 0.02225 
5 0.226 0.152 0.00627 10 0.085 0.081 0.08462 

a ) The o r i g i n a l FA was c a r r i e d o u t by W e i n e r a n d W e i n e r , J . Med. Chem., \6, 665 
( 1 9 7 3 ) . 

b) The d r u g d a t a was o b t a i n e d by K e a s l i n g a n d M o f f e t t , J . Med. Chem., J 4 , 1106 
( 1 9 7 1 ) . 
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thing i s wrong. To search for the true controlling factors v i a 
target-transformation FA i s risky and could be a waste of v a l 
uable time. 

Remarks 

It i s important for us to realize that the work described 
i n the l a t t e r part of th i s paper represents a bold attempt to 
deduce both the dimensions of the factor space as well as the 
experimental error s t r i c t l y from a knowledge of the experimental 
data. The methodology i s so new at the present time that i t s 
limitations have not been established. Obviously there w i l l 
exist many situations wherein the IE and IND functions w i l l give 
misleading results or w i l l f a i l completely. However, systematic 
accumulation and documentation of both the successes and the 
fa i l u r e s of these c r i t e r i a should eventually lead us to a better 
understanding of the u t i l i t
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4 
The Unique Role of Target-Transformation Factor 
Analysis in the Chemometric Revolution 

DARRYL G. HOWERY 

Department of Chemistry, City University of New York, Brooklyn College, 
Brooklyn, NY 11210 

A mathematical-analysi
occuring in chemistry
a logical manifestation of the revolution. By adapting a 
battery of mathematical/statistical techniques to high speed 
computers, researchers in chemometrics can extract new and here
-tofore unobtainable insights into large, multifactor data sets. 
Factor analysis, a major weapon of the revolution, is proving to 
be a versatile, general method for analyzing matrices of chem
ical data. In particular, the target-transformation method of 
factor analysis (1,2), which enables one to test empirical and 
theoretical models, offers powerful and unique potentialities 
for obtaining partial and even complete solutions to many kinds 
of chemical problems. The main objective of this presentation 
is to summarize the distinctive attributes of target-trans
formation factor analysis (TTFA). 

Factor analytical solutions are of a form nicely adapted to 
chemistry. A data point, dij, in a data matrix is expressed as 
a linear sum of factors, each factor being the product of a row
-designee cofactor and a column-designee cofactor. Mathema
tically, factor analytical solutions obey the equation: 

where η i s the minimum number of factor terms, m, to adequately 
predict the data, and r i m and c^j are the cofactors for the 1 t h 

row designee and the i t h column designee, respectively, assoc
iated with the mth factor. The central purpose of a TTFA i s to 
derive information about the two sets of cofactors not only i n 
an abstract (mathematical) sense but also i n a real (physically 
significant) sense. In matrix notation, the data matrix 

where [RJ i s the row matrix containing a row for each row 

η η 
(1) 

[ D ] = [ R ] [ C 1 (2) 
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designee and a column for each cofactor, and [ C ] i s the column 
matrix having a column for each column designee and a row for 
each cofactor. 

Solutions of the type indicated by equations (1) and (2) 
are especially suited to studies of entity-entity data matrices. 
The abstract factors are related i n some manner to those real 
factor terms which measurably influence the data. Even more 
conveniently, each cofactor p a i r i n a given factor can be trans
formed v i a target transformation to s p e c i f i c properties of the 
row designees and the column designees which are responsible for 
the factor. In a solute-solvent problem, for example, the 
factors correspond to the important energies of interaction and 
the cofactors pinpoint the nature of the interactions in terms 
of the properties of the pure solute and the pure solvent. (In 
usual chemical p a r t i c l e s such as molecules, ions and radicals, 
but also, e.g., b i o l o g i c a l species, persons, p o l i t i c a l groups 
and c e l e s t i a l bodies.) 

Factor a n a l y t i c a l
transformation technique and/or upon what we term the abstract 
factor a n a l y t i c a l approach. In abstract (traditional) FA, ab
stract solutions are obtained under various mathematical con
st r a i n t s . The investigator then t r i e s to gain insight by 
examining the c o e f f i c i e n t s i n the matrices generated i n the 
abstract solution. Abstract FA, long used i n the psychological 
and s o c i a l sciences, can be g a i n f u l l y applied to certain types 
of chemical problems (3^) · The target-transformation method 
of Malinowski (1) opens new t e r r i t o r y by enabling the researcher 
to test parameters of the row and column designees of the matrix. 
The TTFA extension, i n allowing one the p o s s i b i l i t y of trans
forming from abstract factors to re a l factors of the designees, 
a l l e v i a t e s for the physical s c i e n t i s t a major weakness of 
abstract FA. 

The steps i n a complete TTFA: data preparation, repro
duction, target transformation, combination and prediction, have 
been discussed elsewhere (5). The number of factors required i n 
equation (1) can be estimated i n the s h o r t - c i r c u i t reproduction 
procedure using both experimental-error and theoretical c r i t e r i a , 
as was d e f t l y explained i n the previous talk (6). The raodel-
testing capability of the target transformation step i s the 
heart of factor analysis for the physical s c i e n t i s t . A best 
complete model, i . e . , the best real solution, i s generated i n the 
combination step. 

TTFA has been thoroughly tested during the past six years. 
Howery {5) and Weiner (7) , i n recent reviews which complement 
each other, consider the philosophy, theory, procedures and 
applications of TTFA. Details of the mathematical development 
are given i n the already c l a s s i c paper of Malinowski and co
workers (2). TTFA can be u t i l i z e d using a blend of t h e r o r e t i c a l 
and empirical insights. Important TTFA's based at least i n part 

In Chemometrics: Theory and Application; Kowalski, B.; 
ACS Symposium Series; American Chemical Society: Washington, DC, 1977. 



4. HOWERY Target-Transformation Factor Analysis 75 

on a theoretical framework include the study of solute-solvent 
interactions influencing proton chemical s h i f t s C2,8), the 
v e r i f i c a t i o n of gas chromatographic retention mechanisms (9), 
and the elucidation of solute-solvent effects on a c i d i t y 
constants (10). These papers i l l u s t r a t e the exceptional power 
of TTFA i f the factor analyst starts with some theoretical help. 
In such cases, in-depth fundamental solutions can be achieved. 
However, for most chemical problems/ theoretical insight i s 
minimal. Thus, the second way of using TTFA, involving a more 
empirical approach, has an even wider a p p l i c a b i l i t y i n chem
i s t r y . Examples of empirical solutions include a detailed study 
of ether cofactors (11) (one of a series of researches on the 
solute cofactors influencing retention indices), and an inves
tigation of solvent-metal effects on polarographic half-wave 
potentials (12). These studies show the potential for using 
TTFA to furnish useful empirical solutions i n f i e l d s devoid of 
a theoretical underpinning

Target Transformations 

Unique Features. The quite unique attributes of the target-
transformation procedure center around the model-testing and 
model-building c a p a b i l i t i e s of TTFA. No other mathematical/ 
s t a t i s t i c a l method shows such promise for extracting r e a l co-
factors and for developing complete solutions to multifactor 
problems. 

1) Potential cofactors are separated and tested mathema
t i c a l l y regardless of the complexity of the data space. Any 
parameter of either the row or column designees can be i n v e s t i 
gated independently. Single terms i n a theoretical or empirical 
model can be tested one at a time even though the other co-
factors i n the space are operative, an unmatched accomplishment 
of TTFA. Target transformation serves to curve f i t vectors of 
parameters i n a multifactor space. 

2) Restrictions on the procedure are minimal. No knowledge 
of the other cofactors i s required. One can sta r t with complete 
ignorance of the nature of the real cofactors, in marked con
trast with multiple regression analysis which i s applicable only 
i f a complete model i s specified. Furthermore, the real vectors 
to be tested need not be complete, a tremendous p r a c t i c a l ad
vantage since the data store for most types of chemical informa
tion i s usually incomplete. Missing or uncertain points can 
be l e f t blank on a test vector (a procedure termed "free 
f l o a t i n g " ) . Such points w i l l be predicted as a premium i n 
successful target transformations. 

3) The separation of the factor a n a l y t i c a l solution into 
two parts as shown i n equation (2) enables one to bu i l d up 
solutions for the two kinds of designees independently. Even 
i f the problem i n terms of one kind of designee appears hope
le s s l y complex, i t i s s t i l l possible to derive a solution for 
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the other kind of designee* Two complete solutions can be de
veloped term by term and each possible r e a l solution involving 
sets of cofactors can be tested i n the combination step* I f a l l 
of the factors i n the abstract solution are not spanned i n a 
given combination, the reproduction v i a combination w i l l be poor, 
indicating the s e n s i t i v i t y and the non-force-fitting nature of 
the step. 

Two Examples. Two t y p i c a l examples from recent research 
w i l l i l l u s t r a t e the scope of the target-transformation approach 
for testing parameters of the designees. Computations were 
carried out on an I.B.M. 370/168 d i g i t a l computer using a 
computer program i n FORTRAN IV which has evolved over the decade 
(13). Vectors to be tested can contain data of any type which 
the researcher thinks might be indicative of the behavior of the 
designees (and hence possibly responsible for a cofactor). Both 
physical vectors ( i l l u s t r a t e
vectors (exemplified b
Descriptors used i n pattern recognition studies have much i n 
common with the test vectors of TTFA. The essential question 
in evaluating the success of a target transformation i s how 
well does the b e s t - f i t predicted vector calculated from the 
least-squares method (2) agree point-by-point with the r e a l 
vector being tested. I f the two vectors are reasonably similar, 
the test vector i s taken to be a real cofactor. The examples 
to be s i t e d involve for pedagogical purposes a d i f f i c u l t - t o -
interpret r e s u l t and an unsuccessful transformation. 

The f i r s t example i s taken from a TTFA of the retention 
indices of organic solutes on stationary-phase solvents (14). 
Studies of retention indices have amply demonstrated the a b i l i t y 
of TTFA to i s o l a t e cofactors i n problems far too complicated 
for detailed theoretical treatments. Whereas solutes have been 
studied i n d e t a i l , t h i s i s the f i r s t in-depth investigation of 
GLC solvents using TTFA. To better examine the cofactors of the 
solvents, only monomeric solvents were selected. (Previous 
TTFA's of retention indices have involved r e l a t i v e l y complex, 
polymeric solvents for which test vectors are d i f f i c u l t to 
formulate.) The s p e c i f i c parameter tested by target trans
formation i n t h i s example i s the molar ref r a c t i o n , a vector 
which has generally tested well as a solute cof actor. As shown 
in Table I, agreement between the test vector and the predicted 
vector i s o v e r a l l moderately good at best. Values for three 
deliberately free-floated points are predicted reasonably well. 
The molar refr a c t i o n may be a cofactor; such borderline con
clusions are common i n TTFA. 

The second example i s selected to i l l u s t r a t e the manner in 
which structural vectors based on chemical insight can be em
ployed to track down cofactors. Such vectors are especially 
useful for developing empirical solutions. The example involves 
bond dissociation energies for r a d i c a l - r a d i c a l bonds (15), a 
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most basic type of chemical data. The test vector shown i n 
Table II i s designed to ascertain i f the group of halogen-
radicals (assigned test values of "1") i s responsible for a 
unique cofactor, i . e . , a cofactor not exhibited by the remaining 
group of radicals (given test values of "0"). Such cofactors 
can be tested without knowing the theoretical form of the i n t e r 
action term. As can be seen i n Table II, the target transform
ation i s c l e a r l y unsuccessful; a unique halogen interaction i s 
not a cofactor. 

Ramifications of TTFA 

Combination. Sets of vectors can be u t i l i z e d simultan
eously i n the combination step to f i n d the best empirical 
solution. This step of FA i s similar to multiple regression 
analysis i n that complete models are u t i l i z e d , but d i f f e r e n t 
from regression analysi
model be force f i t t e d .
model, the sensitive combination step w i l l lead to a poor re
production. Even so, solutions having errors less than twice 
experimental error have been developed from thorough factor 
analyses of retention indices using the empirical approach. For 
example, in the problem referred to i n the f i r s t TT example 
above, the best solution to the solvent part of the complex 
problem gave an error of 7.1 r. i . units; the empirical model 
can predict r. i . 's with an error of about one percent. 

Prediction. The predictive a b i l i t y of TTFA has as yet re
ceived l i t t l e attention. To i l l u s t r a t e the potential of t h i s 
step, consider the prediction of a new row of data based on the 
best empirical solution obtained i n the combination step. To 
calculate a new data point associated with an added row designee, 
x, and a column designee from the o r i g i n a l data matrix, j , a 
modified form of equation (1) i s employed: 

η 
= Σ r

r e a l , xmccalc,mj ( 3 ) 

m=l 

The row-designee cofactors i n equation (3), r r e a ^ are those key 
vectors from the best solution v i a combination, while the column-
designee cofactors, c c a ^ c , are coefficients i n the [ C ] matrix 
(which i s readily calculated using equation (2), given a s o l 
ution [ R ^ - L I ] and the data matrix). To calculate the new 
datum, only the values of the η real cofactors for the new de
signee and the η coefficients i n the j t h row of the calculated 
column matrix are required. For example, in the study of the 
cofactors of ethers (11), a r e a l solution having the following 
six vectors: carbon number, t o t a l atom number, chain difference, 
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chain r a t i o , t o t a l atom number squared, and b o i l i n g point 
squared, produced an error of only 5.4 r . i . units. The re
tention index of t-butylmethyl ether (a solute not incorporated 
i n the o r i g i n a l matrix) on butyltetrachloro phthalate (a solvent 
i n the o r i g i n a l matrix) i s predicted using equation (3) to be 
613 r. i . units, nicely i n agreement with the experimental value 
of 609 ± 3 units. The mean error for the entire new row i n 
volving the new ether with the 25 o r i g i n a l solvents i s 3.5 
units. Such satisfactory predictions indicate that the empir
i c a l solution quite adequately spans a l l of the solute cofactors. 

The examples put forth during t h i s presentation demon
strate c l e a r l y that the TTFA approach can be u t i l i z e d to 
thoroughly characterize a chemical data space. Target trans
formation methodology seems destined to play a leading and 
unique role i n the chemometric revolution. 
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5 
Application of Factor Analysis to the Study of Rain 
Chemistry in the Puget Sound Region 

ERIC J. KNUDSON, DAVID L. DUEWER, and GARY D. CHRISTIAN 

Department of Chemistry, University of Washington, Seattle, WA 98195 

TIMOTHY V. LARSON 

Department of Atmospheric Sciences, University of Washington, Seattle, WA 98195 

As part of a study on "acid rain" at the University of Wash
ington, we have investigated the applications of factor analysis 
to understanding the variations in chemical compositions of rain 
samples gathered during single storms in the Puget Sound region. 
The determination of the sources of such variation, and the ex
tent of their influence, can aid not only in understanding air 
chemistry in general, but also in making future judgements con
cerning man's activities which affect atmospheric chemistry. 

The collection of rain samples has several points to recom
mend it as an ideal means for sampling the chemical state of the 
atmosphere. It is relatively inexpensive and simple to do. Much 
of the aerosol content of air, as well as many gaseous constitu
ents , are apparently removed by precipitation (1). Rain consists 
primarily of distilled water in which a relatively uniform back
ground spectrum of chemical constituents (mainly sea salts) is 
dissolved. And local variations in the chemical composition of 
rain samples are primarily a function of local variations in 
atmospheric chemistry due to local sources, as mediated by the 
rates of rainout and washout and variations in rain volumn. 

The data used i n th i s paper are from analyses of rain sam
ples gathered ^pver a 24 hour period during a single storm i n 1975. 
The factor analysis techniques used are generally widely known 
and are available, at least i n part, i n a number of computer data 
analysis systems. The system used i n this study, ARTHUR, i s 
available from the Laboratory for Chemometrics at the University 
of Washington (2). 

Experimental 

Rain samples were collected i n washed polyethylene buckets 
placed at pre-selected s i t e s i n the Puget Sound region (see map, 
Figure 1). After a sampling period of 24 hours during a single 
storm, the samples were returned to the laboratory and trans-
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ferred to washed polyethylene bottles, from which aliquots were 
taken for analysis. Species analyzed for were sodium., potassium, 
calcium, magnesium, zinc, copper, cadmium, manganese, lead, arse
nic, and antimony, as well as hydrogen, ammonium, ni t r a t e , s u l 
fate, and chloride ions. Details of ana l y t i c a l procedures used 
(atomic absorption spectrometry for the metals and metalloids, 
and other methods for the other ions) are discussed elsewhere (3_r4). 

Factor analysis techniques used were the following: deriva
tion of the correlation matrix and a hei r a r c h i c a l dendrogram 
based on i t , eigenvector and varimax-rotated vector representa
tions, and the derivation of "features" from the eigenvector and 
varimax-vector representations v i a the Karhunen-Loeve transform 
(and an analogous transform u t i l i z i n g the varimax-rotated vectors). 
Analytical error perturbations on the o r i g i n a l data set were used 
to evaluate the s t a b i l i t y of the eigenvector and varimax-rotated 
vector representations. Creation of contour maps of single spe
cies and of multivariabl
plished through the use
developed at the Laboratory for Computer Graphics of the Harvard 
university Graduate School of Design. 

Results and Discussion 

Single Species Maps. A summary of the concentrations of the 
species found i n the rain samples i s given i n Table I, and repre
sentative contour maps of several of these species are given i n 
Figures 2 through 10, plotted over the geographic sampling area. 
The predominant movement of this storm, as that of most storms 
through the Puget Sound region, was from generally southwest to 
northeast. Hence, higher concentrations of a species i n a given 
area i s l i k e l y to be indicative of a source for that species lyi n g 
to the southwest of the elevated concentrations. 

It can be seen, for example, that there appears to be a 
source of both arsenic and antimony (Figures 2 and 3) i n or near 
Tacoma. In th i s case, the source, well known to residents of the 
region, i s a large copper smelter located i n Tacoma. The effects 
of this source are also apparent i n copper (Figure 4) and, to a 
certain extent, cadmium (Figure 5) maps. 

Hydrogen ion concentrations (Figure 6) are elevated downwind 
of both Seattle and Tacoma, a not unexpected phenomenon, but s u l 
fate ion concentrations (Figure 7) seem indicative, of no par t i c u 
l a r source. This i s somewhat contrary to observations on two 
e a r l i e r storms sampled (and of several other reported studies on 
"acid r a i n " ) , where hydrogen and sulfate ion concentrations were 
found to be strongly correlated. In this p a r t i c u l a r storm, how
ever, i t i s ni t r a t e ion concentrations (Figure 8) which appear to 
be associated with increased hydrogen ion concentrations. 

The contour map for zinc concentrations (Figure 9) shows no 
i d e n t i f i a b l e anthropogenic influence, while the contour map for 
lead (Figure 10) i l l u s t r a t e s the problem encountered when the 
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"plume" lengths are considerably shorter than the sampling d i s 
tances. Lead concentrations are undoubtedly associated with t r a f 
f i c patterns, and the map i s dominated by "hot spots," probably 
indicative of how close the sampling bucket was placed to areas 
of heavy t r a f f i c . 

Correlation Matrix and Heirarchical Dendrogram. The correla
tion matrix i s readily derived from the normalized data matrix, 
D n, by multiplying the transpose of t h i s matrix by the matrix Dn 

The correlation matrix for the a n a l y t i c a l data presented i n 
Table I i s given i n Figure 11: the upper half i s the complete cor
r e l a t i o n matrix, and the lower half consists of only those corre
lations greater than or equal to 0.7. 

Examination of thi
highly-correlated species
correlated species contains sodium, potassium, calcium, magnesium, 
and chloride ion. Another prominent group contains arsenic, a n t i 
mony, cadmium, and copper. And f i n a l l y , there i s a small group 
consisting of hydrogen and n i t r a t e ions. Another s t r i k i n g feature 
i s the non-correlation of hydrogen and sulfate ion concentrations, 
as mentioned e a r l i e r . 

A simp l i f i e d way of looking at the correlation matrix i s a 
he i r a r c h i c a l " s i m i l a r i t y " dendrogram, ttie technique of deriving 
t h i s representation involves converting the correlations to "di s 
tance" representations by subtracting the absolute value of the 
correlation c o e f f i c i e n t s from 1.0, then subjecting the re s u l t i n g 
matrix to h i e r a r c h i c a l Q-mode clustering, as described by Kowalski 
and Bender (5). The resulting dendrogram i s given i n Figure 12. 

In t h i s dendrogram (as suggested by the correlation matrix), 
three main groups predominate. The largest group consists of 
sodium, magnesium, chloride, calcium, potassium, and ammonium ion: 
these species are probably associated with a sea-salt background. 
The second group consists of those species presumably emitted by 
the copper smelter mentioned e a r l i e r : copper, arsenic, antimony, 
and cadmium. And the t h i r d grouping consists of hydrogen and n i 
trate ions. There remain only single-element "groups," showing 
l i t t l e relationship to the other species: zinc, manganese, lead, 
and sulfate. The singularity of lead i s r e l a t i v e l y easy to ex
p l a i n on the basis of many small point sources and short "plumes" 
mentioned e a r l i e r . Zinc may be s p l i t between association with 
smelter-emitted elements and with sea s a l t s , resulting i n r e l a 
t i v e l y low correlations to either group. The si n g u l a r i t y of man
ganese and, especially, sulfate are d i f f i c u l t to explain. In the 
case of sulfate, i t may be possible that reduced emissions of s u l 
fur dioxide from the smelter (from levels noted i n e a r l i e r samp
lings, where there were much higher correlations between hydrogen 
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and sulfate ions) tended to give greater importance to other 
sources of sulfate concentrations i n the sampling area. 

Eigenanalysis. Diagonalization of the correlation matrix, C., 
results i n an orthonormal set of eignevectors, E j , with t h e i r as
sociated eigenvalues, j (where j = 1 to n, the dimension of the 
correlation matrix). Rearrangement of these eigenvectors i n order 
of decreasing magnitude of th e i r eigenvalues r e f l e c t s the order
ing of the amount of variance in the o r i g i n a l data set spanned by 
the individual eigenvectors: the quotient of the eigenvalue (for 
a given eigenvector) divided by the sum of a l l the eigenvalues 
r e f l e c t s the r e l a t i v e amount of "information" about the data ma
t r i x (variance) contained i n that eigenvector. 5 , 6 

The results of diagonalization and rearrangement of the 1975 
data matrix are given i n Table II and are summarized graphically 
i n Figure 13. These histograms are drawn as follows: each his t o 
gram represents one eigenvecto
r a t i o of i t s associate
eigenvector. Within each eigenvector histogram, the "percent i n 
formation" represents the c o e f f i c i e n t ("loading") of each species' 
concentration divided by the sum of the c o e f f i c i e n t s i n that 
vector (times 100). Prior to diagonalization, concentrations of 
a l l species are normalized to a mean of zero and a standard devia
tion of 1.0, and the coe f f i c i e n t s i n the vectors (and histograms) 
are c o e f f i c i e n t s of the normalized concentrations. 

The f i r s t eigenvector consists of s i g n i f i c a n t contributions 
from a l l determined species, ranging from 12.3% information from 
sodium to 2.6% information from n i t r a t e . While the largest con
tributions are from elements t y p i c a l l y associated with "sea s a l t s , " 
contributions from other species are by no means minor. In fact, 
t h i s p a r t i c u l a r vector i s most highly correlated to the t o t a l cat-
ionic charge concentration. This particular vector spans 42.3% 
of the variance i n the data set (see Table I I ) , indicating that 
the largest p r i n c i p a l component of t h i s data set consists of t o t a l 
dissolved ion concentrations. 

The second eigenvector, spanning 15.2% of the variance, con
s i s t s mainly of elements probably emitted from the smelter i n 
Tacoma: arsenic, copper, antimony, and cadmium. This vector also 
contains s i g n i f i c a n t contributions from other species, probably 
a r e s u l t of the constraints that a) the second eigenvector i s per
pendicular to the f i r s t , and b) the second eigenvector contains 
the maximum remaining variance. The t h i r d eigenvector spans 11.6% 
of the variance and i s predominantly nit r a t e and hydrogen ion con
centrations, with, again, some contributions from other species. 

That these three eigenvectors are the largest p r i n c i p a l com
ponents can be more or less predicted by the three d i s t i n c t group
ings of intercorrelated species i n the correlation matrix, for 
which interpretations have already been given. Together, these 
three eigenvectors account for almost 70% of the variance i n the 
data. 

In Chemometrics: Theory and Application; Kowalski, B.; 
ACS Symposium Series; American Chemical Society: Washington, DC, 1977. 



Ta
bl

e 
II

. 
Ei

ge
nv

ec
to

rs
 * 

c 
IG

CN
V/

AL
UL

 
Ni*

 
< 

<:
 ι 

*f
 

7>
. 

( 0
 

, .'4
 

>
h

 
C:>

 
4>

 
J

Î 
Ci

-
NU

3-
1 

6
.7

69
00

 
42

.3
 

• 
1*·

ο 
.3

 51
 

.25
*·

 
• 

31C
 .

 31
1 

.2
3'

 
• 

23
c 

.2
25

 
• 

16
2 

.2
05

 
.23

* 
• 

20
4 

• 
2b

7 
• 

32
1 

• 
16

1 
2 

2·
42

60
0 

15
.2

 
-.

U
2 

.2
5 

3 
. 0

9 
2 

.1
65

 
.1V

7 
.?>

7 
• 

i>*
'3 -

.4
73

 
.2

 0o
 

.10
b 

• 
16

4 -
.2

55
 -

.5
C

c 
-•

34
» 

.1
63

 
• 

03
4 

3 
1.

65
 90

0 
11

.6
 

.46
4 

-.3
75

 
• 

13
0 

• 
13

2 
-•

15
3 

.1
*5

 -
.?

77
 

-·ύ
^ 

ν 
• 

i J
 i 

• 
vd

i -
.2

63
 -

.2
2

C
 

-•
u

 *
*<

L
 

-.1
 V

9 
—

 . ι
 2

 
4 

1.
3θ

9υ
0 

*·
2 

• 
26

1 
-.0

35
 -

.1
0

2 
. 3

47
 

• 
15

0 
-.l

'*
3 

-.O
l*

 
-.

 1
30

 -
. 3

?s
 -

.40
H

 
.40

7 
• 

41
* 

-•
14

<i
 -.

15
1 

-.2
05

 
• 

1 
9o

 
5 

1.
 1

50
00

 
7.

2 
• 

Oc
O

 •
 36

 b
 .2

12
 -

.1
33

 -
.0

5 
3 

.1
76

 -
.0

H
2 

-.J
2 

3 
-.2

77
 

-•
62

2 
-.3

75
 -

•0
61

 
• 

07
1 -

.0
74

 
• 

36
0 

-•
01

1 
6 

•6
 76

60
 

4·
2 

-.2
05

 -
. ο

ίο
 

• 
0<i

V
 •

 43
0 

• 
J1

9 
.m

 
-.7

07
 

-•
vJ

4 
-·

 c
 *c

 
.22

7 
-.0

21
 

.05
* 

•
 IC

C 
• 

13
1 

• 
0 

to
 -.2

63
 

7 
.46

6d
0 

2.
9 

-.
2 

93
 -·

3ι
 6

 
• 

10
6

 
• 

33
0 

-.2
75

 
.29

7 
.45

<-
• 

li
* 

-.
t 

i v
 

• 
UÎ

.4 
-.1

34
 

• 
t 

-.
U

S 
-· 

26
3 

«c
4o

 -
·υ

ο2
 

ο 
.4

47
4ο

 
2·<

ί 
.3

62
 

• 
1?V

 •
 06

4 -
. l

oi
 

. 1
92

 
.05

4 
.1

74
 

• 
03

3 
-.

 6
52

 
.3

53
 

• 
14

5 -
•4

0C
 -

•0
30

 
• 

00
4 -

.0
01

 -
.0

7^
 

9 
• 

35
65

0 
2.

2 
• 

14
2 -

.2
63

 
• 

00
3 

.2
53

 
.5

70
 -

.1
*3

 
• 

16
2 

-.1
29

 
• 

06
6 -

.1
16

 -
.5

04
 -

.0
67

 
-•

15
V

 
.2

13
 -

.0
75

 -
•3

04
 

10
 

.22
C

10
 

1.
4 

-.1
33

 
• 

4t>
6 -

. 2
*6

 
.3

*4
 -

.0t
>2

 -
.3

64
 

.1
43

 
• 

14
6 -

.i»
i7

 
.1

31
 -

.3
45

 -
.0

17
 

• 
01

4 -
.0

53
 

• 
03

3 
.3

73
 

11
 

•1
64

40
 

1.
0 

• 
24

0 
• 

15
6 

14
6 

• 
39

 6
 -.1

17
 

• 
11

3 
.0

47
 

• 
lO

i 
.27

* 
-·<

13
 

• 
15

0 -
.4

<,
3 

.3
93

 -
.2

2o
 

-.2
31

 -
.3

12
 

il 
•0

Β1
73

 
.5

 
• 

PJ
9 

• 
13

6 
-.1

72
 -

.0
47

 
-.2

32
 

.03
0 

-.0
14

 
• 

00
6 

• 
10H

 
• 

2o
l -

.2
04

 
• 

44
7 

-.1
93

 -
.2

64
 

.1
45

 -
.3

97
 

13
 

•0
35

05
 

• 
2 

••
01

3 
• 

16
0 

-.2
50

 
.0

34
 -

.1
92

 
.5

41
 

• 
14

5 -
•3

66
 -

.0
64

 
• 

00
4 

-.1
60

 
• 

11
6 -

•O
ld

 
«4

64
 -

.4
02

 
.0

75
 

14
 

•0
27

57
 

• 
2 

-•
14

5 • 
• 

12
9 

.1
94

 -
.1

96
 

• 
3ab

 
• 

20
4 

-.1
06

 
• 

09
5 

• 
02

3 
• 

ii>
7 -

.2
30

 
.2

35
 

.2
53

 -
.4

76
 -

•5
00

 
• 

11
4 

15
 

•0
06

09
 

• 
1 

-•
00

6 
• 

00
4 -

•2
46

 -•
06

0 
• 

13
5 

.2
46

 -
•1

95
 

• 
67

1 
• 

0*
4 

-•
15

7 
• 

u3
2 

-.1
1*

 
-.5

33
 

• 
10

9 
—

 .1
4 

J 
• 

02
3 

16
 

• 
00

24
9 

0.
0 

• 
J7

C
 •

 £
36

 .
67

6 
.0b

3 
-·

 3
20

 -
·2

β3
 -

.0
02

 
• 

04
9 

• 
OiO

 -•
00

6 
-.0

28
 

• 
00

1 
-.

 2
66

 
.1

73
 -

.4
02

 -
.1

03
 

" E
ig
en
ve
ct
or
s 
are

 ar
ra
ng
ed

 ve
rti

cal
ly
 by

 re
lat

ive
 ma

gn
it
ud
es
 of

 th
eir

 ei
gen

val
ues

. 
Co
lu
mn
s 
are

 lo
adi

ngs
 on

 sp
eci

es
 li

ste
d a
t t

he
 to

p.
 "
VA
R.
" 

ref
ers
 t
o 

pe
rc
en
t o

f t
ota

l v
ari

anc
e i

n t
hat

 ei
gen

vec
tor

 (e
ig
en
va
lu
e 
di
vi
de
d b

y 
su
m 
of
 th
e e

ig
en
va
lu
es
).
 

In Chemometrics: Theory and Application; Kowalski, B.; 
ACS Symposium Series; American Chemical Society: Washington, DC, 1977. 



86 CHEMOMETRICS: THEORY AND APPLICATION 

The remaining eigenvectors probably do not represent any
thing meaningful i n terms of explaining the influences on (or fac
tors in) the observed data. Most of them are most l i k e l y due to 
sampling and/or a n a l y t i c a l variations. 

Varimax Rotation. A method for "cleaning up" the eignevalue-
eigenvector representation of the data i s the varimax rotation. 
This procedure maximizes the variance i n each vector, the e f f e c t 
of which i s to decrease the number of variables with intermediate 
loadings and to increase the number of those with large and small 
loadings i n each vector.^'® This results i n "cleaner" vectors 
containing most of t h e i r information i n only a few variables. 
The varimax-rotated vectors (which w i l l be hereinafter c a l l e d 
"varivectors" for want of a better term) are given i n Table III 
and histograms are given i n Figure 14. 

I t can be seen that the varivectors are indeed "cleaner." 
I t can also be seen tha
place, i n terms of not onl
ned per vector, but also the ordering of vectors (in terms of 
th e i r "varivalues," a term which w i l l be used to represent the 
length of a unit vector on the varivector, analogous to the term 
"eignevalue"). The magnitude of the f i r s t two varivectors (sea-
s a l t s and smelter elements), i s approximately equal, i n contrast 
to the eignevectors, where the f i r s t eigenvector spans approxi
mately three times the variance of the second. But, as mentioned 
e a r l i e r , the f i r s t eigenvector includes contributions from a l l 
species and i s that vector spanning the maximum amount of variance 
over the entire data set, while the corresponding second v a r i -
vector includes large contributions from three species and small 
contributions from nine species (and i t i s not constrained to i n 
clude the maximum variance over the data set). 

Similarly, the varivector spanning the greatest variance con
tains major contributions from only four species: arsenic, copper, 
antimony, and cadmium. And the t h i r d varivector consists almost 
exclusively of n i t r i c acid. Almost a l l of the remaining v a r i 
vectors consist of single variable loadings, leading to the assump
tio n that the data set consists of three major p r i n c i p a l compon
ents and several single-species factors. Figure 15 i l l u s t r a t e s 
t h i s point: the f i r s t f i f t e e n eigenvectors are given i n order 
(columns), and the varivectors are rearranged to correspond to 
the best f i t with the eigenvector order. In t h i s figure, the area 
of each box corresponds to the square of the loading (coefficient) 
for that variable i n that p a r t i c u l a r vector. 

A series of data were obtained by perturbing the o r i g i n a l 
data with assumed a n a l y t i c a l errors. These assumed errors are 
l i s t e d i n Table IV, and are given as one standard deviation 
(relative, per cent). 
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Table IV. Assumed Anal y t i c a l Errors 

Species Error Species Error 
H + 6.7 Pb 2.6 
NH 4

+ 6.7 S 0 4
= 20 

Na 3.4 Mn 2.6 
Κ 3.4 Cd 2.6 
Ca 3.4 As 4.0 
Mg 6.7 Sb 4.7 
Zn 3.4 C l " 10 
Cu 2.6 N0 3- 6.7 

Using these error values, a random-number generating program was 
used to generate eighteen new sets of data from the o r i g i n a l data. 

From each set of these error-perturbed data, correlation 
matrices and eigenvector and varivector representations were de
rived. After matching th
corresponding vectors i
produced some mixing of the eigenvalues and varivalues), means 
and standard deviations were calculated for the loadings within 
each vector. These data are also plotted i n Figure 15: the ver
t i c a l and horizontal bars inside the boxes represent the means 
plus and minus one standard deviation, respectively, of the 
loadings· 

What i s demonstrated i s that the loadings for at least the 
f i r s t three eigenvectors are more or less invariant to the 
expected a n a l y t i c a l errors. After the f i r s t three eigenvectors, 
uncertainty i n the loadings becomes s i g n i f i c a n t . Hence, i n t e r 
pretation based on analysis of the eignevectors i s more or less 
limited to the f i r s t three eigenvectors as factors or representa
tions of factors. On the other hand, the identity of the v a r i 
vectors remains essentially unchanged by the introduction of ana
l y t i c a l error (even though some reshuffling of varivalues did 
take place, necessitating considerable resorting to match vectors 
with the o r i g i n a l set). The reason for t h i s i s that the varimax 
rotation maximizes the variance i n each vector into as few v a r i 
ables as possible, and minimizes the loadings on the rest of the 
variables. And since a l l of the varivectors after the f i r s t two 
contain high loadings for only one or two variables, the errors 
in the remaining variables become small by comparision and c o n t r i 
bute l i t t l e to v a r i a b i l i t y i n loading i n the one or two major 
variables (in contrast to the situation observed i n the set of 
eigenvectors). Consider, for example, the f i f t h eigenvector and 
the f i f t h varivector: for the non-error-perturbed data, 39% and 
78%, respectively, of the variance i n these vectors i s sulfate 
concentration. For the eighteen sets of error-perturbed data, 
the sulfate loadings i n the f i f t h eigenvector varies from 20% to 
53% of the t o t a l loading, with a mean of 34% and a standard devia
tion of 13.6%. For the corresponding f i f t h varivector, the s u l 
fate loadings range from 68% to 89% of the t o t a l loadings, with a 
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5. KNUDSON ET AL. Rain Chemistry 89 

mean of 79% and a standard deviation of 4.7%. Hence, the con
stra i n t s on the eigenvector representation (orthogonality, and 
maximum variance over the data set), and the constraints on the 
varimax rotation (not necessarily orthogonal, and maximizing the 
variance within each vector) produce considerably diff e r e n t re
sults when error perturbations are introduced: the former results 
in considerable "noise" i n the loadings of vectors having smaller 
eigenvalues, while the l a t t e r seems to be r e l a t i v e l y insensitive 
to a n a l y t i c a l error. 

Features. P r i n c i p a l component maps over the sampling area 
can be constructed v i a the Karhunen-Loève transform. This trans
form consists of multiplying the normalized data matrix by the 
transpose of the eigenvector matrix. The result i s a "feature" 
matrix of dimensions m by n, where m i s the number of s i t e s and η 
i s the number of variables determined. Put more simply, the f i r s t 
feature value for the f i r s
normalized observed value
ing loadings i n the f i r s t eigenvector. The second feature value 
for the f i r s t s i t e i s the sum of the products of the normalized 
observed values at the f i r s t s i t e and the corresponding loadings 
i n the second eignevector. And so on. These features can each 
then be mapped onto the sampling area to obtain a representation 
of the goegraphic variation of each feature, by using the same 
mapping program as previously described. A similar set of fea
tures which s h a l l be c a l l e d "varimax features," (for lack of any 
other known terminology) may be obtained by multiplying the data 
matrix by the transpose of the varivector matrix. The results of 
these operations, the Karhunen-Loève features and the varimax 
features, are given in Tables V and VI. 

Maps of the f i r s t three Karhunen-Loève features and the f i r s t 
three varimax features are given i n Figures 16 through 21. I t 
can be seen that there i s very l i t t l e q ualitative difference be
tween the maps for the f i r s t Karhunen-Loève feature and the second 
varimax feature. This i s not surprising, considering the corre
l a t i o n between the f i r s t eigenvector and the second varivector 
(0.966). Both maps can be compared to the volume map, Figure 22, 
which shows roughly opposite behavior. The correlations between 
volume and the Karhunen-Loève and varimax features are -.52 and 
-.49, respectively. This result f i t s well with the observation 
by many investigators that the concentrations of most species are 
negatively correlated to rain volume (see reference 1). 

A comparison of the maps for the second Karhunen-Loève fea
ture and the f i r s t varimax feature, however, shows some s t r i k i n g 
differences. Recalling that the vectors which give these features 
represent primarily smelter elements, i t might at f i r s t glance 
appear that the second Karhunen-Loève feature i s a better picture 
of the smelter "plume." But two things should be considered: 
f i r s t , the wind was not blowing i n the direction indicated on the 
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map; and second, the pleasing appearance i s aided by the fact 
that the mapping program f i t s contour lin e s i n such a manner that 
contour l i n e s which are diverging at the edge of the data space 
continue to diverge to the edge of the map space. Of major im
portance i s the fact that the second eigenvector i s constrained 
to be orthogonal to the f i r s t , whereas the varivectors have no 
such constraint. Hence, the map of the f i r s t varimax feature i s 
surely a better representation of the smelter "plume" than the 
map of the second Karhunen-Loève feature. Further lending cre
dence to th i s assumption i s a comparison of these maps with the 
maps of arsenic, antimony, and copper, Figures 2, 3, and 4. 

A similar situation can be noted i n comparison of the maps 
for the t h i r d Karhunen-Loève and varimax features, both of which 
consist primarily of n i t r i c acid. The map of the t h i r d Karhunen-
Loève feature i s somewhat "spotty" (due, perhaps i n part, to the 
orthogonality constraint), whereas the map of the t h i r d varimax 
feature, while similar
centration of both hydroge
These areas of increased n i t r i c acid concentration occur downwind 
of heavily urbanized and i n d u s t r i a l i z e d areas of the Puget Sound 
region. 

Maps of the remaining features are not included, since, as 
has been noted already, the vectors from which these features are 
derived consist mainly of single elements, and are not readily 
i d e n t i f i a b l e as real factors i n the data set. 

Summary and Conclusions. In summary, i t has been shown that 
by analyzing for a variety of species i n rain samples gathered 
over a s u f f i c i e n t l y large geographical area, a grasp of some of 
the influences on atmospheric chemistry, as reflected i n p r e c i p i 
tation, i s obtainable. Analysis of the data appears to show at 
least three major sources of dissolved species i n rainwater i n 
the Puget Sound region: a sea-salt background, urban sources, and 
an i n d u s t r i a l source of major significance. Mediating these 
sources are such variables as time/speed/direction wind patterns 
and time/volume p r e c i p i t a t i o n patterns, which i n turn are proba
bly influenced by geographic features and by the aforementioned 
sources themselves (e.g., inputs of heat, particulates, and other 
chemical e n t i t i e s into the atmosphere). 

Varimax rotation of the eignevector matrix derived from the 
correlation matrix has been demonstrated to more accurately rep
resent the major factors i n the chemical composition of the rain 
samples studied. Further, these studies have revealed the v a r i 
max-rotated vector representation to be considerably more stable 
to the effects of an a l y t i c a l errors, than the eignevector repre
sentation. 

This appears to have been the f i r s t application of both per
forming a rotation analogous to the Karhunen-Loève transform by 
using the varivector matrix, and of mapping the resulting features 
over a geographical data space. The application of these tech-
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5. KNUDSON ET AL. Rain Chemistry 93 

niques to similar problems may reasonably be expected to be a 
useful tool i n understanding some of the complex interactions 
encountered i n similar (e.g., environmental) research i n the 
future. 

While the number of data gathered i n this study were limited, 
they were nonetheless s u f f i c i e n t to demonstrate the u t i l i t y of 
the approach for studying sources and influences on atmospheric 
chemical composition. 

Figure 1. Sampling sites. Φ -= Samping site. 
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Figure 2. Map of arsenic concentrations. Contour levels: 1 —• 0.6-1.4 ppb; 2 — 1.4-
3.4 ppb; 3 = 3.4r-8.2 ppb; 4 — 8.2-19.8 ppb; 5 — 19.8-47 ppb. 0 — sampling site. 
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Figure 3. Map of antimony concentrations. Contour levels: 1 = 0.0-0.07 ppb; 2 = 
0.07-0.16 ppb; 3 = 0.16-0.38 ppb; 4 — 0.38-0.85 ppb; 5 = 0.85-2.1 ppb. 0 -= sampling 

site. 
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Figure 4. Map of copper concentrations. Contour levels: 1 = 2-5.4 ppb; 2 = 5.4-15 
ppb; 3 = 15-40 ppb; 4 = 40-108 ppb; 5 = 108-290 ppb. 0 = sampling site. 
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Figure 5. Map of cadmium concentrations. Contour levels: 1 = 0.0-0.04 ppb; 2 = 
0.04-0.09 ppb; S = 0.09-4.20 ppb; 4 = 0.20-0.43 ppb; 5 = 0.43-4.92 ppb. 0 = sam

pling site. 
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Figure 6. Map of pH. Contour levels: 1 — 4.59-4.75; 2 = 4.43-4.59; 3 — 4.27-4.43; 
4 = 4.11-4.27; 5 — 3.95-4.11. 0 = sampling site. 
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Figure 7. Map of sulfate concentrations. Contour levels: 1 — 1100-1450 ppb; 2 = 
1450-1900 ppb; 3 = 1900-2500 ppb; 4 = 2500-3200 ppb; 5 = 3200-4300 ppb. 0 = 

sampling site. 
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Figure 8. Map of nitrate concentrations. Contour levels: 1 = 170-250 ppb; 2 = 250-
380 ppb; 3 = 380-560 ppb; 4 = 560-840 ppb; 5 = 840-1250 ppb. 0 = sampling site. 
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Figure 10. Map of lead concentrations. Contour levels: 1 — 3-14 ppb; 2 — 14-25 
ppb; 3 — 25-36 ppb; 4 = 36-47 ppb; 5 — 47-58 ppb. 0 — sampling site. 
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5. KNUDSON ET AL. Rain Chemistry 103 

H* NH4 + M A Κ CA MG l* eu PB $04 MM CD AS SB CL- NO 3-

H* 1 -·10 .49 .37 • 31 .36 • 13 .40 .15 .05 • 10 • 29 • 41 • 40 • 27 • 74 

NH4* 1 .46 .24 • bl .46 • 41 • 05 • 26 .03 .42 .24 .07 .23 • 68 -•11 

N4 1 • 01 .71 .94 .47 .47 .52 .34 • 33 .39 .39 .57 • 92 • 47 

Κ • 61 1 .64 • 61 • 24 • 19 • 33 .29 .50 • 4b .09 • 26 .49 • 43 

CA . 71 l • 61 .56 • 21 .48 .33 .62 .43 .14 .52 .66 • 1Θ 

*G .94 1 .39 .27 .54 • 38 • 33 • 22 • 19 .36 • 88 • 42 

ZK 1 • 46 • 38 • 2 1 .49 • 44 • 26 • 41 .45 • 05 

Cl 1 .14 .23 • 11 • 62 .94 • 85 • 36 • 14 

PB 1 .52 .27 • 11 • 10 • 33 • 53 • 35 

S04 

MN 

1 • 29 

1 

-.04 

.55 

• 12 

•03 

• 35 

• 24 

• 26 

.50 

• 16 

• 09 

ce 1 .55 • 64 • 32 • 12 
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Figure 13. Histograms of eigenvectors. EVn = Eigenvector^ "n," where 
"n" is the magnitude-rank of the eigenvalue (see Table II). "Percent in
formation' is equivalent to the loading for a particular species divided by 

the sum of the loadings in that eigenvector. 
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Figure 15. Comparison of eigenvectors and varivectors, including error data. 
En — Eigenvector "n" where η is the magnitude-rank of the eigenvector (see 
Table II). Vn = Varivector V where η is the magnitude-rank of the varivector 
(see Table III). Note: Varivectors are not ordered by varivalue ranking in this 
figure—rather, they are ordered by the closest conespondence to the eigenvectors 

in terms of the "identity" of the vectors, based on their relative loadings. 
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Figure 18. Map of second Karhunen-Loève feature. Contour levels: 1 — 0.559-
0.2J7; 2 = 0.217 0.125; 3 0.125—0.466; 4 0.466 0.808; 5 = -0.808-

—1.150. 0 == sampling site. 
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Figure 19. Map of first varimax feature. Contour levels: 1 = 0.453-0.012; 2 — 0.012-
-0.428; 3 = -0.428 0.869; 4 0.869 1.309; 5 1.309--1.750. Ο = sam

pling site. 
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Figure 20. Map of third Karhunen-Loève feature. Contour levels: 1 = —0.417-
-0.178; 2 0.178-0.061; S = 0.061-0.229; 4 = 0.299-4.538; 5 = 0.538-0.777. 0 

= sampling site. 
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Figure 22. Map of rain volume. Contour levels: 1 = 30-84 ml per bucket; 2 — 84-
137 ml per bucket; 3 = 137-191 ml per bucket; 4 — 191-244 ml per bucket; 5 = 244-

298 ml per bucket. 
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6 
Analysis of the Electron Spin Resonance of Spin Labels 
Using Chemometric Methods 

JAMES R. KOSKINEN* and BRUCE R. KOWALSKI 

Laboratory for Chemometrics, Department of Chemistry, 
University of Washington, Seattle, WA 98195 

Spin labels are bein
membrane systems and biologica
ing technique involves incorporating a nitroxide free radical 
(the spin label) into a membrane system and studying the free 
radical using electron spin resonance (ESR) spectrometry. Lipid 
spin labels that are diffused into a membrane orient themselves 
in a specific configuration and undergo anisotropic molecular 
motion. When this motion is rapid on the ESR time scale, the 
ESR spectra that are observed can be correlated with the struc
ture of the membrane. 

Molecules have been constructed so that the long axis of the 
molecule is parallel to one of the principal axes of the nitrox
ide. Anisotropic motion about the long axis of the molecule 
corresponds to rotation about one of the principal axes of the 
nitroxide. The ESR spectra of this type of molecule in a well 
defined inclusion crystal have been studied and synthesized in 
order to better understand the membrane spin labeling experi
ments (3, 4, 5). 

Studies using spin labels involve a considerable e f f o r t for 
the chemist i n the co l l e c t i o n and analysis of the spectra. In 
the past, spectra were collected as two dimensional plots on a 
piece of paper and the useful information extracted from the 
plots using a ru l e r and a pe n c i l . With the introduction of 
laboratory computers this task has been made much easier (6). 
Spectra are now collected by computer controlled spectrometers 
and are saved i n computer compatible format ( i . e . , on paper tape, 
magnetic tape, or disks). This use of computers also allowed 
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some simple data analysis techniques to be performed on the spec
t r a . These techniques included base-line corrections and spectral 
smoothing. Computers have made i t r e l a t i v e l y easy to c o l l e c t and 
store a l l the ESR spectra for a p a r t i c u l a r study. This paper 
w i l l present examples of the use of computers to a i d the chemist 
i n the analysis of ESR spectra. The f i r s t application w i l l i n 
volve the use of Chemometric methods to study two spin labels i n 
di f f e r e n t inclusion crystals. This application w i l l demonstrate 
the general usefulness of chemometrics to analyzing ESR spectra. 
The second application w i l l concern spin labels i n a model mem
brane system. 

Methodology 

The data analysis methods used i n t h i s paper come under the 
general heading of Chemometrics (7/8) · The methods used are the 
ones that w i l l extract feature
the importance of the extracte
of the spin l a b e l , and f i n a l l y , display the re s u l t s . A l l the 
spectra used i n t h i s study were collected under computer control 
and stored i n d i g i t a l form as 980 data points. The 980 data 
points can be used as features that describe each spectrum. How
ever, such a large number of features can present d i f f i c u l t i e s 
for some data analysis methods. A method that reduces the number 
of features describing the spectra without losing chemically 
useful information i s c l e a r l y needed. 

The method of choice i n t h i s study i s the Fourier transform. 
Fourier transform methods have been used quite extensively i n 
other forms of spectroscopy for a variety of purposes (9). The 
e f f e c t of the Fourier transform i s to condense the information 
of the t o t a l ESR spectrum into the low frequency end of the trans
formed spectrum. Figure 1 shows a t y p i c a l ESR spectrum, the r e a l 
and imaginary parts of the Fourier transform of the spectrum, and 
the power spectrum. The low frequency end of the transformed 
spectrum contains a l l the information needed to reconstruct the 
o r i g i n a l spectrum v i a the inverse or back transform. This pro
cess i s graphically presented i n Figure 2. The f i r s t 64 points 
of the transformed spectrum are retained while the rest of the 
points are set to zero. The inverse transform returns the o r i g i 
nal spectrum showing that no information loss results. The spec
trum resulting from the inverse transform appears to be smoother 
than the o r i g i n a l spectrum because the high frequency noise has 
been d i g i t a l l y f i l t e r e d by the transform. By using the Fourier 
transform, 64 features that completely describe the spectrum have 
been generated out of a spectrum of 980 data points. Once the 
features have been generated i n t h i s manner, the other Chemo
metric methods can be applied. 

Two s t a t i s t i c a l methods are used to determine the importance 
of the generated features i n modeling a property of the spin 
l a b e l . The property of interest i n the f i r s t application i s the 

In Chemometrics: Theory and Application; Kowalski, B.; 
ACS Symposium Series; American Chemical Society: Washington, DC, 1977. 



6. KOSKINEN AND KOWALSKI Electron Spin Resonance of Spin Labels 119 

Figure 1. Typical ESR spectrum and its Fourier 
transform 

temperature of the spin label and the property of interest i n the 
second application i s the amount of spin l a b e l present. The 
f i r s t method calculates the correlation between the generated 
features and the property. The second method i s step-wise regres
sion analysis that determines which of the features does the best 
job of modeling the property with a l i n e a r model. Plots of the 
generated features vs. the property are also constructed as part 
of the analysis. A l l of the methods described are part of the 
ARTHUR pattern recognition system (10) which was used i n t h i s study. 
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Figure 2. Graphical demonstration that only the 
first 64 points of the Fourier transform of an ESR 
spectrum are needed to regenerate the spectrum 

from the transform 

Spin Labels i n Inclusion Crystals 

The f i r s t system studied using the above described methodolo
gy consisted of 3-doxyl-5a-cholestane (I) (the 4',4 1-dimethyl-
oxazoladine-N-oxyl derivative of 3-keto-5ot-cholestane) i n an i n 
clusion c r y s t a l of thiourea. The question to be answered i n t h i s 
study i s : can the temperature of the inclusion c r y s t a l system be 
correlated to the ESR spectrum? 

The data set contains 16 ESR spectra of the spin l a b e l -
inclusion c r y s t a l system corresponding to a range of temperatures 
from -82.0°C to 59.2°C. Table I l i s t s the data analysis steps 
taken to analyze this series of spectra. Feature number four, 
generated using the Fourier transform, i s found to be the most 
important feature i n modeling the temperature of the system. 
Figure 3 shows a pl o t of the temperature vs. feature four. 

\ 

Structure I 
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Table I 
Steps Taken i n Data Analysis 

I Collect Spectra 
II Generate Features Using Fourier Transform 

A Zero F i l l Spectra to 1024 Points (Requirement 
of Fast Fourier Transform) 

Β Perform Fast Fourier Transform 
C Select the F i r s t 64 Coefficients of the Real 

Part of the Transform 
III Calculate Correlation between the 64 Features 

and Property 
IV Perform Stepwise Regression Analysis of the 

64 Features 
V Generate Plots of Features Selected i n Steps III 

and IV vs. the Property 
VI Analyze Result

Iedally, Figure 3 should show a straight l i n e indicating that 
feature four i s l i n e a r l y related to the temperature. The scatter 
of points about the l i n e can be interpreted as meaning that the 
anistropic motion of the molecule i s somewhat r e s t r i c t e d . The 
shorter steps between feature four values at the high temperature 
end indicates that the rotation about the long axis of the mole
cule i s being optimized. 

• 59 2° c 

- 8 2 . 0 ° C 
F E A T U R E F O U R 

Figure 3. Plot of the Fourier transform generated feature 
number four (the ordinate) vs. the temperature of the 

system (the abscissa) in sample one 
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The second system studied consisted of the spin label l a u r y l 
nitroxide (II) (2,2,6,6-tetramethyl-4-piperidinol-l~oxyl dodeca-
noate) i n an inclusion c r y s t a l of β-cyclodextrin. The data set 
for t h i s system contains 20 ESR spectra of the spin la b e l i n the 
inclusion c r y s t a l correspondin
to 63°C. Table I again
the analysis of these spectra. 

Fourier transform feature number three i s shown by the step
wise regression analysis to be the most important feature i n 
modeling the temperature of the system. Once again a li n e a r p l ot 
of the feature and the temperature i s expected. Figure 4 shows 
the actual p l o t which appears to be l i n e a r from the low tempera
ture end (-196°C) to a temperature of about 35°C. Then the value 
of the feature does not get any larger. I t remains nearly con
stant from about 35°C to 63°C. In the low temperature region, 
the ESR spectrum approaches the r i g i d glass l i m i t . As the tem
perature increases, the molecule starts to rotate more fre e l y 
about i t s long axis. At approximately 35°C the rotation about 
the nitroxide p r i n c i p a l x-axis i s fast enough on the ESR time 
scale such that the y and ζ contributions are averaged out. A 
further increase i n temperature has no additional e f f e c t on the 
anistropic motion. 

I t i s interesting to compare both spin labels i n t h e i r r i g i d 
matrices. The l a u r y l nitroxide i s able to rotate quite f r e e l y 
and reaches an optimum value. The 3-doxyl-5a-cholestane i s not 
able to rotate as freel y as the l a u r y l nitroxide and appears not 
to reach an optimum value. This difference i n rotation can be 
accounted for by the structure of the molecules. Lauryl nitrox
ide i s a long, cylindrical-shaped molecule, while the 3-doxyl-5a-
cholestane i s a rectangular shaped molecule. I t i s easier for 
the c y l i n d r i c a l molecule to rotate about i t s long axis i n a cavity 
i n a matrix than i t i s for the rectangular-shaped molecule. 

Now that the Chemometric methods have been shown to be use
f u l i n the study of spin labels i n well-defined inclusion c r y s t a l s 
the methods can be used i n the study of spin labels i n a model 
membrane system. The l a s t part of t h i s paper w i l l deal with the 
application of Chemometric methods to the study of such a model 
membrane system. 
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•63 0 °C 

•196.o°C 
FEATURE THREE 

Figure 4. Plot of the Fourier transform generated feature number three 
(the ordinate) vs. the temperature of the system (the abscissa) in sample two 

Spin Labels i n Model Membrane Systems 

The model membrane system studied i s the cytochrome oxidase 
protein containing spin labeled phospholipids. The spin label 
used i s 16-doxyl s t e r i c acid (III) (the 41,4·-dimethyloxazoladine-
N-oxyl derivative of 16-keto stearic acid). Figure 5 shows the 
spectra of representative samples of the cytochrome oxidase pro
te i n with d i f f e r e n t concentrations of phospholipids. The amount 
of l i p i d i n each sample i s expressed as the r a t i o of mg of phos
pholipid per mg of protein. The sample i n Figure 5a has a r a t i o 

Structure III 
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Figure 6. Graphical presentation of the generation of a 
composite ESR spectrum by using scaled amounts of 

Fourier transform of two ESR spectra 
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of 0,10; Figure 5b corresponds to a r a t i o of 0.24; and Figure 5c 
i s 0.73. The ESR spectrum of the sample with the lowest l i p i d 
content (Figure 5a) i s characteristic of strong immobilization of 
the spin labels while the spectrum of the sample with the highest 
l i p i d content (Figure 5c) i s characteristic of a more mobil spin 
label (11). The question to be answered i n th i s experiment i s : 
i s i t possible to quantify the amount of each kind of spin label 
in a composite system as shown i n Figure 5b? 

The data set includes eight spectra of samples of varying 
amounts of the protein and spin labeled phospholipid. The feature 
generation methodology used i s the same as described i n the pre
vious examples. The property of interest i n thi s example i s the 
amount of immobilized l i p i d present i n the model membrane system. 
By using stepwise regression analysis i t i s possible to arrive at 
an equation to calculate the amount of the l i p i d present. 

By using t h i s equation, i t i s possible to look at the Fourier 
transform of an ESR spectru
the amount of immobilize
the v a l i d i t y of th i s equation i s to synthesize an ESR spectrum 
for the series studied using spectra of the immobilized spin label 
and the mobil spin label. Since the equation was developed using 
the Fourier transform to the ESR spectra, they w i l l be used i n 
place of the spectra. The Fourier transform of the immobilized 
spin label spectrum (Figure 5a) i s multiplied by the calculated 
scale factor and the result i s added to the Fourier transform of 
the mobil spin label scaled by the calculated factor. Then the 
inverse transform i s applied to thi s composite to give the spec
trum. In this case the Figure 5b i s the spectrum that i s being 
synthesized. The scale factor for the immobilized spin la b e l i s 
0.24, and the factor for the mobil spin l a b e l i s 0.76. This pro
cess i s shown graphically i n Figure 6. The resultant synthetic 
spectrum appears smoother than the experimental spectrum because 
the high frequency noise has been d i g i t a l l y f i l t e r e d . 

In t h i s application Chemometric methods were used to show 
that certain ESR spectra of a model membrane system are a compos
i t e of spectra of an immobilized spin label and a mobil spin l a b e l . 

Conclusions 

Chemometric methods have been used to analyze experimental 
ESR spectra. The methods have provided additional insight into 
the processes involved i n putting a spin label into an inclusion 
c r y s t a l . They have also been used to examine the ESR spectra re
sulting from spin labels dispersed i n a model membrane system. 
Chemometrics does provide a powerful tool to a i d the chemist i n 
the analysis of ESR spectra of spin labels i n model membrane 
systems. 
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During a symposium
chemical data, it is appropriat  inquir y  technique
are important, and what effects their adoption may eventually 
have on the chemist's work and thought. 

They are important for several different reasons. They can 
facilitate calculations and interpretations that may involve 
many steps and, with numerical data, tedious graphical or other 
analysis. By doing so they can save much of the chemist's 
time and energy. At the same time they can yield more reliable 
results because they substitute the dumb patience and objectivity 
of a machine for the human frailty and occasional unconscious 
prejudice of the chemist. This makes it possible to find corre
lations or interpretations that the chemist might miss, and to 
achieve greater depth and certainty in the final result. They 
can influence the design of experiments in several ways: by 
making it possible to find a data-acquisition schedule that 
stresses the regions of greatest importance to the desired 
res u l t and enables the experimenter to ignore others of lesser 
importance, by making it possible to obtain the desired result 
from a simple experiment and thus obviating the necessity of 
performing a more complicated one that would y i e l d the same 
information i n a form more ea s i l y amenable to older techniques of 
data analysis, and even by employing the data so e f f i c i e n t l y that 
one experiment can be made to y i e l d certainty as great as could 
have been obtained from three or four with the aid of the older 
techniques. 

Examples of a l l of these are already i n the l i t e r a t u r e , and 
new ones continue to appear. I t i s already evident that the 
growing adoption of these techniques i s substantially easing 
the tedium of experimentation and interpretation while improving 
the accuracy and r e l i a b i l i t y of the values deduced from the data. 
As i t relieves chemists of unnecessary burdens, i t w i l l have 
longer-range effects on chemical education, which now of 
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necessity devotes time to the teaching and learning of techniques 
of data analysis that might better be spent on such things as the 
design of experiments and the interpretation of results. 

In the course of making these p o t e n t i a l i t i e s manifest, some 
bastions of impossibility have already crumbled, as may be shown 
by several examples from the f i e l d of potentiometry and potentio-
metric t i t r a t i o n . I t has always been known that analyses by 
dire c t potentiometry cannot be made as accurately and precisely 
as analyses by potentiometric t i t r a t i o n , but Brand and Rechnitz 
(1) and I s b e l l , Pecsok, Davies, and Pumell (2) have shown that 
this i s not so. I t has always been known that acetic acid 
(pK^ = 4.755) and propionic acid (pK^ = 4.876) have strengths too 
nearly i d e n t i c a l to permit identifying, much less determining, 
both from the acid-base t i t r a t i o n curve for a mixture, but Ingman 
et a l . (3) have shown that t h i s i s not so. I t has always been 
known that a potentiometric acid-base t i t r a t i o n cannot succeed 
i f there i s no point o
i f the concentration o
Meites (4) and Barry, Campbell, and Meites (5) have shown that 
these are not so. These are only a few of the many instances i n 
which i t i s now apparent that familiar experiments have always 
provided us with information that we have not known how to obtain 
i n useful form. 

Probably there are very few chemists who would not readily 
concede the effectiveness of computerized procedures i n evalu
ating numerical parameters on the basis of numerical data. Appli
cations and examples l i k e the ones just c i t e d are therefore 
comparatively easy to understand and accept. However, there are 
many fewer chemists who are prepared to accept the idea that 
accurate and r e l i a b l e qualitative decisions can be made by 
machines without human intervention. In human terms i t i s of 
course understandable why th i s should be so. The chemist faced 
with having to decide whether a compound contains, say, a phenyl 
group on the basis of i t s mass spectrum i s sure to be aware, at 
some l e v e l , of the years of training and experience that he brings 
to that decision, and of a l l the subtleties and p i t f a l l s that i t 
may involve. I t i s no easy thing to admit that one's knowledge, 
understanding, and insight cannot produce decisions superior to 
those made by a mindless machine - or, more properly, that that 
knowledge, understanding, and insight can be reduced to a set of 
completely predetermined steps that w i l l produce as good a 
decision as the one that could be made by a human brain. 

Despite this d i f f i c u l t y , i t i s clear that progress i n this 
area offers prospects having overwhelming importance. Though 
the portion of chemical research that deals with the evaluation 
of numerical parameters can certainly be s i g n i f i c a n t and challeng
ing, the portion that deals with qualitative interpretation i s 
even more so. In experimental kin e t i c s , for example, the re a l 
problem i s usually to decide what the mechanism of a reaction i s . 
After this has been solved, more or less severe experimental 
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d i f f i c u l t i e s may s t i l l have to be overcome i n evaluating the rate 
and equilibrium constants associated with the reaction, but often 
the values of these w i l l be i m p l i c i t i n the data accumulated i n 
elucidating the mechanism. 

What i s involved i n making such decisions? There are two 
p o s s i b i l i t i e s . One i s that the system being studied belongs to 
one of a limited number of classes whose behaviors are accurately 
known. The other i s that i t does not, and instead behaves i n some 
novel way that no p r i o r interpretation w i l l s u f f i c e to describe. 

In the f i r s t case the interpretation may be said to be 
routine. Of course the decisions that are involved i n assigning 
the system to the proper class may be both subtle and d i f f i c u l t . 
C a l l i n g them routine merely means that similar decisions have 
been made before for other systems, that the pr i n c i p l e s under
lying those decisions are known, and that i t should therefore 
be possible to effec t them in ways that a computer can be pro
grammed to execute. I
make i t possible to decid
any known class. Beyon  poin  interpretatio
require imaginativeness and i n t u i t i o n , and these cannot be pro
grammed i n advance. Except i n situations so simple that a l l the 
possible classes are already known, every program designed to 
make such interpretations must provide for a c a l l for human i n t e r 
vention when a l l of the known p o s s i b i l i t i e s have been tested and 
found to be inadequate. 

The nature of research i n any area would be profoundly 
changed by the a v a i l a b i l i t y of a program that would e f f e c t 
routine interpretation and that would c a l l for human help when 
this did not s u f f i c e . Chemists working i n that area would be 
relieved of the necessity of undertaking such interpretation 
themselves - of retracing on each problem the thoughts they had 
had while solving the one before i t . In losing t h i s burden they 
would gain the opportunity to spend more of th e i r time i n breaking 
new ground, i n improving the excellence of th e i r experimental 
procedures and measurements, and i n selecting the systems that 
would best repay study. Investigations that turned out to be 
routine would be greatly f a c i l i t a t e d , and those that did not 
could receive the benefit of the human imagination thus liberated. 

This i s the rationale of a program of research that began 
several years ago at Clarkson College of Technology. Near i t s 
st a r t we i d e n t i f i e d the various kinds of c l a s s i f i c a t i o n s that 
might arise (6), and these are l i s t e d i n Table 1. 

Table 1. Kinds of C l a s s i f i c a t i o n s 
1. Binary 

Ά. Simple 
B. Multiple 

2. Linear 
3. Branched 
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I t i s always supposed that data are available showing how the 
value of some dependent variable changes as that of some inde
pendent one i s altered, and that the problem i s to account for 
the data by selecting the appropriate one of a f i n i t e set of 
hypotheses, each of which can be expressed by one or more equa
tions r e l a t i n g the dependent and independent variables and i n 
volving numerical parameters as well. 

A simple binary c l a s s i f i c a t i o n i s one that requires only a 
single "yes-no" decision. A compound may or may not contain a 
pa r t i c u l a r kind or group of atoms; i t may or may not have a 
par t i c u l a r kind of b i o l o g i c a l a c t i v i t y ; i f subjected to polaro-
graphic examination i t may or may not be reversibly reduced. 
Much of the research to date on pattern recognition i n chemistry 
has dealt with such questions. I t may or may not be possible to 
express one or both of the alternatives by an equation r e l a t i n g 
the independent and dependent variables: our work has concen
trated on cases i n which t h i  i  possible  whil  patter
n i t i o n has concentrate
questions share the propert
considered are both exhaustive and mutually exclusive: i f either 
can be rejected the other must be rig h t . For the kinds of data 
considered here, there may be two differ e n t possible equations 
of which the data must conform to one, or there may be only one 
equation and the question may be whether the data conform to that 
equation or not. In either event i t i s r e l a t i v e l y simple to 
express the r e l i a b i l i t y of the c l a s s i f i c a t i o n i n the c l a s s i c a l 
s t a t i s t i c a l fashion: that i s , by stating the l e v e l of confidence 
at which i t can be upheld. 

Multiple binary c l a s s i f i c a t i o n s are those that require two 
or more independent "yes-no" decisions. A not very complicated 
one i s shown i n Fig. 1. This arose i n potentiometric t i t r a t i o n s 
of sodium or potassium laurate with hydrochloric acid (7). De
pending on the concentrations of laurate and hydrogen ions i n 
these two solutions, and also on the concentration of any a l k a l i -
metal s a l t (such as sodium or potassium chloride) that was added, 
any of three di f f e r e n t and independent phases might have separated 
during some portion of the t i t r a t i o n . Micelles of laurate ion 
might or might not have been present i n the i n i t i a l solution, and 
both an "acid soap" and the free fatty acid might or might not 
have precipitated. Eight different kinds of t i t r a t i o n curves 
can result, although not a l l can be obtained with laurate and 
sodium or potassium ions i n aqueous solutions at 25°. A program 
was constructed to e f f e c t t h i s t r i p l e binary c l a s s i f i c a t i o n , 
beginning with exactly the same information - the compositions 
of the reacting solutions and the coordinates of the points on 
the experimental t i t r a t i o n curve - that would be available to a 
human chemist. When i t was applied to about 30 experimental 
curves secured under widely varying conditions, i t s error rate was 
approximately 5%. Two s k i l l e d chemists using the same information 
managed, with some d i f f i c u l t y , to achieve an error rate of about 
35%. 
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A MULTIPLE BINARY CLASSIFICATION 

P o t e n t i o m e t r i c t i t r a t i o n o f an a l k a l i - m e t a l l a u r a t e ML w i t h HC1 
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Were m i c e l l e s o f l a u r a t e present i n i t i a l l y ? 

Did the " a c i d soap" MHL2 p r e c i p i t a t e d u r i n g the t i t r a t i o n ? 

Did the f r e e f a t t y a c i d HL p r e c i p i t a t e ? 

1 2 3 5 6 7 8 

Figure 1. Triple binary classification of the potentiometric titration curve obtained in 
a titration of laurate ion with a strong acid. The purpose of the classification is to reveal 

which, if any, separate phases were present at any stage of the titration. 

Linear c l a s s i f i c a t i o n s may be defined as those i n which the 
equations that correspond to the successive hypotheses can be 
arranged a p r i o r i i n a l o g i c a l order that i s also the order of 
increasing complexity of the equations. Figure 2 shows the 
simplest example i n the l i t e r a t u r e (6). In some cases the 
number of possible hypotheses may be very large, but i n others, 
including t h i s one, i t may be very small. The l i t e r a t u r e contains 
no example of any tetrafunctional base whose dissociation con
stants are a l l so close together that successive steps could not 
be perceived on vi s u a l inspection of the t i t r a t i o n curve, and 
therefore i t was decided that no hypothesis beyond the t e t r a 
functional one would be allowed. Together with the fact that the 
successive decisions were based on an estimated standard devia
tion of measurement, th i s decision made i t possible to close the 
loop and ensure the eventual acceptance of one of the permissible 
hypotheses. 

Programs that eff e c t linear c l a s s i f i c a t i o n s are easier to 
design than those for multiple binary c l a s s i f i c a t i o n s , and are 
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A LINEAR CLASSIFICATION 

Ev a l u a t i o n o f the f u n c t i o n a l i t y o f a monomeric base from p o t e n t l o m e t r l c 

acid-base t i t r a t i o n data 

Is the base monofunctlonal? 

Yes 

Is i t d i f u n c t i o n a l ? 

Yes 

Yes 

Is i t t e t r a f u n c t i o n a l ? 

Yes 

P r i n t the co n c l u s i o n and 

the corresponding values 

o f c^ and the Kj 

Revise the estimated value 

o f the standard e r r o r o f 

measurement 

L 

Figure 2. Linear classification of the potentiometric titration curve obtained in a titra
tion of a weak base with a strong acid. It is assumed that no phase separation occurs 
during the titration. The purpose of the classification is to reveal the number of protons 

consumed by each ion or molecule of the base during the titration. 

l i k e l y to be at least as r e l i a b l e , i f not more so. The one 
represented by Pig. 2 was tested with a great many synthetic and 
experimental data for bases l i k e acetate, succinate, and c i t r a t e , 
and could not be made to f a i l when i t was provided with an honest 
estimate of the standard error of measurement. I f i t was given 
an estimate that was much too large, i t wielded Occam's Razor 
with ruthless s k i l l , exactly as a human chemist would, accepting 
the simplest hypothesis that could not be disproved. Occasion
a l l y , when i t was given an estimate that was nearly a f u l l order 
of magnitude too small, i t did conclude that c i t r a t e ion was 
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tetrafunctional; human chemists are often s i m i l a r l y misled 
by data that are less precise than they are thought to be. 

Very much the most complicated kind of c l a s s i f i c a t i o n i s the 
branched c l a s s i f i c a t i o n , i n which the rejection of one hypothesis 
must be followed by a test of another one, and i n which there i s 
no l o g i c a l l y necessary order i n which the tests must be arranged. 
This paper describes the structure of the f i r s t program designed 
to e f f e c t a branched c l a s s i f i c a t i o n . 

The Chemical Problem 

Controlled-potential e l e c t r o l y s i s has been studied intensive
ly i n several laboratories since about 1955 with a view to em
ploying i t for the elucidation of the mechanisms of electro
chemical processes and for the evaluation of the rate and e q u i l i 
brium constants for the individual steps i n these processes. 
Roughly 25 dif f e r e n t mechanism
invented a_ p r i o r i or studie
consequences that could be observed by other electrochemical 
techniques; most were devised i n order to account for the pheno
mena observed i n studying r e a l systems, both organic and inorganic; 
a few were investigated b r i e f l y so that they could be ruled out 
as being unable to explain those phenomena. There are several 
thorough reviews (8-10) stressing diagnostic c r i t e r i a and ways of 
di f f e r e n t i a t i n g among the various mechanisms, and only a very 
b r i e f summary w i l l be undertaken here. 

Controlled-potential electrolyses are performed i n c e l l s 
f i t t e d with three electrodes. One, the "working electrode," i s 
the electrode at which the half-reaction of interest occurs. 
Often i t i s a large pool of mercury, though platinum gauze and 
other materials can also be used. The solution surrounding the 
working electrode i s e f f i c i e n t l y s t i r r e d to f a c i l i t a t e mass trans
fer of the reactant from the bulk of the solution to the surface 
electrode and to maintain a constant value of the mass-transfer 
c o e f f i c i e n t s_. An applied potential i s imposed across the work
ing electrode and an "auxiliary electrode," which i s usually 
isolated i n a separate compartment of the c e l l and serves merely 
to permit the flow of an e l e c t r i c current through the c e l l and 
working electrode. The zero-current potential E j ^ # e # of the 
working electrode i s sensed by comparing i t with the potential of 
a "reference electrode," such as a saturated calomel or s i l v e r -
s i l v e r chloride electrode, through which current does not flow. 
Altering the applied potential causes the. value of Ew.e. t o vary. 
By means of a potentiostat, the applied potential i s continuously 
adjusted to as to keep Ew.e. equal to some predetermined value, 
which i s usually so chosen that ions or molecules of the reactant 
A are reduced as rapidly as they are brought to the surface of 
the working electrode by convection and di f f u s i o n . Of course 
oxidation i s also possible, but only reduction w i l l be alluded 
to here. 
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The simplest p o s s i b i l i t y i s that A i s reduced to a stable 
product Ρ i n a single step and without any side reaction or other 
coupled chemical process. This i s described by the equations (11) 

A + η e + Ρ 

i = i°e-§_t 

2 = 2» (i - e-£l) 

(1) 

(2a) 

(2b) 

where η i s the number of faradays consumed i n reducing each mole 
of A, jL i s the current that flows through the c e l l and working 
electrode It s (seconds) af t e r the e l e c t r o l y s i s has begun, £ i s 

the quantity of e l e c t r i c i t y (coulombs or faradays) that has 
flowed up to that instant, i ^ i s the i n i t i a l value of i ^ , and 
gpa i s the t o t a l quantity of e l e c t r i c i t y that w i l l flow i f the 
e l e c t r o l y s i s i s i n d e f i n i t e l y prolonged  The value of i n 
faradays i s given i n t h i

2po = η N ° A (3) 

where N ° A i s the number of moles of A present i n the i n i t i a l 
solution. 

Different mechanisms y i e l d d i f f e r e n t results. I t i s possible 
for A to undergo reductions along p a r a l l e l but independent paths 
to y i e l d d i f f e r e n t products} 

A + n^e = Ρ ; A + n2£ = Q (4) 

Then the current w i l l decay exponentially with time, as i t does 
in the simple case, but the apparent value of η defined by the 
equation 

2app. " 2.^ϋ°Α (5) 
w i l l l i e between the values of nj and n_2 and w i l l r e f l e c t the 
re l a t i v e magnitudes of the ov e r a l l rate constants for the two 
half-reactions. There may be a "continuous faradaic background 
current" i f , c

 d u e t o t n e reduction of hydrogen ion, water, 
or some other major constituent of the solution, at a rate that 
i s constant and unaffected by the concentration of A or P. Then 
the current i s given by 

1 = <i° - if,c)e-£ t + (6) 

where ip i s the t o t a l current at t = 0. The quantity of e l e c t r i 
c i t y i s given by 

a - a. α - β-· *) + if,..t (?) 
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Behavior very similar to this results from the mechanism 

A + η e = Ρ 
(8) 

Ρ + Ζ = A + Ζ 

where Ζ i s some major constituent of the solution and Z* i s i t s 
reduced form. Frequently Ζ i s hydrogen ion and Z* i s hydrogen 
gas. Again the current decays to a f i n i t e steady-state value, 
which depends on the rate constant for the chemical step i n th i s 
mechanism and on the concentration of Z. At any instant the 
"regeneration current" i s equal to the difference between the 
current that i s actually observed and the one that would be ob
served i f the chemical step did not occur. In contrast to a con
tinuous faradaic background current, which has the same value 
thoughout an e l e c t r o l y s i s , the regeneration current i s equal to 
zero at the st a r t and increase
the e l e c t r o l y s i s proceed
Only by experimental measurement  precis y
made could i t be detected that equations (6) and (7) provided 
s l i g h t l y imperfect f i t s , but because equation (7) overestimates 
the quantity of e l e c t r i c i t y consumed by regenerated A near the 
beginning of the e l e c t r o l y s i s i t yields a value of ̂ » that i s 
s l i g h t l y smaller than the one described by equation (3). 

For some pairs of mechanisms the differences of behavior are 
prominent and unmistakable; for others they are subtle and d i f f i 
c u l t to detect. The aims of the present work are 

1. to devise a program that w i l l i d e n t i f y the mechanism of a 
process, using no more information than would be available to a 
research chemist studying the same process for the f i r s t time; 

2. to study the nature and r e l i a b i l i t y of the c l a s s i f i c a t i o n s 
that such a program can make and, i n doing so, to s t r i v e for 
additional insight into the thought processes of the human 
chemist attempting to make similar c l a s s i f i c a t i o n s ; and 

3. to establish some general p r i n c i p l e s and expectations 
that may f a c i l i t a t e the development of other branched c l a s s i f i 
cation programs i n the future. 

The Starting Point 

The f i r s t necessity was that of deciding what data and 
information might be provided to the program. Either the current 
or the quantity of e l e c t r i c i t y might be measured as a function 
of time. Especially when the working electrode i s a v i o l e n t l y 
s t i r r e d mercury pool, i t has long been known that the noise l e v e l 
of the measured current i s rather high, t y p i c a l l y of the order of 
+_ 10 per cent. This i s due partly to transient fluctuations of 
the area of the pool, and partly to the inherent i r r e p r o d u c i b i l i t y 
of the convective mass-transfer process. These momentary irregu
l a r i t i e s are smoothed out by current integration to such an 
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extent that even those employing equations describing the 
dependence of current on time have usually chosen to evaluate 
the current at time _t by employing the equation 

i t - ^t+At" Q t - A t (9) 
2 (At) 

i n preference to measuring that current d i r e c t l y . Direct-
reading electromechanical current integrators with precisions as 
good as 0.1 per cent of f u l l scale, or better, have been a v a i l 
able for over 20 years, and can now be obtained with BCD outputs 
for d i r e c t data acquisition. Experimentation with measurements 
of current and current integrals convinced us that very much 
better f i t s to theoretical equations could be obtained for the 
l a t t e r . Consequently we decided to assume that Q-t data would 
be available and that the absolute error i n a measured value of 
2. would be independent o

In addition to th
g-t curve, the chemist trying to elucidate the mechanism of a 
process would surely know several things about the experimental 
conditions, and t h i s information i s obtained i n a short i n i t i a l 
interactive dialogue. I t may be said here that the program i s 
written i n the D i g i t a l Equipment Corporation's EDUSystem 25 BASIC 
for execution on a PDP8/1 minicomputer that provided 4096 words 
of core memory as the user area available for t h i s work. Partly 
because of the number of hypotheses that must be tested, and 
part l y because lengthy p r i n t commands are included to provide 
detailed guidance i n designing subsequent experiments, the entire 
length of the program considerably exceeds 4096 words. I t i s 
therefore constructed i n several segments chained together, with 
data f i l e s on magnetic tape, for transferring numerical values 
from one segment to another. 

I t i s the f i r s t segment that contains the data statements 
and the i n i t i a l dialogue. Typical examples of these are shown i n 
Figs. 3 and 4. The data statements are arranged i n the form t ^ , 
2lf 22'··· · T*10 i n i t i a l dialogue obtains the number of 
millimoles of sta r t i n g material i n the o r i g i n a l solution, the 
volume of that solution, and the expected value of n. Because 
we thought i t important to enable the program to accept the 
simplest hypothesis consistent with the precision of the data, as 
a human chemist would naturally do, the user's estimate of the 
standard error i n the measured values of £ i s obtained as well. 

700 DAT 10».0957» £0».1805» 30».£605» 40».3291» 50».3947 
705 DAT 60».4518» 70».5041» 80».5505* 90».5932» 120».6972 
710 BAT 150».7755» 180».8371» 210».8791» 240».9099» 270».9320 
715 DAT 300».9495» 360».9721» 420».9849» 480».9916» 540».9952 
720 DAT 600».9972» 660».9980» 720»1.0002» 780».9992» 840».9998 
725 DAT 900»1.0007 

Figure 3. Typical data statements 
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RUM 

R=STARTING MATERIALS B = E L E C T R O A C T I V E IMPURITY; I ? J? K=IN
TERMEDIATES ? P-.Q-. R=PRDDUCTS; Y=ELECTRO INACTI VE PRECURSOR 
• F A; 2=AN ELEC T R O I N A C T I V E S P E C I E S ? O F T E N H-IDNÎ. WHOSE 
CONCENTRATION REMAINS CONSTANT DURING THE E L E C T R O L Y S I S ; 
2"=THE REDUCED FORM OF Ζ 

MMOLES OF A TAKEN? 1.0014 
E X P E C T E D N-VALUE? 1 
C\r-3 OF SOLN.? 52. 0 
NO. OF DATA POINTS" £ 6 
UNITS OF Q<MEAS.>: 0=CDULDMBS» 1=MF? 1 
ESTD. STD. DEV. OF CKMEAS.V? 1E-3 
IS K F f O KNOWN FOR THE BLANK SOLN. : 0=NO> 1=YES? 0 
DIAGNOSTIC P R I N T WANTED: 0=NO«. 1=YES? 1 

HOW MUCH: 1=FINAL!>
P=? 10 

Figure 4. Initial interactive dialogue for the data shown in Figure 2 

The program reads the data, converts the values of £ to m i l l i -
faradays i f they were provided i n coulombs, and obtains a value 
of i f c for the blank solution i f th i s i s known. There i s no 
human intervention a f t e r t h i s point. 

The Body of the Program 

Most current-time curves (on which certain types of behavior 
are easier to discern than they are on £ri. curves) have the 
general shape shown i n F i g . 5: the current decays smoothly and 
monotonically from i t s i n i t i a l value to a very much smaller one 
which, as was mentioned above, may or may not be indistinguish
able from zero. Curves of t h i s sort belong to what i s c a l l e d 
the "main l i n e " below. 

Two diffe r e n t kinds of curves are shown i n Figs. 6 and 7. 
The one i n F i g . 6 results from a mechanism l i k e 

A + 2e = Ρ (slow) 

Ρ + A * 21 (10) 

I + e = Ρ (fast) 

which has been observed i n reductions of vanadium (IV) (=A) to 
vanadium(II) (=P): the starti n g material and product react i n 
the bulk of the solution to produce vanadium (III) (=1) r and one 
of the c u r i o s i t i e s of the electrochemical behavior of vanadium 
i s that the reduction of vanadium (III) i s often much more nearly 
reversible than that of vanadium(IV), 
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Figure 5. Current-time curve for the con-
troUed-OOtential reduction of cadmium(ll) 
in 3M hydrochloric acid at a large stirred-
mercury-pool electrode maintained at a 

potential of -0.80 V vs. S.C.E. Time, s 

Figure 6. Current-time curve for the con-
trolled-potential reduction of vanadiumflV) 
in 3M hydrochloric acid at a large stirred 
mercury-pool electrode maintained at a 

potential of -0.85 V vs. S.C.E. Time, s 

Figure 7. Current-time curve for the con-
trolled-potential oxidation of vanadium(H) 
in 3.5M hydrochloric acid at a large stirred 
mercury-pool electrode, with a resistor con
nected in series with the cell to limit the 
current at the start of the electrolysis. After 
the potentiostat gained control the poten
tial of the working electrode was main

tained at -0.35 V vs. S.C.E. Time, s 
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The successive values of £ and t are diff e r e n t i a t e d numeri
c a l l y to obtain values of ii 

0 - ο 
A - -l+i - i ( i d 

i i + i - lj_ 

The value of i ^ for the f i r s t i n t e r v a l (j=l) i s stored, and 
another i s computed for the int e r v a l at whose end £ f i r s t exceeds 
one-half of i t s value at the very l a s t point. I f the l a t t e r 
current considerably exceeds the f i r s t one, i t i s concluded that 
there i s a maximum on the current-time curve. Since the mech
anism described by equations (10) i s the only one yet devised 
that w i l l account for a maximum, crude estimates of the appro
priate parameters are derived from the data and stored i n a data 
f i l e , and a second segmen
ef f e c t a f i t to the d i f f e r e n t i a
mechanism. An acceptable f i t may or may not be obtained. I f 
one i s obtained, the values of the parameters are printed out, 
together with a message saying that only t h i s one of the mechan
isms i n the program's l i b r a r y i s capable of yie l d i n g a s a t i s 
factory f i t . I f an acceptable f i t i s not obtained, a message 
to that e f f e c t i s printed out, along with a statement that human 
interpretation i s essential. In either event execution stops 
at t h i s point. 

If the iHt curve does not possess a maximum, the data are 
next searched for the characteristic features of Fi g . 7. This i s 
done by comparing the quantities of e l e c t r i c i t y accumulated during 
the f i r s t two intervals. I f 

*2 
2t2 > - g - f l t , 3 s , <12> 

where i s the t o t a l quantity of e l e c t r i c i t y accumulated between 

t^O and t=t^j and SQ i s the estimated standard error of a single 
measurement of £, i t i s concluded that the current-time curve i s 
i n i t i a l l y f l a t within the precision of the measurements. This 
sort of behavior has been observed i n either of two circumstances: 

1. when the i n i t i a l current i s controlled by an experimental 
artefact, such as 

a. a c e l l resistance so high that the maximum applied 
potential available from the potentiostat does not 
suf f i c e to drive E ^ e . to the desired value, or 

b. the presence of a separate s o l i d or l i q u i d phase 
suspended i n the solution being electrolyzed, and 
replenishing the electroactive material dissolved i n 
that solution as rapidly as i t i s removed by 
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reduction, 

2, when the process follows an ECE mechanism 

A + n̂ e_ = J 

1 > J (13) 

J + n^ e = Ρ 
and the rate constant for the intervening chemical step i s about 
an order of magnitude larger than the ov e r a l l rate constants for 
the electron-transfer steps. 

The f i r s t of these corresponds to the equations 

2 = 2 t * ( £ A * > 
(14) 

2 = % * + £'

where t * i s the time at which the current just ceases to be con
stant, 2t* * s t n e quantity of e l e c t r i c i t y accumulated up to that 
time and" 2/ i s t n e quantity of e l e c t r i c i t y that remains to be 
accumulated thereafter, and s_ i s the ov e r a l l rate constant for 
the reduction. There appear to be four parameters, but since i t 
can be shown that g' = 2t*/ £ £* there are only three that are 
independent. I n i t i a l estimates of these three are made and 
control i s transferred to a t h i r d segment of the program to ef f e c t 
a f i t to these discontinuous equations. 

If an acceptable f i t i s not secured, the ECE mechanism i s 
hypothesized and a f i t i s made to the d i f f e r e n t i a l equation that 
describes i t . I f th i s also does not y i e l d an acceptable f i t , the 
experimenter i s advised to repeat the experiment under suitably 
modified conditions, for the f a i l u r e of both these hypotheses 
must mean that an experimental artefact i s superimposed on some 
other mechanism included i n the main.line, and this makes further 
analysis injudicious. 

We turn now to the main l i n e , which includes current-time 
curves that do not have maxima and that are concave upward from 
the very beginning of the e l e c t r o l y s i s . The simplest hypothesis 
that can account for such a curve i s the one described by 
equation (2b): 

g = 2?o(l-e-s t) (2b) 

The basic program for effecting non-linear regression requires 
i n i t i a l estimates of the values of and £, and these are 
derived from the raw data, The value of i s estimated to be 
equal to that of g a t the l a s t experimental point. The data are 
then scanned to f i n d the f i r s t point at which g/g» exceeds 0.865 
(= 1-e" 2), and the time t9 at thi s point i s combined with the 
equation 
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£ = s/t' (15) 

to obtain an estimate of s_. 
Regression onto equation (2b) i s then effected, using the 

l a t e s t version of a general program (12) that was written l o c a l l y 
and has been used for a large number of d i f f e r e n t purposes i n our 
laboratories and elsewhere. When the f i t i s complete, the best 
values of the parameters are combined with equation (2b) to 
compute a value of Scale. ^ o r c o m P a r î - s o n with the measured one 
Smeas.- I f t h e difference (gmeas. - Scale.) w e r e plotted aganist 
the independent variable t̂  the result would be a "deviation p l o t . " 
E a r l i e r papers from t h i s laboratory (12-15) have demonstrated the 
u t i l i t y of deviation plots i n testing hypotheses and guiding the 
selection of better ones, and since t h i s i s the basis of the 
decision mechanism i n the present program a b r i e f review of the 
pr i n c i p l e s underlying t h e i
follow. 

A deviation plot i s a p l o t of ( y m e a S e - Ycalc.) against x, 
where χ i s the independent variable and y_ the dependent one, 
Ymeas. i s a measured value of y_, and y^aic. i s the corresponding 
value of y_ calculated from an assumed rel a t i o n between χ and y_ 
with the numerical values of the parameters that y i e l d the best 
f i t to that r e l a t i o n . 

On the assumption that the experiment has been properly 
designed and i s therefore free from systematic errors of measure
ment, the only errors that can arise i f the assumed re l a t i o n i s 
correct w i l l be random errors. The deviation p l o t w i l l then 
consist of points randomly scattered around the x-axis. 

I f , however, the assumed relation i s incorrect, i t s i n 
correctness represents a source of systematic error, and the 
deviations w i l l no longer be perfectly random. They w i l l instead 
scatter around a curve having a c h a r a c t e r i s t i c shape, which 
depends only on the natures of the equations that describe the 
assumed and true relations between χ and y_. 

For example, Figure 8 shows the characteristic shape that 
results from assuming that the r e l a t i o n between g. a n d t i s 

This i s a smooth curve because i t was obtained with synthetic 
"data" computed from equation (7); we c a l l such a smooth curve a 
"deviation pattern." The way i n which i t s shape r e f l e c t s the 
inherent natures of the equations may be deduced by studying the 
curves i n Figure 9, from which Figure 8 may e a s i l y be derived. 

The shape of t h i s curve i s characteristic i n the topological 

2. = â»(l-e"£ t) (2b) 

when i t i s actually 

2 - Sx>,corr< ) + i f j C t (7) 
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Figure 8. Deviation pattern aris
ing from the assumption that the 
dependence of Q on t is described 
by equation (2b) when it is actually 
described by equation (7). The 
ordinate of each point is the differ
ence between the measured value 
of Q and the value calculated from 
equation (2b), usina the values of 
<Joe and s that yield the best fit to 

that equation. 

Figure 9. Rationale of the devia
tion pattern shown in Figure 8. 
The solid curve and the open cir
cles represent the calculated de
pendence oi Q on t according to 
equation (7) with Q . c o r r . — 1 mF, 
s — 0.01 s'1, and \ftC — 5 X 10* 
mF s'1. The triangles show the best 
fit that can be obtained to equation 
(2b), which gives Q„ — 1.236 mF 

and s — 7.78 X 10* r 1 . 

sense; i t s amplitude i s altered by changing the value of i f , c o r 

£), and i t s period i s altered by changing the value of but the 
eye and brain are so constructed that changes do not affect the 
recognizability of the pattern. 

When random errors are also involved, as of course they 
always are i n dealing with r e a l data, the deviation p l o t consists 
of random errors superimposed on the pattern. I f the random error 
i s much smaller than the amplitude of the pattern, i t i s s t i l l 
easy to recognize the pattern on vis u a l inspection, and i t can 
even be distinguished from some generally similar one corres
ponding to another equation d i f f e r e n t from equation (7). With 
any given random error, decreasing the amplitude of the pattern 
(e.g., by decreasing the value of i f , c while holding the values 
of the other parameters constant) f i r s t makes i t more d i f f i c u l t 
to distinguish the underlying pattern from another similar one. 
Decreasing the amplitude s t i l l farther makes i t d i f f i c u l t , and 
eventually impossible, to detect the existence of the pattern. 
This i s a complicated way of saying that a systematic error may 
be too small to detect. In our experience the d i f f i c u l t y of 
perceiving a pattern v i s u a l l y becomes severe i f the random error 
i s as large as about half of the peak-to-peak amplitude of the 
deviation pattern on which i t i s superimposed. 
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Different deviation patterns are frequently easy to d i s t i n 
guish v i s u a l l y i f the random error i s very small* For example, 
the deviation pattern i n Figure 10, which i s obtained on f i t t i n g 
data that actually correspond to the mechanism 

A + n,e = Ρ (mass-transfer constant = s^) 
(16) 

Β + n 2e = Q (mass-transfer constant = s?) 

D E V I A T I O N PLOT FOR T H I S HYPOTHESIS 

8 Κ - 25.53 

I - k 

J - 14 

• 

• 
2 0 
• 

4 • 
1 • 

4 • 

4 • 
1 • 

4 • 
10 

• 
• 
• 

— — — — • 

• 
• 

Figure 10. Deviation pattern arising from the assumption that the mechanism of a con-
trolled-potential electrolysis is described by equation (1) when it is actually described by 
equations (16). As compared with the plots in Figures 8 and 9, this is rotated through 
90°, with the ordinal numbers of the data points (which increase monotonically with 
time) being plotted along the vertical axis and deviation being plotted along the hori
zontal axis. In addition, the abscissa of this plot is compressed at long times because 
the " 1 * ' * Ά~ 
Each 
deviation, 

7, /, and Κ are explained below. 
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EXAMINATION OF DEVIATION PLOTS 

Are there three consecutive p o s i t i v e deviations whose sum exceeds ***5SQ? γ 
Maximum 

Find those f o r which the sum Is 

la r g e s t , and store the number I 

of the centr a l point 

ι 
No maximum 

I - 0 

Are there three consecutiv

ι " ι 
Minimum 

Find those f o r which the sum Is 

la r g e s t , and store the number J 

of the centr a l point 

No minimum 

J - 0 

Excluding any feature already f o u n d , i d e n t i f y the three consecutive points 

f o r which the sum S i s la r g e s t . Store the value and sign o f S and the 

number Ν of the centr a l point as Κ - (Ν + |SHO)*SGN(S). 
Figure 11. Scheme for identifying maxima and minima on deviation plots and storing 

their locations and amplitudes 

Cwith c ° A = c ° B , n i = n?, and SJL = l,2s2> to equation (2b), i s 
quite d i f f e r e n t from the one i n Figure 8, Near the end of the 
el e c t r o l y s i s the slope of the former approaches zero, while that 
of the l a t t e r increases continuous y. This i s so subtle a 
difference, however, that i t would be completely masked by even 
a quite small random error, and the same thing i s true of many 
other closely similar patterns. The program therefore embodies a 
scheme f o r recognizing patterns that i s sensitive only to gross 
differences of shape that cannot ea s i l y be hidden by random 
errors. 

This scheme i s shown diagrammatically i n Figure 11. The 
successive values of (gmeas. " 2calc.) a r e inspected to see 
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whether the sum of three consecutive ones exceeds 4.5SQ, where 
SQ i s the estimated standard error of a single measured value of 
Q. In the absence of any systematic error, the probability that 
any one deviation would equal or exceed 1.5SQ i s equal to 0.0668; 
the prob a b i l i t y that three consecutive ones would do so i s equal 
to (0.0668) 3 = 3x10-4. i f there are no three consecutive points 
that s a t i s f y t h i s c r i t e r i o n , i t i s concluded that there i s no 
maximum on the deviation p l o t , and a quantity 1̂  i s set equal to 
zero. I f there are three such points, the three giving the 
largest sum of the values of (Smeas. " Scale.) are i d e n t i f i e d , and 
JE i s set equal to the ordinal number Ν of the middle one of these 
points. 

Next a minimum i s sought i n a similar way. For t h i s purpose 
a minimum i s a r b i t r a r i l y defined as a set of three consecutive 
points for which the sum of the values of (Smeas. " Scale.) * s 

more negative than -4.5SQ. The deepest minimum i s i d e n t i f i e d and 
a second quantity J i s se
point at i t s center; i

I f the quantities 3  and J d i f f e r from zero, t h e i r values 
i d e n t i f y the largest maximum and the largest minimum on the devia
tion p l o t . Values of Ν close to either I or J are excluded from a 
t h i r d search, which i d e n t i f i e s the set of three consecutive points 
for which the absolute value of the sum £ of the deviations i s 
largest. When t h i s has been done, a t h i r d quantity Κ i s set equal 
to [N + ABS(S/10)]-SGNiS), where Ν i s the ordinal number of the 
middle one of t h i s set of three points. From the resulting values 
of I, J, and Κ i t i s possible to t e l l whether the p l o t has two 
maxima and one minimum or two minima and one maximum, where these 
features l i e with respect to i t s t-axis, and how large the lesser 
maximum or minimum i s . 

Two p o s s i b i l i t i e s now ari s e . One i s that I/J i s equal to 
zero, which l o g i c a l l y means that the p l o t lacks either a maximum 
or a minimum according to the above d e f i n i t i o n s , and usually i n 
practice means that i t lacks both. In t h i s case the hypothesis 
that equation (2b) accounts for the curve i s accepted, and a 
f i n a l segment of the program i s c a l l e d into core to provide an 
appropriate message. We s h a l l return to t h i s i n a l a t e r para
graph. 

The other p o s s i b l i t y i s that I^J has some f i n i t e value. In 
th i s case the hypothesis i s rejected. Since the probability 
that either I or J w i l l be assigned a f i n i t e value i f the hypo
thesis i s correct i s only 3xl0~ 4, the probability that the 
hypothesis w i l l be incorrectly rejected i s only 10"^. The small-
ness of t h i s figure r e f l e c t s , but considerably exaggerates, our 
bias i n favor of accepting the simplest tenable hypothesis, and i t 
w i l l probably be revised upward i n further work. 

Normally i t would be possible to choose either of two 
alternative hypotheses at t h i s stage: one i f the deviation p l o t 
had two maxima and one minimum, and another i f i t had two minima 
and one maximum. However, i t i s an unusual feature of the present 
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problem that curves of both these shapes can arise from a con
tinuous faradaic background current. I f t h i s has the same sign 
as the current for the reduction or oxidation of A, the p l o t has 
two maxima and one minimum and resembles Figure 9. I f i t has the 
opposite sign, the p l o t has two minima and one maximum. Contin
uous faradaic backgound currents are rarely positive 
(According to a recent IUPAC recommendation, positive currents 
correspond to anodic processes at the working electrode, and 
negative ones to cathodic processes. This recommendation i s 
followed here, but i t i s d i r e c t l y opposite to established 
practice among electroanalytical chemists.), but 
since the process being studied may be either cathodic or anodic, 
provision must be made for both p o s s i b i l i t i e s . Hence i t i s im
possible to e f f e c t a branch at t h i s point, and any f i n i t e value 
of the product 1·J leads to the tentative adoption of the hypo
thesis embodied i n equation (7). 

A f i t to t h i s equatio
i f r n from the coordinate
and applying appropriate small corrections to the values of £ 
and £ obtained i n the preceding f i t . Regression onto equation 
(7) i s then effected i n the ordinary way, and a new deviation 
plot i s constructed and examined as before. The hypothesis i s 
accepted i f I>J = 0; i f I^J has a f i n i t e value either of two 
branches may be pursued, depending on what the value of Κ reveals 
about the shape of the plot. For example, i t was said e a r l i e r 
that the hypotheses represented by equations (7) and (16) w i l l 
probably be indistinguishable on a deviation plot constructed 
from equation (2b) unless the random errors of measurement are 
very small. However, the shapes of the two patterns are not 
actually the same, and the difference i s c l e a r l y revealed on con
structing a new p l o t from equation (7). I f there i s actually a 
continuous faradaic background current t h i s p l o t w i l l consist of 
points randomly scattered around the t-axis. If there are 
actually two substances undergoing simultaneous but independent 
reductions, the points w i l l be scattered around the pattern shown 
in F i g . 12. The s e n s i t i v i t y of t h i s procedure for detecting 
simultaneous processes may be gauged from the fact that there was 
a difference of only 20% between the values of the two rate 
constants employed i n calculating the "data" on which t h i s Figure 
i s based. 

We turn now to the segments of the program that provide the 
f i n a l output. For the sake of brevity we s h a l l discuss only the 
one that corresponds to acceptance of the hypothesis represented 
by equation (2b). 

If t h i s equation yie l d s a satisfactory f i t , the mechanism may 
be the one described by equation (1), but there are other possi
b i l i t i e s as well. The star t i n g material A may undergo a pseudo-
f i r s t - o r d e r reaction with the solvent or some other major con
stituent of the solution Z, yiel d i n g a product Q that i s not 
electroactive: 

In Chemometrics: Theory and Application; Kowalski, B.; 
ACS Symposium Series; American Chemical Society: Washington, DC, 1977. 



7. MEITES AND SHiA Controlled-Potential Chrorwcoulometry 147 

A + η e = P; A + Ζ » Q (17) 

In t h i s event the current w i l l decay exponentially with time and 
equation (2b) w i l l be obeyed, but the value of napp. calculated 
from equation (5) w i l l be smaller than that of n. There may be 
an "induced" reduction of Z: 

A + Ζ « AZ ; AZ + n'e - A + Ζ· ; A + η e « Ρ (18) 

Equation (2b) w i l l again be obeyed, but the value of n^pp, w i l l 
exceed that of n. The start i n g material may be reduced i n two 
dif f e r e n t ways to y i e l d two d i f f e r e n t products: 

A + η Ίβ = Ρ ; A + n?e = Q (19) 

Equation (2b) w i l l be obeyed, and n*pp. may be either smaller or 
larger than the value expecte

The existence of thes
compare the value of with that of η N ° A [equation (3) ]. The 
variance of Ĵ o depends on the standard error of the individual 

8 • 
* • 

4 • 
? • 

5 • 
1 • 

5 20 
3 • 

3 • 
? • 

6 • 
4 • 

0 • 
4 • 
5 • 

1 • 
3 10 

0 • 
5 • 

0 • 
4 • 

7 • 
0 • 
0 • 

? • 
1 • 

- • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • Φ 
2 1 0 1 2 

Figure 12. Deviation pattern arising from the assumption that the dependence of Q ont 
is described by equation, (7) when the mechanism is actually described by equations (16) 
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AN A C C E P T A B L E F I T I S OBTAINED ON ASSUMING T HE I-T CURVE TO BE 
EXPO N E N T I A L . 

THE D E V I A T I O N PLOT I S F E A T U R E L E S S AND THE STANDARD ERROR OF 
THE F I T I S C O N S I S T E N T WITH THE E S T I M A T E PROVIDED. 

A O N E - T A I L E D C H I " £ T E S T I N D I C A T E S THAT MEANINGFUL NON-RANDOM 
ERRDRS ARE ABSENT AT T H E 9 8 . 6 6 \ L E V E L OF CONFIDENCE. 
T H I S F A C T MAS NOT USED IN MAKING THE C L A S S I F I C A T I O N BUT 
TENDS TO SUPPORT I T S CORRECTNESS. 

CONCLUSION I S THAT THE PROCESS OCCURS I N A S I N G L E S T E P AND 
THAT I T S RATE I S MASS-TRANSFER-CONTROLLED: 

A + 1 Ε = Ρ 
WITH N<APP.> = . 9 9 8 5 3 1 6 ? IN A C C E P T A B L E AGREEMENT WITH 
THE E X P E C T E D VALUE* AND S= . 0 1 0 0 0 6 3 3 S - 1 . 

I F T H I S CONCLUSION I S
VAL U E OF N<APP.> WIL
CONCENTRATION OF A? T H
LONG AS T H I S REMAINS ON T H E P L A T E A U OF T H E WAVE OF A. 

THERE MAY ALSO BE A PRIOR E Q U I L I B R I U M BETWEEN A AND I T S 
PRECURSOR Y — Υ + Ζ = H <FAST> ; A + 1 Ε = Ρ . IN T H I S 
C A S E THE C L A S S I F I C A T I O N SHOULD CHANGE <TO CASE 2C> P. 698) 
I F T H E CONCENTRATION OF Ζ I S S U F F I C I E N T L Y DECREASED. 

READY 

Figure 13. Typical final output obtained with synthetic data conforming to the mecha
nism described by equation (1 ) 

values of g and on the number of data points and the manner i n 
which these are distributed along the t-axis (16)« We chose to 
adopt a fixed data-acquisition schedule, which was being used by 
one of us for research i n t h i s area eighteen years before the 
present work was begun. This enabled us to calculate the r a t i o 
S Q ^ / S Q and to use i t i n assessing the difference between the c a l 
culated and expected values of Q^. I f th i s difference i s smaller 
than, say, SSQ^, i t may be concluded that the mechanism i s 
adequately represented by equation (1). There may i n addition be 
a fast p r i o r equilibrium between the electroactive substance A 
and some other species Y: 

Y + Z m A(fast) ; A + η e = Ρ (20) 

but none of the many other p o s s i b i l i t i e s yet envisioned w i l l give 
r i s e both to an exponentially decaying current and to a value of 
£oo coinciding with the prediction of equation (3). Should the 
calculated and expected values of disagree, the sign of t h e i r 
difference i s used to produce a message id e n t i f y i n g the most 
l i k e l y p o s s i b i l i t i e s and t e l l i n g how they can be tested. Typical 
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examples of the f i n a l output from t h i s portion of the program are 
shown i n Figures 13 and 14. There are many other p o s s i b i l i t i e s , 
but a f u l l discussion of them would be impossible i n the space 
available. 

Results and Discussion 

How r e l i a b l e are the c l a s s i f i c a t i o n s effected by such a 
program? This one has been tested i n two ways: with experimental 
data for systems believed to be thoroughly well understood, and 

RM A C C E P T A B L E F I T HAS BEEN OBTAINED BY ASSUMING THAT THE I - Τ 
CURVE I S THE SUM OF AN E X P O N E N T I A L L Y DECAYING CURRENT AND R 
CONSTANT ONE. 

THE D E V I A T I O N PLDT I S F E A T U R E L E S S AND THE STANDARD ERROR OF 
THE F I T I S CONSISTEN

R O N E - T R I L E D CHI 'c TES
ERRORS RRE ABSENT RT THE 100 \ L E V E L ZJF CONFIDENCE. 
THIS FACT MAS NOT > IS ED IN MAKING THE C L A S S I F I C A T I O N BUT 
TENDS TO SUPPORT I T " C ORREC T NE Γ " . 

THE CONSTANT CURRENT MA. BE A CONTINUOUS -ARAD*IC BACKGROUND 
CURRENT EQUAL TO 9 . 6 4 5 8 9 9 E - 6 MF S = . 9 3 0 5 2 7 4 MA. 

TH I S CONCLUSION SHOULD BE CONFIRMED BY OTHER EXPERIMENTS IN 
WHICH THE S T I R R I N G EFFICIENCY". I N I T I A L CONCENTRATION OF A< 
AND E<W.E.> ARE VARIED. I F IT IS CORRECT, 
THE C L A S S I F I C A T I O N AND VALUE OF I'R«C> '··ILL i'E INDEPENDENT 
OF S T I R R I N G E F F I C I E N C Y AND CONCENTRATION OF A* BUT I ·Ρ* Ο 
WILL VARY E X P O N E N T I A L L Y WITH E'W.E.'. MOREOVER? A V I R T U A L L Y 
EQUAL S T E A D Y - S T A T E CURRENT SHOULD BE OBTAINED IN E L E C T R O L Y 
SES OF THE SUPPORTING E L E C T R O L Y T E ALONE *T T^£ R: AM Ε Ε - Μ . Ε . ' . 

THE E X P O N E N T I A L L Y DECAYING CURRENT CORRESPOND" TO A 
S I N G L E - S T E P MASS-TRANSFER-CONTROLLED PROCESS* A + NE = Ρ < 
WITH Ν·::ΑΡΡ.;:·= . 9 9 8 7 8 4 9 AND S= 9 . 9 9 5 5 7 5 E - 3 S -1 

T H I S CONCLUSION SHOULD BE CONFIRMED BY OTHER EXPERIMENTS IN 
WHICH THE S T I R R I N G EFFICIENCY-. I N I T I A L CONCENTRATION OF Α· 
AND E<W.E.> ARE VARIED. I F IT I S CORRECT-
THE C L A S S I F I C A T I O N AND THE VALUE OF N«.APP.> WILL BE UNAF
F E C T E D BY THES E CHANGES. 

THERE MAY ALSO BE A F A S T PRIOR E Q U I L I B R I U M BETWEEN A AND I T S 
PRECURSOR Υ: Υ + Ζ = A <FAST>; A + NE = P. IN T H I S CASE T HE 
C L A S S I F I C A T I O N WILL CHANGE <TO CASE £C, p. 698> I F THE CON
CENTRATION OF Ζ I S S U F F I C I E N T L Y DECREASED. 

READY 

Figure 14. Typical final output obtained withe synthetic data conforming to equation (7) 
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3. AN APPARENTLY CONSTANT CURRENT HAVING THE OPPOSITE SIGN 
FROM THE CURRENT FDR REDUCTION OR OXIDATION OF R. AND 
EQUAL TO APPROXIMATELY 3.500000E-6 MF- S = .35 MA? 
WHICH IS TOO SMALL FOR POSITIVE IDENTIFICATION BY THIS 
PROGRAM. A CONSTANT CURRENT OF THE MAGNITUDE GIVEN ABOVE SHOULD 
BE OBSERVED IN THE BLANK SOLUTION AT THE SAME E'W.E.>> 
AND ITS VALUE SHOULD BE SUPPLIED IN THE INITIAL DIA
LOGUE WHEN THIS PROGRAM IS RE-RUN. 

Figure 15. A portion oj the final output obtained when if,c/(i0 — iftC) is between 
3 X 10~4 and 8.5 χ 10*. The value given for the constant current is calculated from 

an empirical rehtion between i/,c/(Q-s - iftC) and Q„tCaic - Q«M M * . 

with synthetic data obtained by superimposing normally d i s t r i 
buted random errors on the theoretical values calculated from 
exact equations. As the work i s s t i l l i n progress, we can provide 
a f u l l report only on discriminations between the simplest mechan
ism [equation (1)] an
background current i s als

There are three d i f f e r e n t results that may be obtained, and 
i t i s convenient to describe them i n terms of the r a t i o of the 
continuous faradaic background current to the i n i t i a l current 
for the reduction of A. This r a t i o corresponds to i f f c / i i p - i f , c ) 
i n equation (6). The values c i t e d i n the following paragraphs 
r e f l e c t certain arbitrary decisions made i n constructing the 
program, and have no absolute significance. Nevertheless they 
correspond surprisingly well to the levels at which an informed 
human chemist would draw line s between reasonable assurance and 
substaintial doubt i n interpreting the same data. 

1· i f f c / ( i ° - i f f 0 . 0 0 1 . Thirty-seven sets of data f u l 
f i l l i n g t h i s condition were analyzed; every one was c l a s s i f i e d as 
involving a continuous faradaic background current - or some 
phenomenon that even a human chemist could not distinguish from 
t h i s on the basis of a single experiment. 

2. if, c/(i°-if ,c> 0.00025. Forty-four sets of data f u l 
f i l l i n g t h i s condition were analyzed; every one was c l a s s i f i e d as 
corresponding to a simple process - or, again, something i n d i s 
tinguishable from t h i s . 

3. 0.0003 <. i f , c / U°-if, c) 0.00085. Twenty-four sets of 
data f u l f i l l i n g t h i s condition were analyzed. For each one 
equation (2b) provided a satisfactory f i t , but yielded a value 
of g» that was not i n acceptable agreement with the expected one. 
The hypothesis represented by equation (1) i s then accepted and 
the f i n a l printout includes the paragraph shown i n Figure 15 as 
one of several possible explanations of the error i n £». 

It i s not surprising that the boundary between regions 2 
and 3 should be as sharp as i t i s . There i s a very d i r e c t 
r e l a t i o n between the value of if f c/(i°-if, c) and the value of g» 
obtained from a f i t to equation (2b), and the standard error of 
2» i s so small that even a small variation of i f /C/(i°-.if ,c) 
produces a comparatively large variation of g». 
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However, we were not prepared to f i n d that the boundary 
between regions 1 and 3 i s equally sharp. The boundary between 
regions 2 and 3 i s governed by purely s t a t i s t i c a l considerations, 
but the one between regions 1 and 3 depends on the p o s s i b i l i t y 
of identifying the features of a deviation pattern i n the face of 
random errors that occasionally cloak them against vis u a l detec
tion. We see no way of avoiding the conclusion that deviation-
pattern recognition i n the fashion outlined here i s no less 
r e l i a b l e and useful than the familiar tests prescribed by 
c l a s s i c a l s t a t i s t i c s . 

Conclusion 

There appear to be two, and only two, reactions that can 
be manifested by the chemist watching the execution, or inspecting 
the f i n a l output, of a properly constructed c l a s s i f i c a t i o n pro
gram. Rather to our surprise
One, which was mentione
a human being's devoted application of understanding and i n t u i 
t i on can be so accurately duplicated by a machine. As such 
programs become more common i n the years to come - no matter 
whether they involve pattern recognition, the sort of numerical 
analysis outlined here, or some other technique not yet devised -
this incredulity w i l l probably be the chief deterrent to th e i r 
wide and ready adoption. Those who write such programs, and who 
study the prin c i p l e s on which such programs can be based, should 
r e a l i z e that they appear to much of the s c i e n t i f i c community to 
be challenging the worth of the human being i n science, and would 
do well to face the psychological and philosophical problems that 
are involved. 

The other common reaction i s to personify the computer 
executing the program. This i s especially apt to happen i f the 
numerical computations and other processes that produce and 
guide the f i n a l c l a s s i f i c a t i o n are concealed during execution, 
and i f the f i n a l output includes p o s s i b i l i t i e s that the watcher 
recognizes as being correct but did not think of or remember 
u n t i l the computer terminal printed them out. I t i s oddly easy 
to forget the role that the programmer has played i n paving the 
path from i n i t i a l input to f i n a l printout. 

Whatever the extent to which these problems may hinder and 
delay the achievement of general popularity and widespread use by 
machine-classification procedures, there i s a very r e a l foundation 
for the enthusiasm that t h e i r proponents have evinced at t h i s 
symposium. Believing that the length of his s c i e n t i f i c career 
exceeds that of any other member of th i s group, the senior author 
of t h i s paper wishes to express his conviction that he has seen 
no other development i n s c i e n t i f i c thought, knowledge, or method
ology - with the single exception of on-line data acquisition and 
processing - that has had anything l i k e the same promise of 
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changing the structure of science and the professional l i v e s 
of those who pursue i t s ends. For th i s reason he hopes that t h i s 
symposium w i l l swell the ranks of those who are active i n i t s 
f i e l d . 
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Examples of the Application of Nonlinear Regression 
Analysis to Chemical Data 

Y. C. MARTIN and J. J. HACKBARTH 

Abbott Laboratories, North Chicago, IL 60064 

Nonlinear regressio  analysi  i  powerful mathematical 
tool which has been use
not achieved widespread application in chemistry. It is the 
purpose of this communication to illustrate some of the 
circumstances in which we have found the method to be useful. 
The objective is to encourage others to use this technique for 
other data-fitting problems. 
Introduction to Nonlinear Regression Analysis 

What is nonlinear regression? How does it differ from 
linear regression? Linear regression analysis is the process of 
finding the least-squares best fit of a set of data to a uni- or 
multidimensional equation in which the parameters (coefficients) 
to be fit are linear functions of the observed properties. The 
simplest linear regression analysis involves fitting data to a 
single parameter; as the name implies, the equation is that of a 
straight line: 

Yi = b0 + b1xi + ε eq. 1 
In equation 1, Y1 is the observed value of the dependent 
variable of observation i , is the value of the independent 
variable for observation i, bo is the intercept of the line on 
the Y axis, bi is the slope of the line, and ε is the error. 

Nonlinear regression analysis i s the process of finding the 
least-squares best f i t of a set of data to an equation which i s 
not li n e a r i n the parameters to be f i t . A very simple example 
i s : 

log(Yi) = l o g ( l + aX ±
b) + ε eq. 2 

Equation 2 i s nonlinear i n a and b, the parameters to be f i t . 
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154 CHEMOMETRICS: THEORY AND APPLICATION 

Most chemical relationships are nonlinear: one familiar example 
i s the fraction of an acid ionized as a function of pH and pK a: 

α = pK -pH 
10 +1 

eq. 3 

If some physical property were l i n e a r l y related to a, then the 
observed variables would be the physical property i n question and 
pH. The pK a would be the parameter to be f i t . 

How does one determine what i s the "best" f i t i n the 
nonlinear case? As with li n e a r regression, the least-squares 
c r i t e r i o n for best f i t i s commonly used. I t i s defined as that 
choice of value for the adjustable parameters (bo and b i i n 
Equation 1 or a and b i
difference between the
the basis of the Xj/s i  Mathematically,
involves taking the p a r t i a l derivative with respect to each of 
the parameters of the equation for the sum of the squared 
differences, setting t h i s derivative equal tb zero, and solving 
for the parameter. In the linear case this a l l works very w e l l — 
the values of bg and b^ can be e x p l i c i t l y determined. 
Nonlinear equations do not y i e l d such an easy solution for the 
minimum sum of squares: hence, i n order to fi n d the best f i t to a 
nonlinear equation an i t e r a t i v e procedure must be used. Hence 
one starts with a set of best guesses for the values of the 
parameters to be f i t . The sum of squared deviations between 
observed and calculated Yj/s i s then calculated. By some 
algorithm another set of (better) estimates i s chosen and the sum 
of squared deviations i s calculated from these values. This 
process continues u n t i l , by some pre-established c r i t e r i o n , 
further changes i n the estimates do not decrease the sum of 
squared deviations from the f i t . 

From t h i s b r i e f description i t can be seen that nonlinear 
regression analysis suffers from several apparent disadvantages 
compared to lin e a r regression. An i n i t i a l estimate of the 
parameter values must be supplied, an algorithm for finding the 
minimum sum of squares must be provided, and many calculations of 
th i s sum of squares are required for the solution to one problem. 
In view of these d i f f i c u l t i e s , the t r a d i t i o n a l method for f i t t i n g 
a nonlinear equation has been to transform the equation into a 
line a r form and f i t the data to this transformed equation. The 
disadvantages of such a l i n e a r i z a t i o n strategy are that i t may 
involve hours of algebraic manipulation, that frequently 
assumptions must be made as to the range of the data or the 
importance of terms i n a sum, and that the resulting equation 
i m p l i c i t l y weights the data i n a manner which may not be 
consistent with experiment. 
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8. MARTIN AND HACKBARTH Nonlinear Regression Analysis 155 

On the other hand, advances in computer technology have made 
these disadvantages of nonlinear regression analysis r e l a t i v e l y 
unimportant. I n i t i a l estimates are e a s i l y determined with 
standard graphics techniques i n which the data and calculated 
curve are displayed on a cathode ray tube. Algorithms to fi n d 
minima and maxima are easy to implement. F i n a l l y , the 
computations of many sums of squares i s a t r i v i a l task for a 
computer. The major advantages of nonlinear regression analysis 
are that one f i t s data to the equation as derived and that 
simplifying assumptions are not necessary. 

Computer Programs 

As noted above, i n the analysis of nonlinear problems we 
have found i t convenient to be able to display the data and a 
calculated curve on a cathode ray tube. The parameters of the 
calculated curve may the
reasonable f i t to the data
parameter space for estimates i s not d i f f i c u l t , i n fact i t often 
reveals unsuspected facets of the data. A companion program 
takes the same data f i l e and generates instructions for a Calcomp 
pl o t t e r to make a hard copy of what was seen on the screen. We 
have written programs for two dimensions (one independent 
variable) and three dimensions (two independent variables). 

We use a simplex method to find the minimum sum of squares 
(9,10). The algorithm includes expansion and contraction of 
dimensions of the simplex. The s t a t i s t i c a l properties of the 
best f i t are calculated by the equations used i n the BMD P-series 
(11). 

General Description of Examples 

The following discussion i l l u s t r a t e s the two p r i n c i p l e types 
of application which we have made of nonlinear regression 
analysis. The f i r s t type of application i s the calculation of 
physical properties of a molecule from experimental observations. 
We have chosen as an example the calculation of the pK a's of a 
dibasic substance from measurements of absorbance vs pH. The 
other two examples are from our work on the quantitative 
relationship between physical properties and b i o l o g i c a l potency 
of drug analogs. Variation i n anti b a c t e r i a l potency of 
nitrophenols and erythromycins as a function of structure and pH 
of the test are examined. 

Example 1: pK a's of a Dibasic Substance from Absorbance 
Measurements 
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156 CHEMOMETRICS: THEORY AND APPLICATION 

Recently we wanted to know the pK a's of the following 
compound: 

H 

Since i t i s not soluble enough to t i t r a t e , we measured i t s 
u l t r a v i o l e t spectrum with changes i n degree of protonation, ie_ as 
a function of pH. Es s e n t i a l l y the method described by Albert and 
Serjeant were followed (12). That i s , the u l t r a v i o l e t spectrum 
of the compound was recorded i n buffer solution at several pH's 
near the suspected pK a

304 nm as a function o
over such a wide pH i n t e r v a l , we concluded that the absorbance 
change reflected more than one pK a. 

The f i r s t nonlinear function we attempted to f i t was that 
given by Albert and Serjeant (12): 

c t a d [ H + ] 2 + c ^ t H + l K ! + ο^ηΚλΚ2 

[ H + ] 2 + [H+l^ + Κ χ Κ 2 

A =1 eq. 4 

i n which c t i s the t o t a l concentration of the compound; a d , 
a^, and a n are the molar absorbtivities of the dication, 
monocation, and neutral forms respectively; and and K 2 
are the f i r s t and second acid dissociation constants. This form 
of the equation led to problems i n f i t t i n g , p a r t i c u l a r l y with 
data from t r i b a s i c analogs. Solution of Equation 4 i n terms of 
[H+] led to an algebraically very complex relationship. So we 
manipulated Equation 3 further u n t i l we realized the following: 

A ( [ H + ] 2 + [Η+ΙΚχ + K]K 2) = c t a d [ H + ] 2 + CtamtH+ΙΚχ + c ta nKiK2 

or 

0 = ( c t a d - A) [H +]2 + ( C t a m - A) tH+l^ + ( c t a n - Α)Κ χΚ 2 

Since a l l terms add up to a sum of zero, the sum of those with 
a positive sign must equal the sum of those with a negative 
sign. The former sum i s labelled "POS", and the l a t t e r , "NEG". 
Hence : 
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POS » -NEG 

or 
POS 

1 -
-NEG 

or 

0 « 

Hence we chose to f i t the following function: 

POS 
P H c a l c ' l o 9 + pH obs eq. 5 

-NE

The computer program tests the sign of each term i n the 
equation for each data point, sums the positive and negative 
terms separately, and places the sum of the positive values i n 
the numerator and the sum of the negative values i n the 
denominator. 

From t h i s type of analysis of the data, the following 
values were calculated: 

ρΚ χ « 2.31 ± .02 
pK 2 - 4.45 ± .02 
c t a d » 0.508 ± .001 
c t a m « 0,316 ± .002 

c t a n w a s experimentally established from measurements at 
high pH to be 0,181. The s t a t i s t i c s of f i t are: 

R2 - .9997, s = .0253, with 6 degrees of freedom. 

Figure 1 shows the curve calculated on the basis of th i s f i t . 
From every standpoint, the use of nonlinear regression analysis 
allowed the maximum information to be gained from the data. 
The precision of f i t i s satisfactory considering the low number 
of experimental points involved and the closeness of the two 
pK a's. 

We have used t h i s method of calculation to f i t the 
pKa's of t r i b a s i c substances from absorbance measurements at 
several pH's, and also to f i t the pK a's of the individual 
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ABSORBANCE AT 304 V3 PH 

Figure 1. The variation in absorbance of Compound I at 304 nm as a function of pH. 
The curve is calculated from Eq. 4, pK, = 2.31, pK2 = 4.45, and the absorptivity of the 
diprotonated species times the concentration equal to 0.580, that of the monoprotonated 

species equal to 0.316, and that of the nonprotonated species equal to 0.181. 

SCHEME I 
Compartment-. 
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amines of polybasic molecules from the pH dependence of the 
change i n the carbon-13 NMR chemical s h i f t . 

Example 2; Antibacterial Potency of Nitrophenols 

Our p r i n c i p l e research i s in the analysis of the 
relationships between chemical and b i o l o g i c a l properties of 
compounds. We have recently become aware of the importance of 
the form of the equation to which the data are f i t . 
S p e c i f i c a l l y , a consideration of the general properties of the 
b i o l o g i c a l system i n which the data was generated coupled with 
a statement of the lin e a r free energy assumptions which may be 
made about the structure-activity relationships of each part of 
thi s b i o l o g i c a l system can lead to some very useful insights 
into the form of the equation which should be used to analyze 
the data. 

Our f i r s t publicatio
concerned b i o l o g i c a l system
between several compartments; th i s model applies p r i n c i p a l l y 
to i n v i t r o tests (13). The equation derived for a four 
compartment model (Scheme I) i s s u f f i c i e n t to correlate the 
data from the examples discussed i n th i s paper. Compartment 
one i s the aqueous compartment outside of the bacteria, that 
i s , the medium; compartment two i s the aqueous compartment 
inside of the bacteria; compartment three i s a nonaqueous, 
nonreceptor compartment; and compartment four i s the receptor. 
Compartments one and two become i d e n t i c a l i f t h e i r pH's are 
i d e n t i c a l . From simple l i n e a r free energy assumptions about 
the relationship between binding i n a compartment and 
hydrophobicity of the various analogs as measured by the 
octanol-water p a r t i t i o n c o e f f i c i e n t (Ρ), the following equation 
may be derived: 

α 
1 + Ζ — — I e (î- 6 

log(1/C) = log 
1 -ou 

1 + ζ + dP c 

l-Olo 1-Oh ι-α2 

+ X 

The symbol a indicates the fraction of the compound i n the 
ionized form at the pH of the pa r t i c u l a r compartment. The 
dependent variable i s the negative logarithm of the 
concentration, C., of the compound required to produce the 
defined b i o l o g i c a l response. The independent variables are 
and P. F i n a l l y , the parameters to be f i t i n the regression 
analysis are Z, a, b, c, and d. From the model i t may be shown 
that Ζ i s the r e l a t i v e a f f i n i t y for the receptor of the ion 
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-6.0 

1.5 2.0 

υ * 1 

2.5 

Figure 2. Tu?o uieu* of the variation in antibacterial activity of 
nitrophenoh as a function of foaV and log(l — a). The curve is 

calculated from Eq. 7. 

compared with that of the neutral form of a drug. A, b, c, and 
d are related to the extrathermodynamic relationships between 
binding constants to the nonaqueous and receptor compartments 
and logP. 

A series of s i x nitrophenols had been tested vs E. c o l i at 
pH's 5.5, 6.5, 7.5, and 8.5 (14). A l l 24 data points f i t the 
following equation (15): 

log(1/C) • log 

1 + Ζ 
1-α 

1 + + dP° -κ-
1-α 1-α 

+ χ eq. 7 
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i n which: 

log(Z) » -3.60 ± 0.17 
c » 4.95 ± 0.81 

log(d) = -6,96 ± 1.61 
X* = 5.41 ± 0.10 

pK a = 3.26 ± 0.73 

The s t a t i s t i c s of f i t are: 

R 2 + 0.909, s » 0.209, and η » 24. 

Figure 2 i s a pl o t of log(l/C) as a function of logP and 
l o g ( l - a ) . 

These parameters correspond to a case i n which there i s no 
variation i n hydrophobi
series. However, ther
to the nonaqueous compartment. Only one aqueous compartment 
(at the pH of the external medium) i s needed to f i t the data. 
A s l i g h t l y better f i t i s found when the pK a of p i c r i c acid i s 
allowed to vary; this pK a i s indicated with an asterisk 
above. The value of Ζ indicates that the ionic form of any 
nitrophenol has 4000 X less potency than the neutral form of 
the same compound; this value i s s i g n i f i c a n t l y d i f f e r e n t from 
zero. 

Example 3: Antibacterial Potency of N-benzyl Erythromycins 

In t h i s series one of the hydrogen atoms of the 
dimethylamino group of erythromycin, structure below, was 
replaced with a substituted phenyl group. 

(15) 

CH3 CH, CH 

IA *=OH Erythromycin A 

IB R=H Erythromycin 6 

The log r e l a t i v e potencies of these compounds as measured at pH 
6.00, 7.00, and 7.65 i s well f i t by the following equation: 
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eq. 8 
pKa-6.0 

log(1/C) « log 1 + 10 + eEs + X 
pKa-6.0 pKa-pHjL 

1 + 10 + a ( l + 10 

i n which: 

log(a) = 1,30 * 0.23 
X = 2.64 ± 0.17 
e = 0.303 ± 0.065 

The s t a t i s t i c s of f i t are: 

R 2 = .844, s = 0.186, η = 38. 

Thé substituent constan
the r e l a t i v e size of th
phenyl ring. Figure 3 i s a p l o t of potency as a function of 
the pK a of the compound and the pH of the test. 

Both the numerator and denominator of Equation 6 are 
dominated by a single term because the amount of io n i c form of 
the drug bound to the receptor i s larger than the amount of 
neutral form of the drug bound to the receptor, and because 
most of the drug added to the system remains i n the external 
aqueous compartment. As a consequence of t h i s i t was not 
possible to independently f i t a l f Z, and a 2 . Therefore, 
pH 2 was a r b i t r a r i l y set at 6.0, and a hybrid constant, a, was 
f i t : 

Within the l i m i t s stated previously, the values of the 
constants found by the nonlinear regression analysis lead to 
certain tentative conclusions with respect to the determinants 
of potency i n t h i s series. F i r s t , two aqueous compartments of 
di f f e r e n t pH must be considered i n the analysis. Additionally, 
the pH of the aqueous phase within the bacteria remains 
r e l a t i v e l y constant when the pH of the external phase i s varied 
from 6.0 to 7.65. Second, the ionic form of these compounds 
contributes s i g n i f i c a n t l y to potency. I t i s not possible to 
establish the r e l a t i v e potency of the ion vs that of the 
neutral form, however, because of the problem discussed above. 
Third, there i s no evidence for hydrophobic bonding of the 
phenyl ring and i t s substituents to the receptor or to an i n e r t 
phase. Fourth, substituents at the para position decrease 
potency by a s t e r i c e f f e c t . 

P H 2 

a = 
Ζ 
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Figure 3. Two views of the variation in antibacterial 
activity of N-benzyl erythromycins as a function of pH 
of the medium and pKa of the compound. The curve 

is calculated from Eq. 8. 

These examples show some of the uses which we have made of 
nonlinear regression analysis. Once one has a l i t t l e 
experience with a program i t can e a s i l y become a routinely used 
and extremely helpful t o o l for the mathematical analysis of 
chemical data. 
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A Computer System for Structure-Activity Studies 
Using Chemical Structure Information Handling and 
Pattern Recognition Techniques 

A. J. STUPER, W. E. BRUGGER, and P. C. JURS 

Department of Chemistry, The Pennsylvania State University, University Park, PA 16802 

The study of relationship
their biological activit
attention. The term biological activity covers a range from 
pharmaceuticals and drugs to agricultural chemicals such as pest
icides and herbicides to toxic reactions such as those of poisions, 
carcinogens, teratogens, and mutagens. A variety of methods have 
been exploited for structure-activity studies: 

(1) The semiempirical linear free energy related (LFER) or 
extrathermodynamic model developed by Hansch and co-workers. The 
LFER method is applied to homologous series of compounds that are 
related in that they are formed by placing substituents on a par
ent compound. The method depends on defining quantitative corr
elations between physicochemical parameters of a compound and the 
biological response observed. An equation of the form 

log (1/C = aπ2 + bπ + ρσ + cEs + d 

is fit to the set of data using linear regression. The variables 
are as follows: C is the concentration of the compound necessary 
to produce a standard biological response; π is the difference 
between the logarithm of the 1-octanol/water partition coefficient 
of the parent compound and the substituted compound; σ is the 
Hammett substituent constant that provides a measure of the elec
tronic effect on the reaction rate; and E s is a steric factor 
which compares sizes of substituents to that of methyl taken as a 
standard. 

(2) The de novo or additivity model proposed by Free and 
Wilson. In this approach the contributions to the parameter de
fining biological response by each substituent group is assumed to 
be additive. The equation is 

Ai = y + Zj a j # p 

where μ is the overall average activity (the contribution of the 
constant part of the molecule, the parent structure), aj^p is the 
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contribution to the a c t i v i t y from the j t h substituent i n the pth 
position i n the parent structure, and Ai i s the standard b i o l o g i 
c a l response for drug compound i . Regression analysis i s used to 
obtain numerical values for the substituent contributions. 

(3) Quantum mechanical methods. These methods have been 
used to calculate parameters to be correlated with a c t i v i t y and 
for the determination of preferred conformations of b i o l o g i c a l l y 
active molecules. 

The purpose of the present project was to apply the ADAPT 
computer system to s p e c i f i c structure-activity problems. The 
ADAPT computer system combines techniques of chemical structure 
information handling and pattern recognition for the study of 
chemical structure-biological a c t i v i t y relations. This system can 
be used to enter and store a set of diverse chemical structures, 
generate structural descriptors, and analyze them using pattern 
recognition methods. These three steps are i l l u s t r a t e d i n Figure 
1. 

Several premises ar
of structure-activity relations: 

-Structure and b i o l o g i c a l a c t i v i t y are related. 
-Structures of compounds can be adequately represented as a 
set of molecular descriptors. 

-A r e l a t i o n can be discovered between the structure and act
i v i t y by applying pattern recognition methods to a set of 
tested compounds. 

-The r e l a t i o n can be extrapolated to untested compounds. 

Introduction to Pattern Recognition 

Chemical and b i o l o g i c a l data are being produced at a prodig
ious rate. This had led to burgeoning interest i n computer a s s i s t 
ed methods for the accumulation, handling, and interpretation of 
these data. Standard approaches to the interpretation problem i n 
clude s t a t i s t i c a l interpretation, curve f i t t i n g and model f i t t i n g . 
The development or v e r i f i c a t i o n of mathematical expressions r e l a t 
ing independent variables and observable dependent variables i s 
the goal of such studies. The intent i s to create a model whose 
parameters represent quantities with physical significance. Then 
best values for the parameters are developed from the data by model 
f i t t i n g . In the absence of a mathematical model, curve f i t t i n g 
using general functions, e_.£., polynomials, can be employed. Not 
a l l problems faced by the chemist, however, lend themselves to such 
exacting solution: frequently, equations describing processes of 
interest are d i f f i c u l t or impossible to obtain, and a host of prob
lems have not yielded to a satisfactory or usable theoretical ex
planation. In the absence of theoretically-based solutions, emp
i r i c a l l y - d e r i v e d methods w i l l often su f f i c e to y i e l d useful and 
p r a c t i c a l solutions to complex problems. 

Standard approaches to the extraction of information from 
complex data forms have included l i n e a r optimization, information 
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ENTRY AND 
STORAGE OF 
CHEMICAL 
STRUCTURES 

Connection 
Tables 

DESCRIPTOR 
GENERATION 

Data 
Matrix 

PATTERN 
RECOGNITION 
ANALYSIS 

Figure 1. Steps in 

dure 

theory, and a plethora of s t a t i s t i c a l analysis techniques. Since 
the early 1950's pattern recognition methods have also been a p p l i 
ed to a variety of data interpretation problems and have p a r a l l e l 
ed the computer's growth i n speed and sophistication with a corr
esponding expansion in scope and capacity. Pattern recognition 
techniques have found application i n such varied f i e l d s as comput
er and information science, engineering, s t a t i s t i c s , biology, 
physics, medicine, and physiology. Each of these d i s c i p l i n e s has 
adapted the basic methods of pattern recognition to i t s own speci
f i c requirements. 

Pattern recogniton comprises the detection, perception, and 
recognition of invariant properties among sets of measurements of 
objects or events. The purpose of pattern recognition i s general
l y to categorize a sample of observed data as a member of the class 
to which i t belongs. This general approach has been applied to 
problems from a number of diverse f i e l d s . Several excellent re
views of the pattern recognition l i t e r a t u r e have appeared which 
dramatize the enormous breadth of pattern recognition applications 
(1-5). There i s a growing l i t e r a t u r e addressed to the applications 
of pattern recognition to chemical data interpretation. 

Pattern recognition methods are uniquely suited to a variety 
of studies because of several novel attributes. No mathematical 
model i s used, but rather relationships are sought which provide 
definitions of s i m i l a r i t y between diverse groups of data. Pattern 
recognition techniques are able to deal with high dimensional data 
(data for which more than three measurements are used to represent 
each object). Such high dimensional data can not be d i r e c t l y 
v i sualized or displayed. In addition pattern recognition techni
ques can deal with multisource data or data i n which the r e l a t i o n 
ships are discontinuous. In multisource data each measurement can 
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be the result of an independent generating algorithm or experiment, 
and each can have a d i f f e r e n t scale, o r i g i n , d i s t r i b u t i o n , etc. 
from a l l the other measurements. Therefore, there w i l l be no d i r 
ect functional relationship between the measurements i n multisource 
data as there must be, for example, i n an absorbance vs. concentra
tion plot. In applications of pattern recognition to structure-
a c t i v i t y relations, the data i s always multisource data. For prob
lems providing multisource data, i t i s d i f f i c u l t to know in advance 
whether an appropriate set of measurements has been generated to 
e f f e c t a satisfactory solution. The generation of s u f f i c i e n t l y i n 
formative multisource measurements can become i n i t s e l f a major 
part of the o v e r a l l pattern recognition experiment. When a number 
of measurements are available, pattern recognition can be used to 
judge their r e l a t i v e quality or u t i l i t y with regard to s p e c i f i c 
questions. I t i s t h i s a b i l i t y to define relations through use of a 
diverse set of measurements which affords pattern recognition tech
niques their u t i l i t y i n such a wide variety of f i e l d s

When properly used
chemist to develop c r i t e r i  presenc  propertie
to a p a r t i c u l a r sub-set of the t o t a l number of measurements. Once 
the important measurements are i d e n t i f i e d , they can be used to 
guide the development of subsequent experiments. For example, i f 
a chemist were to find that ten structural parameters were import
ant indicators of a p a r t i c u l a r b i o l o g i c a l e f f e c t , then he might 
hypothesize several as yet unstudied structures, and use the re
sults from the pattern recognition analysis to make an educated 
guess as to their e f f e c t s . Alternatively, the fact that the part
i c u l a r ten parameters were shown to be important may lead to added 
insights into the problem. This a b i l i t y to pick a subset of the 
o r i g i n a l measurements which contains the bulk of the t o t a l i n f o r 
mation content i s extremely desirable. As relations between sev
e r a l variables are not e a s i l y deduced through observation, t h i s i s 
an extremely useful capability of pattern recognition. 

Basic Pattern Recognition System. A general pattern recogni
tion system for structure-activity studies must be capable of acc
epting numerical descriptors from the descriptor development rou
tines performing p r i o r feature selection preprocessing the data, 
and c l a s s i f y i n g the compound. A schematic representation of t h i s 
basic system i s shown i n Figure 2. I t consists of four i n t e r r e l a 
ted subunits: p r i o r feature selection, preprocessing, c l a s s i f i c a 
t i on, and feedback feature selection. The p r i o r feature selection 
routine accepts the data to be c l a s s i f i e d and transforms them to 
make the c l a s s i f i c a t i o n task easier. Then, the preprocessor 
attempts to pursue the following two goals simultaneously: (a) to 
reduce or eliminate the fraction of information contained i n the 
raw data that i s irrelevant or even confusing; and (b) to preserve 
s u f f i c i e n t information to allow discrimination among the pattern 
classes. The c l a s s i f i e r operates on the transformed pattern vec
tor to produce a c l a s s i f i c a t i o n decision. The feedback loop i n -
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dicates that the pattern recognition system may use the results of 
i t s c l a s s i f i c a t i o n to develop a superior feature extraction app
roach. The entire pattern recognition system i s generally imple
mented with computer software. 

C l a s s i f i e r s . Methods of c l a s s i f i c a t i o n f a l l naturally into 
two categories: parametric and nonparametric methods. Parametric 
training methods consist of estimating the s t a t i s t i c a l parameters 
of the samples forming the training set and then using these s t a t 
i s t i c a l parameters for the sp e c i f i c a t i o n of the discriminant 
function. Nonparametric discriminant functions are developed 
d i r e c t l y from a sample of data themselves. 

Learning Machines. Data to be used i n pattern recognition 
studies are represented as vectors, X = (x^, x2# ···/ xn) ' where 
XJ represents one observation. Structures of molecules can be 
coded i n t h i s format usin
es. For example, entrie
bers of oxygen atoms, length, volume, l i p o p h i l i c i t y , dipole moment, 
number of times a p a r t i c u l a r substructure i s imbedded i n the 
structure, etc. For computational convenience an extra descrip
tor, whose value i s set equal to a constant, i s added to each 
pattern vector. 

Data represented as vectors can be thought of either as 
points i n an η-dimensional Euclidean space or as vectors pointing 
from the o r i g i n to those points, hence pattern vectors. Thus, a 
set of data such as a c o l l e c t i o n of mass spectra or a set of s u i t 
ably encoded chemical structures can be represented as a set of 
η-dimensional pattern vectors. Experience shows that points re
presenting patterns with common characteristics c l u s t e r i n l i m i t 
ed regions of the pattern space. For example, a set of points re
presenting the molecular structures of compounds active as tran
q u i l i z e r s may cluster i n a dif f e r e n t region. 

There i s an important relationship connecting the number of 
points i n a data set, m, and the number of descriptors per point, 
n, the dimensionality of the space. As shown by Nilsson (6) and 
by Tou and Gonzalez {!) the a b i l i t y of a binary pattern c l a s s i f i e r 
to separate points i s high, even for random points, i f m i s less 
than twice as large as n. The probability of finding a lin e a r 
decision surface capable of separating any randomly placed 50 
points i n a 25-dimensional space i s nearly unity. Direct tests 
in our laboratory are i n agreement with the theory of BPC's and 
show that one has not eliminated the p o s s i b i l i t y of meaningless 
training u n t i l m i s two point five or three times as large as n. 
Thus, i f one finds a separating linear decision surface for 75 
points i n a 25-space, then the probability i s overwhelming that 
the separation i s meaningful, and i t i s not a mathematical a r t i 
fact. 

If the clusters are dense and are far apart from each other, 
and i f the dimensionality of the space i s s u f f i c i e n t l y low, then 
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display or mapping techniques can be used. This i s done by per
forming a one-to-one mapping of pattern points from the o r i g i n a l 
η-dimensional space to a 2- or 3-dimensional space with as l i t t l e 
d i s t o r t i o n as possible. I f these techniques can be successfully 
employed, then one can observe the clusters d i r e c t l y on a 2- or 
3-dimensional plot. 

An alternative way to investigate the structure of the set of 
points i s to separate the clusters from one another by decision 
surfaces. The simplest decision surface i s a hyperplane. Two 
clusters of points which can be completely separated by a hyper
plane are said to be l i n e a r l y separable. Any hyperplane has 
associated with i t a normal vector, c a l l e d here the weight vector. 
The weight vector consists of an ordered sequence of components, 
W = (w^, w2# w n), which stands i n one to one correspondence 
with the components of the patterns to be c l a s s i f i e d . S p e c i f i 
cation of the components of the weight vector i s completely equi
valent to sp e c i f i c a t i o n f th  positio f  hyperplan  decisio
surface. 

Any pattern point i  hyperspac
respect to a hyperplane decision surface by taking the dot product 
between that pattern vector and the normal vector, or weight vect
or: 

s = W.X = w^x^ + W2X2 + ... + w nx n = Iw| |x| cos θ 

i n which θ i s the angle between the two vectors. Since |w| and |x| 
are always pos i t i v e , then the value of θ determines the sign of the 
dot product. For patterns on one side of the plane the dot prod
uct i s always positive, and for patterns on the opposite side the 
dot product i s always negative. The dot product i s normally com
puted from the summation of pairwise products of the components of 
the two vectors for convenience. The correspondence between cate
gory 1 and category 2 and the two sides of the hyperplane i s arb-
it a r y . 

The l o g i c a l operation described above i s performed by a thres
hold l o g i c unit or TLU. The TLU accepts the pattern vector to be 
c l a s s i f i e d , calculates the dot product between the pattern vector 
and the weight vector, compares the dot product against zero, and 
c l a s s i f i e s the pattern according to the sign of the dot product. 

Discriminant Function Development. Given the system discussed 
above for performing c l a s s i f i c a t i o n s , the outstanding problem i n 
the development of useful pattern c l a s s i f i e r s becomes that of f i n d 
ing useful decision surfaces. This can be done, for the nonpara
metric systems of interest, by a method c a l l e d t r a i n i n g . A t r a i n 
ing set of patterns whose correct c l a s s i f i c a t i o n s are known i s 
used to develop an eff e c t i v e decision surface. 

The members of the training set of objects are presented to 
the TLU being trained one at a time. The weight vector being 
trained i s i n i t i a l i z e d a r b i t r a r i l y . When an incorrect c l a s s i f i -
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cation i s made, the weight vector i s altered. The alteration i s 
performed i n such a way as to insure that the new weight vector 
w i l l correctly c l a s s i f y the pattern. This process continues u n t i l 
a l l the patterns of the t r a i n i n g set are correctly c l a s s i f i e d . I f 
the procedure does not f i n d a weight vector capable of correctly 
c l a s s i f y i n g a l l the members of the training set, then the routine 
i s terminated i n order to conserve computer time. 

Learning Machine Attributes. The c a p a b i l i t i e s and perform
ance of learning machines can be described i n terms of three p r i n 
c i p a l attributes: recognition, convergence rate, and prediction. 

Recognition i s the a b i l i t y of the trained binary pattern 
c l a s s i f i e r to correctly c l a s s i f y the members of i t s training set. 
Recognition i s 100% for a binary pattern c l a s s i f i e r whose decision 
surface i s i n the region between two separated clusters. That i s , 
after training i s complete for such a case, the TLU can correctly 
categorize any of the member

Convergence rate refer
100% recognition. Since computer time i s an expensive commodity, 
i t i s of interest to minimize training time. The t r a i n i n g proced
ures used to f i n d useful TLU*s are commonly altered so as to force 
rapid learning. 

Prediction refers to the a b i l i t y of the TLU to correctly 
c l a s s i f y unknowns which were not members of the training set. 
Prediction i s the most interesting and p o t e n t i a l l y useful of the 
attributes because high predictive a b i l i t y demonstrates that the 
TLU has been able to learn something about how to discriminate be
tween the two classes being trained for, and the a b i l i t y to 
correctly c l a s s i f y unknown spectra into useful chemical categories 
i s one drive behind a l l automation of chemical data interpretation. 
Predictive a b i l i t y i s normally tested by s p l i t t i n g the available 
data set into two parts - a training set and a prediction set. 
After training i s complete, and without further adjustment of the 
weight vector, the members of the predictive set are c l a s s i f i e d 
and the percentage correct i s taken as the predictive a b i l i t y . 
Another approach, known as the leave-one-out procedure, involves 
tra i n i n g a BPC using a training set containing a l l the data on 
hand except one member, and then predicting the class of the one 
unknown after t r a i n i n g i s complète. When averaged over a number 
of independent t r i a l s , the percentage of unknowns correctly class
i f i e d i s a measure of the predictive a b i l i t y . 

Feedback Feature Selection. After a series of weight vectors 
have been trained for the same question, then they can be used to 
perform feedback feature selection. One method that has been used 
for a number of problems i s weight-sign feature selection. Imple
mentation of t h i s method takes advantage of the fact that the exact 
orientation of a trained weight vector (that i s , the r e l a t i v e mag
nitudes of i t s components) depends on the i n i t i a l i z a t i o n used p r i o r 
to training, the magnitude of the nth component of the pattern 
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vectors, x ^ the feedback training methods employed, the sequence 
i n which the members of the training set are presented to the 
c l a s s i f i e r during training, and several other factors. In other 
words, the exact orientation of a trained weight vector depends 
on the de t a i l s of how i t was found. In weight-sign feature select
ion a pair of weight vectors i s developed for the same question 
but using s l i g h t l y d i f f e r e n t approaches, £.CJ.. , d i f f e r e n t i n i t i a l i 
zations. Then the algebraic signs of the i r components are compared 
pairwise. When the components of the two weight vectors that both 
correspond to a pa r t i c u l a r descriptor disagree i n sign, that des
c r i p t o r i s discarded; when the signs agree, the descriptor i s re
tained. The procedure i s repeated i t e r a t i v e l y u n t i l two weight 
vectors are trained that are i n complete agreement for a l l descrip
tors that are most useful for a pa r t i c u l a r c l a s s i f i c a t i o n . 

More recently, a new feedback feature selection procedure much 
superior to the weight-sign method has been developed. The v a r i 
ance feature selection metho
the orientation of a traine
was developed. Here, a group of weight vectors are trained for a 
c l a s s i f i c a t i o n problem i n a manner designed to exploit these de
pendencies. The series of weight vectors i s then used to rank the 
descriptors that were most useful i n separating the two classes 
under investigation. The ranking i s done by developing an ordered 
l i s t of the descriptors based on the re l a t i v e variation of the 
corresponding weight vector components among the series of trained 
weight vectors. Then the i n t r i n s i c descriptors (those forming the 
minimal set of descriptors s u f f i c i e n t to effe c t separation) can be 
discarded. The variance feature selection method has been applied 
to a wide variety of problems i n our laboratory. 

Chemical Applications of Pattern Recognition. Application 
studies of chemical problems using pattern recognition techniques 
have been reported i n a number of areas (8-14). These are l i s t e d 
i n subsets because each general area requires some dif f e r e n t app
roaches and techniques. 

(1) Spectral Data Analysis. Elucidation of chemical struc
ture information from spectroscopic data i s the area that has 
received the most attention from those practicing pattern recog
n i t i o n . Studies have been done with mass spectra, infrared spectra, 
stationary electrode polarograms, gamma-ray spectra, proton and 
1 3 C nuclear magnetic resonance spectra. 

(2) Materials Science. The c l a s s i f i c a t i o n of materials as to 
or i g i n or s u i t a b i l i t y with respect to production specifications has 
been reported. The data used are generally multi-source data com
ing from a variety of a n a l y t i c a l techniques. 

(3) C l a s s i f i c a t i o n of Complex Mixtures. The i d e n t i f i c a t i o n 
of petroleum samples by analyzing a n a l y t i c a l data by pattern rec
ognition techniques has been reported. Data used for c l a s s i f i c a 
t i on i n dif f e r e n t studies has included gas chromatograms, infrared 
spectra, fluorescence spectra, trace metals concentrations. A 
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second example of data analysis of complex mixtures i s from the 
b i o l o g i c a l mixtures, e_.£., serum, are feasible and have been 
reported, 

(4) Modeling of Chemical Experiments. Pattern recognition 
techniques have been used to model complex chemical systems where 
the d e t a i l s of the chemical and/or physical interactions were not 
completely understood, e_.£.,. re l a t i v e retention of compounds on 
di f f e r e n t chromatographic l i q u i d phases. 

(5) Prediction of Properties from Molecular Structure. A 
number of studies of the application of pattern recognition to the 
problem of searching for correlations between molecular structure 
and b i o l o g i c a l a c t i v i t y have been reported. 

Applications of Pattern Recognition to Structure-Activity Relations 

Applications to Structure-Activity Relations. Within the l a s t 
few years reports have begu
analysis and pattern recognitio
a c t i v i t y r e l a t i o n studies. A paper by Hansch, Unger, and Forsythe 
(15) discussed the application of hierachical cluster analysis 
techniques to the problem of selection of substituents. The data 
used to represent each drug were the l i p o p h i l i c π constant, el e c t 
ronic parameters, the approximate s t e r i c molar r e f r a c t i v i t y and 
molecular weight constants — physicochemical parameters. A paper 
by H i l l et aJU (16) discussed the problem of drug design as app
roached by using a three-layer perceptron network. Forty-six 
1,3-dioxane molecules were used as the data set for training and 
prediction of perceptrons to determine anticonvulsant a c t i v i t y . 
Predictive a b i l i t i e s i n the range of 68 to 76 percent were report
ed. A paper by Ting et a l . (17) reported correlations between the 
low resolution mass spectra of s i x t y - s i x drugs and th e i r pharma
cological a c t i v i t y as sedatives or tra n q u i l i z e r s . This paper was 
c r i t i c i z e d with regard to the set of drugs used i n the analysis 
(18) and with regard to the number of drugs used and t h e i r r e l a t i v e 
s i m i l a r i t i e s (19). Several papers (20-22) have recently appeared 
reporting studies i n which molecules were represented by a l i s t of 
structural features of the molecules. Adamson and Bush (20) used 
l i b r a r y searching programs to generate a l l structural fragments 
i n t h e i r data set and represented the drugs by l i s t s of the number 
of occurences of each substructure i n the molecules. Chu (21) 
used a number of pattern recognition and cluster analysis programs 
to analyze a set of s i x t y - s i x drugs represented by f o r t y - s i x 
fragments. 

Kowalski and Bender (22) used three pattern recognition c l a s s 
i f i e r s to attempt to c l a s s i f y 200 drugs with respect to a c t i v i t y 
for the Adenocarcinoma 755 B i o l o g i c a l A c t i v i t y Test. Their paper 
has been c r i t i c i z e d for the choice of the twenty descriptors used 
(23). Chu et a l . (24) reported on the application of pattern 
recognition and substructural analysis to the problem of i n v e s t i 
gating the antineopliastic a c t i v i t y of a set of drugs i n the 
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experimental mouse brain tumor system. The set of molecules were 
represented by augmented atom fragments, "heteropath" fragments, 
and ring fragments. Nearest neighbor and learning machine methods 
of c l a s s i f i c a t i o n were employed, and i t was concluded that these 
methods could be successfully applied to the problem. Craig and 
Waite (25) have reported the use of pattern recognition techniques 
to the prediction of t o x i c i t y of organic compounds. 

Structure-Activity Studies Using Pattern Recognition 

In order to apply pattern recognition techniques to studies 
of molecular structure-biological a c t i v i t y correlations the data 
must be taken through a number of individual steps. These are 
l i s t e d i n order to show how interrelated the steps become. 

(a) Identify data set. 
(b) Enter molecular structures. A complete description of 

the structure
f i l e . 

(c) Generate usable f i l e . A subset of compounds must be 
selected from the master structure f i l e . This may i n 
volve searching of keys for the structures, and w i l l re
quire carrying along an identifying l a b e l for each struc
ture. 

(d) Descriptor development. The molecular structures stored 
in a general purpose form (£.2/ 9 connection tables) must 
be decomposed into sets of descriptors. The three gen
er a l classes are topological, geometrical, and externally 
generated descriptors. 

(e) Form data matrix. The subset of the available descrip
tors to be used i s i d e n t i f i e d , and a matrix of data i s 
generated. I t may be partitioned into a training set and 
a prediction set. 

(f) P r i or feature selection. Techniques can be applied to 
determine which descriptors are expected to be most im
portant. 

(g) Discriminant development. The data set i s used to dev
elop a discriminant function. After development, the d i s 
criminant function can be tested on unknowns to assess 
predictive a b i l i t y . 

(h) Feedback feature selection. The results of c l a s s i f i c a t i o n 
can be used to i d e n t i f y the most useful descriptors. 

One of the primary prerequisites for a useful general purpose 
pattern recognition system i s a general, data-independent, f i l e 
management system. A general purpose system has been developed 
(26) that consists of a set of interactive computer routines known 
c o l l e c t i v e l y as ADAPT (Automated Data Analysis using Pattern recog
n i t i o n Techniques). This system provides a generalized framework 
that takes into account the p r a c t i c a l considerations inherent i n 
the implementation of the pattern recognition framework shown i n 
Figure 1. 
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ADAPT Architecture. Figure 1 does not make clear the inherent 
di v e r s i t y of the data handling problem. Not only must measurements 
from the transducer(s) be input, but they must be stored and l a b e l l 
ed. Each data point must be given a class designation and indent-
i f i c a t i o n number. Class designations must be e a s i l y assigned or 
modified. This ease of d e f i n i t i o n and red e f i n i t i o n i s of utmost 
importance i n the ov e r a l l data analysis. The source of the data 
i s also important. Sources such as d i g i t i z e d spectra or complex 
molecular structures would have widely d i f f e r e n t storage require
ments. Since the operations performed on one type of data may bear 
l i t t l e s i m i l a r i t y to the operations performed on other types of 
data, a system designed with a high degree of modularity i s required. 
To accomodate these requirements, the ADAPT system i s implemented 
in independent segments. Each segment can execute independently, 
obtaining a l l necessary information either from a set of disc stor
age f i l e s or by interaction with the user. This mode of operation 
offers several advantages
in core storage. 

The modularity decreases the complexity of the system and 
provides a means to incorporate additional algorithms into the 
system at any time. Thus the entire system i s adapted to any user's 
individual requirements since only those overlays which are r e l e 
vant to the pa r t i c u l a r problem at hand need be executed. In add
i t i o n , these routines are r e l a t i v e l y inexpensive to use because 
they do not require large scale f a c i l i t i e s for execution. F i n a l l y , 
the system i s interactive i n the sense that the user directs which 
manipulations are to be performed upon the data. 

ADAPT thus consists of a framework within which an unlimited 
number of independent segments can be supported. Each segment 
performs a s p e c i f i c , independent operation ranging from i n i t i a l 
input of data to f i n a l output of results. The general u t i l i t y of 
the system arises from the fact that the user has a large number 
of options to choose from, and he can conveniently interact with 
his data set. 

Interaction with ADAPT i s provided v i a a Tektronix 4010 CRT 
terminal. Data i s stored i n a series of defined f i l e s on cart
ridge discs. This allows fast access and ease of manipulation. 
Currently, ADAPT consists of approximately 70 defined f i l e s which 
use 2.4 m i l l i o n bytes of storage (one cartridge d i s c ) . The ADAPT 
routine uses approximately 90,000 bytes of core storage for i t s 
largest overlay and i s currently implemented using a sixteen-bit 
M0DC0MP 11/25 computer located i n the Department of Chemistry at 
The Pennsylvania State University. 

The segments of the ADAPT system can be broken down into the 
following l i s t : 

(1) F i l e generator, including graphical input of structures 
(2) Class maker 
(3) Three-dimensional model builder 
(4) Descriptor developer 
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(5) Collator 
(6) Preprocessor 
(7) P r i o r feature selector 
(8) Discriminant developer 
(9) Feedback feature selector 

(1) F i l e Generator. The l i b r a r y of drugs to be studied i s enter
ed through the f i l e generator routine. Structures are input by 
drawing them i n two dimensions on the screen of an interactive 
graphics terminal under the control of a general structural input 
routine, UDRAW, which has been f u l l y described elsewhere (27). A 
molecule's structure, along with corresponding pharmacological 
data, i s entered into a disc resident permanent f i l e . Information 
saved for future use includes a compressed connection table, ring 
information, a l i s t of reported a c t i v i t i e s , the two-dimensional 
coordinates of the atoms when entered (for possible redrawing of 
the structures l a t e r ) , a
name of the compound. I
altered by making changes to information stored for a drug, a drug 
can be en t i r e l y deleted from the f i l e , or any f i l e member can be 
displayed. A selection of recallable molecular backbones can be 
stored for more convenient entry of series of str u c t u r a l l y related 
compounds. These structures can then be made to appear upon the 
i n i t i a l UDRAW sketch pad and a complete molecule can be b u i l t up 
starting from this backbone. This allows the user to input a 
series of stru c t u r a l l y similar compounds without redrawing the base 
structure each time. The routine that oversees structure input and 
f i l e generation can maintain a f i l e of 1000 structures and associa
ted a u x i l i a r y information. 

The f i r s t structure f i l e now stored i n the system consists of 
approximately one thousand central nervous system agents taken 
from the l i t e r a t u r e (28). Among the b i o l o g i c a l a c t i v i t y classes 
reported there are analgesics, anticonvulsants, depressants, 
hypnotics, relaxants, sedatives, stimulants, and tranquilizers? 
there are approximately forty classes altogether, many of which 
overlap. 

The second f i l e of molecular structures currently resident on 
the ADAPT disc f i l e consists of 184 5,5-disubstituted barbiturates 
taken from a reference volume (29). A study using t h i s data set 
w i l l be discussed i n a la t e r section. 

The t h i r d f i l e contains approximately 500 compounds comprising 
an o l f a c t i o n data set taken from Amoore (30). Molecules reported 
to have musk, camphor, mint, ether, f l o r a l , pungent, and putrid 
odors are present. This data set i s being used i n studies of the 
re l a t i o n between molecular structure and odor quality. 

The fourth f i l e consists of a set of molecules comprising an 
ol f a c t i o n data set taken i n a study of trigeminal detection of 
compounds. These compounds are being employed i n a study of the 
s i m i l a r i t i e s and differences observed i n trigeminal as opposed to 
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olfactory detection of chemicals by humans. 

(2) Class Maker. The class maker routine i s used to access the 
li b r a r y f i l e and to create sets of l i b r a r y members that s a t i s f y 
queries entered by the user. Thus, the set of a l l f i l e members 
which have been reported to be sedatives can be formed into an 
active data set. This routine i s used to generate classes of 
structures to be used as data sets for the development of discrim
inants by another section of ADAPT. 

When the property being sought i s known quantiatively, the 
data set i s assembled i n increasing sequence. Then a series of 
discriminants can be trained for d i f f e r e n t threshold cutoffs 
between the active and inactive classes without moving any data 
but only by reallocating class memberships. 

(3) Three-Dimensional Model Builder. The three-dimensional mol
ecular model builder routin  i d t  deriv  informatio  th
spacial conformation o
col l e c t i o n of p a r t i c l e  togethe y simpl
e l a s t i c forces. These forces can be defined by potential energy 
functions whose terms are the atom coordinates of the molecule. 
This function can then be minimized to obtain a strain-free three-
dimensional model of the molecule. Geometric parameters can then 
be extracted. A wealth of information already exists describing 
the procedures and results of several d i f f e r e n t molecular mechan
ics algorithms (31,32). Therefore, finding and implementing an 
algorithm to model sets of molecules i s a r e l a t i v e l y straight
forward procedure. A modified version of the molecular mechanics 
routine described by Wipke, et a l w (33-35) has been developed 
and interfaced to the ADAPT system so that geometric descriptors 
can be derived from the resulting molecular structure. 

The molecular mechanics routine, MOLMEC, used i n conjunction 
with the ADAPT system i s highly interactive and r e l i e s on graphical 
input and output. A graphics unit i s also supported and i s u t i l i z 
ed by MOLMEC for displaying the molecule being modelled. 

The structure input section of MOLMEC has been designed to 
allow the user to either read the molecule's connection table from 
ADAPT*s disc f i l e s or else accept the structure from the CRT v i a 
UDRAW (27). Thus, MOLMEC can be used independently of the ADAPT 
system. Once the molecule has been entered, control branches to 
the interactive section where the user can dire c t the differ e n t 
phases of modelling as well as monitor the results. 

In the st r a i n minimization section, the atom coordinates are 
systematically altered u n t i l a minimum i s found i n the st r a i n or 
potential energy function. The actual s t r a i n function used i n 
MOLMEC i s : 

E s t r a i n s Ebond + E angle + Etorsion + Enon-bond + E
s t e r e o 

The f i r s t four terms of the function are commonly found i n a l l 
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molecular mechanics s t r a i n functions and are modified Hooke's Law 
functions. The l a s t term of the function has been added to assure 
the proper stereochemistry about an asymmetric atom. 

The actual minimization of the function i s best accomplished 
by some type of nonlinear programming method (£.£., steepest des
cent) · In MOLMEC, an adaptive pattern search routine (36) i s used 
because i t does not require a n a l y t i c a l derivatives. The amount of 
time necessary to obtain good molecular models depends upon the 
number of atoms i n the molecule, the i n i t i a l s t r a i n of the molecule, 
and the degrees of freedom i n the structure. I f a small molecule 
i s being modelled, only one pass through the minimization section 
may be s u f f i c i e n t to obtain a good structure. However, t h i s i s 
seldom the case. Usually, the molecules are rather large and 
require several passes. The actual amount of time per pass i s 
limited by a cutoff parameter so that the user may analyze the 
progress of the modelling at diff e r e n t intervals. 

The graphics interactio  sectio f MOLMEC contain  routine
capable of rotating an
position. Since the graphic y , 
rotation i s essential to obtain a good view of the structure. 
Furthermore, these routines are useful i n locating atoms trapped 
in l o c a l minima. I f such an atom i s found, the user can move the 
trapped atom to a new position by a MOVE routine found i n the 
graphics section. Naturally, i f the structure i s altered the 
molecule should be passed through the minimization routine at 
least once more. 

When the molecule i s f i n a l l y i n a low s t r a i n energy conforma
tion, the molecular parameters can be either l i s t e d on an output 
device, or else the structure's coordinate matrix can be stored on 
a disc f i l e for .further processing. 

An automatic version of MOLMEC has also been developed so that 
large molecular data sets can be modelled without continuous super
v i s i o n . The program consists on an input section, which reads the 
molecule's connection table and present coordinate matrix from the 
ADAPT f i l e s , a minimization section with a l l output suppressed, 
and a section which stores the f i n a l coordinate matrix. Good 
models can e a s i l y be obtained i n this manner. However, before the 
coordinate matrices can be used for calculating descriptors, the 
structures are reviewed to make sure that the molecules are i n 
acceptable conformations. Once modelling i s complete, geometric 
descriptors can be derived. 

Descriptors currently being used include the absolute or 
rel a t i v e magnitudes of the p r i n c i p a l moments of i n e r t i a of the 
molecule, the presence or absence of pa r t i c u l a r spacial arrange
ments of atoms which have been c a l l e d pharmacophores, and the 
molecular volume. 

(4) Descriptor Developer. The next step i n studies of structure-
a c t i v i t y relations i s the development of descriptors for the mole
cules contained i n the active data set. This subject has been 
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discussed i n a recent publication (37). Descriptors belong to two 
general classes: topological and geometrical. Topological des
criptors are derived from the topological representation of a com
pound — the connection table. Geometrical descriptors are deriv
ed from the three-dimensional model of the molecule. The i n d i v i d 
ual descriptors that have been used i n reported studies are des
cribed i n the following paragraphs. 

(a) Atom and bond descriptors — Fragment descriptors. Atom 
descriptors include the number of C., N, 0, S, P, F, C l , Br, I atoms 
in the structure. Numbers of bonds of each type are also generat
ed. Both atom and bond descriptors are developed d i r e c t l y from the 
stored connection table. 

(b) Substructure Descriptors. Searching the molecule for the 
presence of larger fragments provides an alternative method for 
generating descriptors. I f the substructure i s found i n the mol
ecule, the descriptor can be given a value of one. Otherwise, i t 
has a value of zero. Therefore
tors for a given molecula
substructure searching algorithm and a l i b r a r y of appropriate sub
structures. 

Algorithms for substructure searching f a l l into two general 
categories. The f i r s t , atom-by-atom searching, i s the easiest to 
implement on a d i g i t a l computer because i t simply matches the 
structure and substructure atoms and associated bonds one at a time 
using a l l possible combinations. However, for large structures and 
substructures the time required for a single search becomes prohib
i t i v e because of the number of possible combinations increases fac
tor i a l l y . 

The second category u t i l i z e s set reduction techniques to acc
omplish the substructure search, and f a c t o r i a l calculations are 
not involved. Although they are more complex than atom-by-atom 
searching techniques, algorithms implementing set reduction are 
very attractive because of t h e i r searching speed. Several d i f f e r 
ent algorithms have been described which use set reduction (38-40). 
In the ADAPT system, a variation of the techniques described by 
Sussenguth (38) i s used for generating substructure descriptors. 
The modifications allow for greater substructure s p e c i f i c i t y , a 
wider variety of substructure types, and numeric instead of binary 
searches. A discussion of the changes made i n the Sussenguth's 
algorithm has been reported (41_) and w i l l not be detailed here. 

The problem of creating a substructure l i b r a r y i s not as easy 
to solve as obtaining a good substructure searching algorithm. 
One approach to this problem involves the systematic combing of the 
basic atom and bond fragments into substructures. However, the 
f i n a l number of substructures generated i n t h i s manner would be 
t o t a l l y unmanageable. The discrimination between usable and use
less substructures would require some type of pattern recognition 
system, and t h i s approach i s not feasible. A more workable app
roach to the problem i s to study the data set of molecules under 
investigation and allow the chemist to decide on a c o l l e c t i o n of 
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substructures to be applied to the data set. The ADAPT system ut
i l i z e s t h i s second method to generate a substructure l i b r a r y . A 
set of substructure descriptors can now be generated. 

Two types of searches are possible. For a general search, a 
match i s made i f the indicated substructure i s located anywhere i n 
the molecule; a l l ring information i s ignored. However, during a 
s p e c i f i c search, ring information i s taken into consideration. 
Therefore, i f the substructure i s not specified to be i n a ring, 
i t cannot possibly be matched to a molecular fragment that i s con
tained i n a ring system. 

The actual information contained i n any one substructural des
cri p t o r depends highly upon the judgement of the person selecting 
the substructure l i b r a r y , i n some applications, good descriptors 
can be obtained immediately because s u f f i c i e n t a p r i o r i knowledge 
exists. However, in other cases, a trial-and-error procedure may 
be warranted where a large number of possible substructures are 
generated and poor descriptors are eliminated by some prescreening 
c r i t e r i o n . In general,
portant purpose i n that
information l o s t i n the atom and bond fragmentation. Nevertheless, 
considerable structural information i s s t i l l missing. 

(c) Environment Descriptors. The description of structures 
using fragment and substructure descriptors indicate the components 
of a molecule. However, the manner i n which these individual parts 
are connected i s not described. Environment descriptors take into 
account how diff e r e n t areas of a molecule f i t together and provide 
a measure of the "environment" i n which a single atom fragment 
finds i t s e l f . 

The environment descriptor describes the fragment's surround
ings by including i t s f i r s t and second nearest neighbors and t h e i r 
bonds into a single parameter which r e f l e c t s the atom and bond 
types connected to i t . There may be more than one i d e n t i c a l frag
ment i n a molecule but they do not necessarily belong to the same 
functional group. For example, the fragment, -C-, i s found once 
i n both structures A and Β below, but twice i n structure C: 

Ο OU 0 CH. 
t\ l II , 3 

CH3-C-0-CH3 C = CH - CH 3 CH 3~ C - CH 2~ CH = C 

CH 3 CH 3 

(A) (B) (C) 

Obviously, the environment seen by this fragment would be d i f f e r 
ent i n each of the three cases. Of course, this difference i s de
pendent upon the d e f i n i t i o n incorporated to calculate the environ
ment descriptor. In the ADAPT system, the three forms most often 
used are: bond environment descriptors (BED), weighted environ
ment descriptors (WED), and augmented environment descriptors (AED). 
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The procedure used to calculate these three parameters for a 
par t i c u l a r environment fragment i s as follows: 

(1) Assign arbitrary values to each type of atom and bond. 
The values already employed i n the connection table w i l l 
s u f f i c e . 

(2) For "BED", sum the number of bonds connected to the frag
ment's f i r s t and second nearest neighbor. 

(3) For "WED", sum the values assigned to each bond type i n 
stead of merely counting the bonds. 

(4) For "AED", sum the product of the bond's assigned value 
and the assigned values for the two atoms which form the 
bond. 

The BED, WED, and AED values for the fragment and structures given 
above are as follows: for structure A, BED = 5, WED = 6, AED = 11; 
for structure B, BED = 5, WED = 6, AED = 6; for structure C., BED = 
12, WED = 15, AED = 17. 

Since there may be
vironment descriptor indicate
a given fragment. This feature makes them useful when used i n con
junction with substructure descriptors. The substructure descrip
tors indicate the number of times a parti c u l a r fragment i s found 
in the molecule and the environment descriptors indicate the con
text i n which the fragment i s found. 

The routine that generates the environment descriptors must 
have access to the f i l e of molecular structures and to the atom 
centered fragment l i b r a r y which i s constructed by the user. The 
actual calculation of the environment descriptors proceeds extrem
ely rapidly since both the fragment location and necessary calcu
lations are e a s i l y done by a computer. 

The concept of the environment i s not limited to connectivit
ies, but could take into account electron densities, bond distances, 
electronegativities, or other physical parameters. This can be 
done by replacing the values assigned i n step one by the desired 
parameters. In this manner, more informative descriptors may be 
obtained. 

Use of the environment descriptors may reveal relations which 
are not p a r t i c u l a r l y obvious. Note that both structures A and Β 
have the same BED and WED values. These structures, which at f i r s t 
glance appear quite different, do indeed have these parameters i n 
common. However, when one takes into account the type of atoms 
connected to these bonds the difference becomes apparent. Such 
relationships may or may not prove s i g n i f i c a n t . Their ultimate 
u t i l i t y depends on the type of environment measure, the molecule 
being coded, and the problem being attacked. 

(d) Geometric Descriptors. Geometric descriptors are deriv
ed from the three-dimensional configuration as generated by MOLMEC. 
Presently, two basic types of geometric descriptors are calculated 
from the molecular structures. The three p r i n c i p a l axes of the 
molecule form the basis for the f i r s t type of geometric descriptor. 

Since the orientation of the o r i g i n a l molecule i n space i s 
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essentially random, the r a d i i must be sorted i n some manner. This 
i s done by a r b i t r a r i l y assigning X to the longest radius, Y to the 
second longest radius, and Ζ to the shortest radius. Once sorted, 
the three r a t i o s , X/Y; X/Z and Y/Z, are also calculated. Due to 
their small values, a l l of the r a d i i are multiplied by some con
stant scaling factor to prevent loss of information during trun
cation. These six geometric parameters are then used as new des
criptors and constitute the f i r s t set of geometric descriptors. 

The van der Waals volume of a molecule i s the other type of 
geometric descriptor generated i n the ADAPT system. Before t h i s 
calculation can be done, the bond distances and the van der Waals 
r a d i i of the atoms must be known. The bond distances are e a s i l y 
obtained from the molecular modelling results. For the van der 
Waals r a d i i , an a r t i c l e published by A. Bondi (42) was consulted. 
The volume occupied by an atom i s taken as that of a sphere with 
radius equal to the van der Waals radius of the atom minus the 
volume of overlap with adjacen
calculated from standar
volume i s not found for two reasons: the assumption of sphere and 
spherical segments i s not t o t a l l y correct, and the r a d i i used were 
selected as being the "best" values from a large c o l l e c t i o n of 
data using an empirical selection method. The t o t a l molecular v o l 
ume for the molecule i s taken as the sum of the contributions for 
each atom found as described above. The volume contributions of 
attached hydrogens are also included i n the calculation of the 
to t a l volume. 

In order to make the routine more v e r s a t i l e , the option of 
either using standard bond distances or modelled bond distances i s 
included. Since MOLMEC uses the standard bond distances to deter
mine a low s t r a i n geometry, i t i s not surprising that for a well 
modelled data set, the molecular volumes calculated using the two 
differe n t bond distances are very similar. However, discrepancies 
can arise when the molecule contains rings of f i v e or fewer atoms 
which cause a large amount of bond s t r a i n . The volumes are i n i t i 
a l l y calculated i n units of cubic Angstroms per atom but are then 
converted to units of cc per mole. The molecular volume can then 
be used as another geometric descriptor. 

Each geometric descriptor contains some information about the 
molecule. The r a d i i and ratios describe the general shape of the 
molecule which may be very important i n systems where receptor 
s i t e s are involved. However, t h i s i s only a r e l a t i v e shape since 
the model obtained i s for the molecule i n a vacuum: i n some 
environments, the molecule's shape w i l l change, especially i f long 
chains are present. On the other hand, the molecular volume i s 
essentially constant regardless of how the molecule i s bent. How
ever, l i k e any other descriptor, the actual value of any geometric 
descriptor depends upon the s p e c i f i c application i n which i t i s 
used. 

(5) Collator. The c o l l a t o r routine i s used to select which of the 
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available descriptors w i l l be included i n the data set to be pass
ed to other parts of ADAPT, The experimenter has complete f l e x 
i b i l i t y i n deciding which data set or subset to use and how to 
structure problems when they are to be passed to the p r i o r feature 
selection algorithms of the discriminant development algorithms. 
This routine i s used to select f i r s t one subset of the available 
descriptors to be used for discriminant development, and then on 
subsequent t r i a l s other subsets of descriptors. Thus, ov e r a l l 
performance of the system can be evaluated with respect to which 
descriptors are being included i n the analysis. 

(6) Preprocessor. The preprocessor routine accepts the raw des
criptors developed by the descriptor development routines and per
forms the desired preprocessing necessary for further processing. 
One example of such preprocessing i s autoscaling, where each des
c r i p t o r over a data set i s altered so that the mean i s zero and 
the standard deviation i
thi s procedure standardizin

(7) Prior Feature Selection. After a set of drugs have been 
formed into a labelled data set ready for presentation to the d i s 
criminant developer, i t i s desirable to submit i t to feature s e l 
ection i f possible. One method for selecting the descriptors 
expected to be most useful has been the use of the well-known 
Fisher r a t i o (e_.£., 21). A number of other s t a t i s t i c a l l y based 
methods suggest themselves, but they mostly require making the 
assumption that the best, i..e_., most separating, descriptors 
i d e n t i f i e d one at a time w i l l also be the best set of descriptors. 
This assumption i s rarely v a l i d . 

In the studies performed to date, we have usually t r i e d to 
select subsets of descriptors i n as wise a manner as we could 
devise; we have r e l i e d on being able to investigate a large enough 
number of subsets of descriptors to f e e l reasonably confident that 
we have found good descriptor sets. 

Feature selection i s performed as an integral part of step
wise descriminant analysis such as that implemented i n the BMD (43) 
package as BMD07M. This w i l l be discussed l a t e r i n the section on 
discriminant development and feedback feature selection. 

(8) Discriminant Developer. The discriminant developer accepts 
the set of data generated by the previous sections of ADAPT and 
attempts to develop discriminant functions capable of correctly 
c l a s s i f y i n g the data. The development of such discriminants can 
proceed through the use of (a) error correction feedback learning 
machines, (b) interactive least squares development of linear d i s 
criminant function, (c) other parametric and nonparametric routines. 
The error correction feedback training method has been used i n the 
studies on barbiturates to be described i n the following section of 
thi s a r t i c l e . The i t e r a t i v e least squares development method was 
developed several years ago i n thi s laboratory (44) and has been 
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interfaced into ADAPT, 

(9) Feedback Feature Selection. In many chemical applications of 
pattern recognition a set of data i s coded using more descriptors 
than are necessary to correctly c l a s s i f y the members. However, 
the necessary and unnecessary descriptors cannot usually be ident
i f i e d a p r i o r i . (When they can, t h i s i s obviously the method of 
choice.) Therefore, feature selection must often be approached 
from a systems viewpoint, whereby the results of c l a s s i f i c a t i o n 
are used to t r y to i d e n t i f y the minimal set of necessary descrip
tors. This approach i s shown by the feedback loop i n Figure 2. 

An early approach to feedback feature selection was weight-
sign feature selection. Here, two weight vectors, i n i t i a l i z e d 
with each component equal to +1 or -1, respectively, were develop
ed using error correction feedback training with i d e n t i c a l t r a i n 
ing sets. A component by component comparison was made between 
the two trained weight vectors  and those descriptors correspond
ing to weight vector component
carded. This method wa
data in several studies. The variance feature selection method, 
described e a r l i e r , has been incorporated into ADAPT and has been 
used e f f e c t i v e l y on several types of data. The variance method 
allows rapid extraction of features responsible for l i n e a r seper-
a b i l i t y . I t i s much superior to the weight-sign method i n terms 
of speed and r e l i a b i l i t y . 

Barbiturate Study 

The set of compounds used i n the present study consists of 
160 5,5·-substituted barbiturates selected from a standard r e f e r 
ence (290 . These compounds range i n molecular weight from 172 to 
276 and have duration times ranging from 10 minutes to 600 minutes. 
The method of administration was either intraperitoneal or subcut
aneous, using mice, rats, or rabbits as test animals. 

The compounds were grouped into classes according to the dur
ation of depressant e f f e c t . These classes were formed by dividing 
the duration time expressed i n minutes by ten. The resulting class 
designation was rounded up i f the remainder was f i v e or greater, 
and down otherwise. Thus a compound whose duration time was 227 
minutes would be placed i n class 23, whereas a compound having a 
duration time of 223 minutes would be placed into class 22. Com
pounds with a duration greater than 650 minutes were placed into 
class 65. This resulted i n a t o t a l of 65 d i f f e r e n t classes which 
are distributed as shown i n F i g . 3. 

Three types of descriptors were employed for these studies; 
numeric fragment descriptors, substructural descriptors, and en
vironmental descriptors. The descriptors were generated using the 
automated descriptor packages described previously. A l i s t of the 
i n i t i a l set of descriptors used i s given i n Table 1. Each descrip
tor i s contained i n a minimum of 20% of the structures. In no case 
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Numerical Prior 
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Figure 2. Basic pattern recognition system for studies of structure-activity relationships 
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Figure 3. Histogram of barbiturate duration times for the drugs in the data set 
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TABLE I· Molecular Structure Descriptors 
for the Barbiturate Data Set 

ATOM AND BOND DESCRIPTORS 

1 Number of atoms 
3 Number of Carbon atoms 
5 Number of Oxygen atoms 
7 Number of double bonds 

2 Number of bonds 
4 Number of Nitrogen atoms 
6 Number of single bonds 
8 Length a 

ENVIRONMENT DESCRIPTORS 

Atom Centere

9 - 11 CH 3- 1, 2, 3 

12 - 14 -CH2- 1, 2, 3 

15 - 17 -CH- 1, 2, 3 

18 - 23 I 
-C -
I 
0 = 

1, 2, 3 

24 - 26 

I 
-C -
I 
0 = 1, 2, 3 

27 - 29 -HC = 1, 2, 3 

30 - 35 >C - 1, 2, 3 

1, 2, 3 

1, 2, 3 

SUBSTRUCTURAL DESCRIPTORS 

36 

39 

42 

C H 3 C H 2 " 

-CH-

37 -CH2(CH3)CH -

40 -CH2CH2-

43 -HC = 

38 CH 3-

41 CH 3CH 2CH 2-

aLength * 4*(Number of single bonds) + 2*(Number of double bonds) 

b l » BED, 2 » WED, 3 » AED 
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does any one descriptor, or any binary combination of descriptors, 
contain s u f f i c i e n t information to successfully c l a s s i f y the data. 

Thus the active data set consists of 160 compounds each coded 
with 43 descriptors. Preprocessing of the raw data p r i o r to c l a s s 
i f i c a t i o n consisted of autoscaling so that each descriptor had an 
average of zero and a standard deviation of 127. This allowed the 
data to be truncated to integer values with a negligible loss of 
precision. (Loss of precision i s known to be negligible as r e c a l 
culation after truncation yielded a standard deviation of 127 and 
a mean of 0 +0.17.) Net retention of information was assured by 
testing the predictive a b i l i t y for each descriptor before and a f t e r 
preprocessing. A value of 250 was used for X n+i because i t provid
ed fast training and high predictive a b i l i t y . 

Since the data were collected from a series of studies on 
d i f f e r e n t animals, at d i f f e r e n t laboratories, i t i s not unreason
able to expect the c l a s s i f i c a t i o n s to d i f f e r . I t was therefore 
f e l t that an error rang
due to d i f f e r e n t c l a s s i f i c a t i o
w i l l develop a rule which answers the question, "Is the duration 
time less than χ minutes?", where there i s a deadzone of several 
minutes around t h i s l e v e l . Thus, to test for discrimination a b i l 
i t y at a threshold lev e l of 100 minutes using a t h i r t y minute dead-
zone, a l l members from classes 1 through 10 would constitute one 
category, and a l l members from 14 through 65 would constitute the 
other category. 

The linear learning machine was used to develop discriminant 
functions which bisect the data with as many dif f e r e n t thresholds 
as possible, obtaining 100% recognition a b i l i t y for each range. 
Attempts at such discrimination were accomplished using f i r s t a 
f i f t y , and l a t e r a t h i r t y , minute error range. 

To generate a preliminary estimate of the clustering and s e l f 
consistency of the data the following experiment was done. Five 
training set/prediction sets were chosen with seven compounds i n 
each prediction set and the remaining compounds i n each t r a i n i n g 
set. The o v e r a l l data set i s d i v i s i b l e into halves by 59 thres
holds using 50 minute error ranges. A l l five t r a i n i n g sets were 
used to develop independent discriminants at each of the 59 thres
holds. These discriminants were then used to predict the seven 
unknowns i n the respective prediction set. The class assignments 
were made by examining the sequence of responses produced by the 
59 predictions; i f only one change from answers of "greater than" 
to "less than" occurred, this point was taken as the predicted 
duration time. I f there were several changes i n predicted res
ponse, then the predicted duration time was taken as 30 minutes 
greater than the shortest duration time indicated by the f i r s t 
change i n response. When this procedure was used, 19 of the 35 
unknowns were c l a s s i f i e d as having duration times within 20 min
utes of the actual value and 31 were c l a s s i f i e d as having duration 
times within 50 minutes of the actual value. The duration times 
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TABLE I I . F i n a l Sets of Molecular Structure Descriptors 
Supporting Linear Discriminant Functions at 
Thresholds I and II. 

THRESHOLD I THRESHOLD II 

ATOM AND BOND DESCRIPTORS 

Number of Oxygen atoms 

Number of double bonds 

ATOM AND BOND DESCRIPTORS 

Number of Oxygen atoms 

Number of single bonds 

SUBSTRUCTURAL 
DESCRIPTORS 

CHo-

-CH2-

-CH2CH2-

CH 3CH 2-

ENVIRONMENT 
DESCRIPTORS

CH3-(G,2) 
ι 

-CH-(G,1) 

-HO(G,2) 

>C=(Gf3) 
(C,l) 

SUBSTRUCTURAL ENVIRONMENT 

CHo 

—CH2CH2~ 
i 

-C-
i 

-CH2CH (CH 3)-

-HC-(G,1) 

-HC=(G,1) 

>C=(G,3) 
(C,3) 

Average 
Predictive 
A b i l i t y b 

93.8% 
Average 
Predictive 
A b i l i t y 1 3 

94.9% 

aG = General search, C = Cyc l i c search, 1 = BED, 2 = WED, 3 = AED 

^Predictive a b i l i t y measured using leave one out procedure 

of only four compounds were i n error by more than 50 minute error 
range used for each threshold. Thus t h i s preliminary experiment 
showed that a set of linear c l a s s i f i e r s working i n concert could 
predict the duration times of the compounds i n the data set reas
onably accurately. Similar results were obtained for the 61 poss
i b l e thresholds developed using a 30 minute error range. 

In order to gain a better insight into these relationships 
two thresholds were subject to exhaustive feature selection. The 
threshold I data includes classes 1 through 10 and 14 through 65. 
The threshold II data includes classes 1 through 24 and 28 through 
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65. The results of the selection process and a predictive a b i l i t y 
estimation i s reported i n Table II, 

Through application of the variance feature selection method, 
a set of features responsible for the separability of the data 
were found. Removing any of these descriptors results i n the loss 
of linear separability. Therefore, the descriptors selected con
s t i t u t e a minimum set capable of supporting the relationship with
in the data. The predictive a b i l i t y , estimated by the leave one 
out procedure (45), indicated that these features were capable of 
providing accurate information concerning the duration of barbit
urate a c t i v i t y . Thus, i t i s clear that a relationship i s present 
which i s readily i d e n t i f i e d using the ADAPT system. 

Further investigations using t h i s data set have uncovered 
several interesting correlations. Details of the experimental 
results are reported elsewhere (46). What has been sought for 
here i s a clear demonstration of the u t i l i t y of ADAPT i n e l l u c i -
dating relations within
selection of the two sp e c i f i
as was i n i t i a l development of discriminants for 61 dif f e r e n t 
classes. Clearly such studies would be inconvenient without the 
degree of organization provided by automation of the descriptive, 
storage, and pattern recognition techniques. The ADAPT system has 
consistently shown high u t i l i t y i n several areas and promises to 
continue to aid i n the application of pattern recognition to 
problems i n chemistry. 
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Whether or not
exists between reaction or equilibrium enthalpies and 
entropies has been the subject of chemical investiga
tions for many years. Hinshelwood collected lots of 
data during the early years of modern kinetic theory 
to probe for possible functional dependencies between 
the Arrhenius parameters (1-3). Many of these and 
subsequent experimental investigations have led to 
findings that estimated enthalpies varied linearly 
with estimated entropies. Many chemical theories have 
been proposed to explain, in chemical terms, why such 
linear correlations should occur. Linear enthalpy-
entropy compensation is now widely accepted as occur
ring because of chemical factors and is mentioned in 
many standard chemistry tests (4-8). 

In the past few decades, first chemists (9-16) 
and later statisticians (17-24) have begun to doubt 
that all enthalpy-entropy compensations arise as a 
result of chemical factors alone. In particular as 
the compensation temperature, the slope of a compen
sation line in ΔΗ-ΔS coordinates, approached the range 
of experimental temperatures, the chemical causality 
of such correlations was questioned. 

The debate over which observed correlations were 
caused by chemical factors and which were caused by 
nonchemical factors (i.e. data handling artifacts that 
result from the propagation of errors) apparently has 
not been adequately resolved to date because enthalpy-
entropy compensations are s t i l l reported and j u s t i f i e d 
merely by the significance of the estimated correlation 
coefficient. In this a r t i c l e we summarize and general
ize our ear l i e r results (25-27) that indicate that the 
significance of an estimated correlation coefficient 
in the enthalpy-entropy plane i s not ju s t i f i c a t i o n for 
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the detection of a chemically caused compensation, but 
the significance of an estimated correlation 
coefficient in the enthalpy-free energy plane with 
estimates evaluated at the harmonic mean of the experi
mental temperatures i s strong j u s t i f i c a t i o n for the 
detection of a chemical effect. This conclusion 
results from the fact that there i s a linear s t a t i s t i 
cal compensation effect that i s confounded with what
ever chemical compensation that might be detected in 
the enthalpy-entropy plane. We also present the 
regression algorithm for the estimation of the chemical 
compensation temperature from an observed correlation 
in AH-AG coordinates. 

Thm 

Chemical Theory 

The rigorous thermodynami
i c a l arguments of Laidler (23) , Hammett (5) , Leff 1er 
(7,16), and Ritchie and Sager (29) a l l suggest a gen
erally nonlinear functional relationship between 
enthalpies and entropies. To i l l u s t r a t e this result, 
we c a l l upon the s t a t i s t i c a l mechanical definitions 
used by Ritchie and Sager. 

The entropy of a system and the enthalpy of a 
system can be written in terms of the sums of energy 
states that the system occupies. 

, % Zg i(i: i/kT)exp(-e i/kT) S = Κ 1 η Σ 9 ι β χ ρ ( - ε ι Α Τ ) + R \ g [ e x p ( ^ . / k ^ 

Eg j(εj/kT)exp(-ε j/kT) 
Eg^xpi - C j/kT) 

If we take as the system a chemical plus i t s 
solvent undergoing reaction or equilibrium, two 
systematic variations that w i l l cause coincidental 
variations in enthalpies and entropies are homologous 
variations of either solvent composition (e.g., from 
polar to nonpolar) or substituents (e.g., from electron 
releasing to electron withdrawing). Passing through 
the homologous series the energy states occupied by 
the system w i l l vary in a systematic manner. Since 
the same energy states define a l l thermodynamic 
functions of the system, the thermodynamic param
eters (including enthalpy and entropy) w i l l also 
vary in a systematic manner such that a plot of 
enthalpy versus entropy, say, would reveal a system
atic variation. That a systematic variation should 
be linear i s not obvious from the definitions, 
however. We may assume that i f a resultant variation 
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i s over a special region or is suff i c i e n t l y short, 
the plotted variation may appear to be linear. It 
i s important to note that this would be a linear 
segment of an otherwise nonlinear function. 

Such a linear variation of enthalpy-enthropy 
pairs (AH,AS) i s generally summarized as 

AH = BAS + AGg 
where the slope, β, has the dimension of temperature 
and i s alternately called the compensation temperature, 
isokinetic temperature or isoequilibrium temperature 
depending on whether the thermodynamic parameters were 
estimated from kinetic or equilibrium data. The 
physical significance of the compensation temperature 
is that at this temperature a variation in enthalpy 
i s entirely compensated fo  b  correspondin  varia
tion in entropy suc
stant. To be consisten  equation,
intercept of such a linear relationship i s the free 
energy at the compensation temperature, AGg (9.fJL3) . 

S t a t i s t i c a l Theory 
Historically, compensation temperatures have been 

determined by least squares (or best graphical f i t , 
which i s essentially least squares without the computa
tional rigor) and the goodness of f i t has been j u s t i 
fied by the high significance of the estimated correla
tion coefficients between the enthalpy and entropy 
estimates. Both of these procedures are incorrect and, 
particularly in this case, often lead to grossly 
incorrect results. It i s important to remember that 
thg enthalpy-entropy data pairs are actually estimates 
(AH,A§) not original data that can be treated as 
either independent or as being relatively free from 
error as might be rationalized for original laboratory 
data, for example, kinetic rate constants-temperature 
data (k>T) or chemical equilibrium constants-tempera
ture data (Κ,Τ). A Λ 

The enthalpy and entropy estimates, AH and AS, 
both contain uncertainty, and hence least squares is 
an improper technique for regression of a functional 
dependence of one on the other. What i s worse, 
actually, i s that these estimates are highly correlated 
with one another due to their functional relationships 
with the kinetic or equilibrium constants and the 
experimental ranges over which the data were sampled. 
Hence a correlation analysis might detect a significant 
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correlation that results from these computations as 
data handling art i f a c t s , even in the absence of any 
chemical effect. The s t a t i s t i c a l and chemical compen
sations need not be hopelessly confounded, however, 
because the scientist has knowledge of both the chemi
cal identities and his choice of experimental sampling 
points prior to analysis. 

Using the fundamental definitions of chemical 
kinetics and regression analysis, we w i l l now show 
(1) that enthalpy-entropy estimates are highly corre
lated, (2) that the s t a t i s t i c a l compensation equation 
is functionally identical to the chemical compensation 
equation, (3) how to separate the chemical from the 
s t a t i s t i c a l effect, and (4) how to estimate the chemi
cal compensation temperature and i t s (1-α) confidence 
interval from kinetic or equilibrium data. To avoid 
redundancy, we w i l l
case of kinetic data
include the computational details for equilibrium 
data as well in the Regression Algorithm. 

In this discussion, we must make the usual assump
tions that errors associated with the dependent va r i 
able, the logarithm of the kinetic observations, 
Zi = lu ! i i ' a r e normally and independently distributed 
with zero mean and constant variance, £ ^ ΝΙΟ(0,σ 2), 
and that the independent variable, the inverse experi
mental temperatures, x^ = 1/T^, have no uncertainty. 
That i s , in practice the experimental temperatures are 
determined with much greater precision and accuracy 
than are the rate constants. To formalize this analy
sis we consider data taken at 1 < i £ η temperatures 
for 1 £ j <_ m members of a homologous series. The 
kinetic observations are related to the experimental 
temperatures by the linearized Arrhenius relationship 

y i j = {In A}j - {E/Rl.x.. + ε.. 
or more simply by 

y. = Χ θ . + ε 

where the observation vector i s 

y\ = (In k i . , In k 2., .../ In k .) 1 3 3 nj 
the parameter vector i s Θ* = ({In A}.., {-E/R}..) and the 
design matrix i s 
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Γ 1 1 1 

\_1/Tl 1/T2 !!! l / T ^ 

i f a l l the m-data sets are taken at the same 1 < j < η 
temperatures. The enthalpy and entropy estimates are 
related to the θ-estimates by 

AS^ = R{ln A K - Rln(kTe/h) = R 6 i . . + C i 

ΔΗ^ = Ε. - RT = - R 6 . . + C., 

which may be summarized by 

= Ζθ̂ . + C 

where the thermodynami
(Δε^,ΔΗ^ί) , the additive constant vector i s C ' » 

(-Rln(kTe/h),-RT) and the matrix Ζ i s 

Ζ 
Γ R 0 " 
0 -R_ 

Given that the rate constants are measurable to within 
an experimental error ε. the usual linear regression 
problem i s 

v. = Χθ. + ε where ε. * NID(0,o*) 
with the least squares solution 

θ . = ( X ^ - ^ ' y . 
Ζ1

 Λ
 1 

ψ . = Ζ θ . + C 
2 Τ . ~ 

for each member 1 £ j £ m of the homologous series. 
Unfortunately, this i s where the proper applica

tion of regression analysis usually gnds and experi
menters improperly try to f i t the (ΔΗ,Δ§) estimates to 
a linear relationship. Since * N I D " Î O , O*) a l l 
information about ^ i s contained in the estimated 
f i r s t and second moments. The f i r s t moment, the 
maximum likelihgod estimator (MLE) or least squares 
estimate (LSE) has been properly calculated in the 
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past. Ignorance of the second moment has led to 
incorrect conclusions, however. The second moment can 
be i l l u s t r a t e d graphically as a joint likelihood region 
Μψ^|γ__.,Χ) for the location of parameter values ^ 

given the data and experimental design X or as a 
joint probability region p($j|Ψ^/θ!,Χ) f o r the loca
tion of the estimates given the true value ψ^, the 
variance σ 2 and the choice of experimental settings X. 

Such joint confidence regions are displayed in 
Figure l a for a single member j = 1 of a homologous 
series. To understand how m = 7 (as plotted in 
Figure lb) such leas
distributed in the
equivalently i f the variation of rate constants by 
measurement errors was much greater than the variation 
by a chemical effect) we consider the following 
analysis using a sampling theory approach. Since 

= x£ + £ and £ * NID(0,o2) , then ^ NID(X£,o2) 

setting σ? = σ 2 and £j = £ for a l l j because we are 
assuming a l l data originate from the same source. The 
probability distribution of observations for the jth 
data set i s 
ρ.(γ_|θ,σ,χ) = 1 exp ( - * (γ_ -χθ) · (y_ -χθ) } 

1 ( ^ Γ σ 2 ) π l 2σ 2 1 1 J 

Since θ. i s a linear combination of y., Θ. = 

(X eX)- lX f£j, t h e n ^ NID(£, (X'X)""^2) and the 
probability distribution of the θ-estimates i s 
ρ.(θ.|θ,σ,χ) = Ι χ , χ Ι / z e x p l - J L ( S .-θ) · χ · χ ( θ .-θ) ) 

Finally, i s a linear combination of , ψ = 
z£j + s o ^ 3 < : i j % ΝΙΟ(ψ,Ζ(Χ ,Χ)~ 1Ζσ 2) yielding 
PjTî.|ψ,σ2,Χ) l / 

This distribution of m = 7 such estimates i s given by 
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Figure 1. (a) The Arrhenius or vont Hoff regression problem in In k versus 1/T 
coordinates and the resultant joint likelihood and probability regions in the 
coordinates of the estimated parameters, (b) The Arrhenius or vant H off regres
sion problem in In k versus 1/T coordinates for the case of j =*m*=7 replicates 
at each i — η =- 4 temperature and the joint probability region for the seven 
parameter estimates (designated by +) given the true value (designated by *) 
in the coordinates of the estimated parameters. Notice that the ratio a/b of 
major to minor axes of each ellipse in (a) and (b) is identical and a function only 

of the choice of experimental temperatures. 
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m=7 
P i - m - 7 ( ^ l i ' a 2 ' x ) = T T p ^ S u l i ^ S x ) 
j—m—/ j=i J I 

This probability distribution contains a l l the 
information available about the thermodynamic parameter 

estimates = (ASr,AHr) fo  homologou  chemical 
series for which th
much more to measuremen
an extrathermodynamic relationship. We w i l l now use 
this information to derive the s t a t i s t i c a l compensation 
equation and to show that such estimates are highly 
correlated for the usual experimental temperature 
ranges even in the absence of an extrathermodynamic 
effect. 

The Correlation Coefficient. The correlation 
coefficient for a single data pair (AS^,AH^) and for a 

complete j = m data set (AS^,AH^) are determined from 
the elements of their respective variance-covariance 
matrices 

ν(ψ^) = V 
AH*f 

3 

= ζ(x'x) - 1ζσ 2 = 
Σ(1/T) 2 Σ 1/T 

Σ 1/T η 
R 2o 2 

Ix'xl 

v(4) ν 
AS^ 
AH^ 

= Ζ ( Χ · Χ ) ~ ι Ζ — = 
m 

Σ (1/T) Σ 1/T 
Σ 1/T η 

2rr2 

m Ix'xl 

For either case, the correlation coefficient i s the 
same. For the complete data set, the joint probability 
region has decreased in area because the variance has 
decreased from σ 2 to o2/m, however. The correlation 
coefficient between enthalpy and entropy estimates for 
any series for which the variation of rate constants 
by measurement errors being much greater than by the 
effect of an extrathermodynamic relationship i s 
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Cov (ΔΗ^,Δ§^) Σ1/Τ 
P ~/ν(ΔΑΛν(Δδ*) = /ηΣ(1/Τ) 2 

where the estimated correlation coefficient 
Σ(ΔΗ.-<ΔΗ>) (AS .-<AS>) 

r = 3 3 

S Σ(ΔΗ..-<ΔΗ>)2Σ(Δ§:.-<Δ§>)2 

i s an estimate of the population parameter p. 
lim r = ρ 
m-*-°° 

Thus, i f a correlation coefficient r i s estimated from 
(ΔΗ,AS) data pairs suc
for r includes the value of p, the linear distribution 
of enthalpy-entropy estimates i s probably due to the 
propagation of measurement errors and not due to any 
detectable extrathermodynamic effect. 

That ρ should be near unity i s i l l u s t r a t e d in 
Figure 2 for data taken on the oximation of methyl 
thymyl ketone (30). A measurement error in one rate 
constant upon replication would result in a sli g h t l y 
different slope estimate and the intercept estimate at 
1/T = 0 would change correspondingly. The very high 
correlation, ρ = 0.99991, between the slope estimate 
and the intercept estimate i s a consequence of the fact 
that the data are taken far from the origin over a 
very narrow temperature range on an absolute scale. 

The S t a t i s t i c a l Compensation Equation. As shown 
in Figure 1, the shape and orientation of £ j (Ψ j I Y_j ,X) , 
ρ^ψ^|ψ,σ,Χ) and ρ7(ψ|ψ,σ,Χ) are a l l identical, 

merely the size and location change from one to the 
other. In particular, the shapes of the joint confi
dence regions are e l l i p t i c a l because the f i t t e d model 
is linear and the orientations are a function of the 
experimental design, which i s the choice of experi
mental temperatures at which the rate constants were 
measured. 

The ratio of major to minor axes of these e l l i p t i c 
regions i s determined by a consideration of the ratio 
of eigenvalues of Z^X'XZ"1 such that Xx > X2 and i s 
found to a good approximation to be 
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30 

20 

- f «0 

-tOJ 

lw{k<T>/h) 

>AS* 

EXPERIMENTAL 
TEMPERATURE RANGE 

AG* 

ft-

Figure 2. Geometric interpretation of the parameter estimates. The indicated 
lengths are proportional to AG" and AS- and the indicated slope is proportional to 
—ΔΗ-. These data for the oximation of methyl thymyl ketone (30) indicate a 
strong dependence of the intercept estimate on the slope estimate because the data 
were taken over a very small temperature range far from the origin. The three 
data points are designated by dots. Reprinted with copyright permission by Nature 

(25) and the Journal of Physical Chemistry (26). 
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a/b = • λι/λ2 « / η/Σ(1/Τ-<1/Τ>) z 

For the usual experimental temperature ranges of 
organic chemistry this ratio i s usually of the order 
of 10**. Hence, the joint probability regions appear 
as line segments and are well characterized by the 
line that describes the major axis of the el l i p s e . A 
canonical analysis of the dispersion matrix Z""1X,XZ"1 

reveals that this line i s 

— " ThmAS + ΔΟ 

and differs from the extrathermodynamic equation, 
AH = $AS + AGg, only i n the value of the slope param
eter. Hence, of th
ture β i s near the
temperatures T h m the compensation that i s detected 

might only be the s t a t i s t i c a l compensation between 
parameter estimates that occurs because the range 
of the independent variable was too small to validate 
the extrathermodynamic model i n this parameter space. 

Separation of the Chemical from the S t a t i s t i c a l 
Compensation. Because any extrathermodynamic effect 
i s strongly confounded with the s t a t i s t i c a l compensa
tion effect in the enthalpy-entropy parameter space 
for the usual ranges of experimental temperatures used 
in organic chemistry, biochemistry, and even hetero
geneous catalysis, some statisticians have attempted 
to solve the problem for the value of the compensation 
temperature in the original In k versus 1/T space (19, 
20,22,24). The resulting normal equations yi e l d 
unwieldy nonlinear solutions that are better for the 
detection of the presence of an extrathermodynamic 
effect than for obtaining good numerical values of a 
compensation temperature. Others (15,31-34) have 
proposed c r i t e r i a to determine i f an observed com
pensation i s of chemical origin or i s just the s t a t i s 
t i c a l a r t i f a c t . We find that the two compensations 
are separable through a translation of the intercept 
and that the compensation temperature and i t s confi
dence interval can be solved for exactly using l i k e l i 
hood theory and the chemical Maxwell equations. 

The problem i s to choose an intercept for which 
the slope and intercept estimates are not correlated. 
The intercept at the arithmetic mean of the independent 
variable has this property. Thus, we rewrite the 
linearized Arrhenius equation i n the form 
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In t , = {InA-E/RT, }, - {E/R} . ( 1/T.-<1/T>) + ε. . i j nm j 3 1 1 3 

where t h e i n d e p e n d e n t v a r i a b l e i s now (1/T^-<1/T>). 

The s l o p e i s s t i l l a measure o f t h e e n t h a l p y , b u t the 
i n t e r c e p t i s now a measure o f t h e f r e e energy a t the 
harmonic mean o f t h e e x p e r i m e n t a l t e m p e r a t u r e s . 

A G ? T h m
 = - R T t o { l n A - E / R T t o > + R T h m l n ( k T h m e / h ) - R T ^ 

The model i s now 

η. = XQ. = Wr., y. = η + ε . 
" 2 ^ 2 " 2 2 " 2 " 2 

where t h e parameter v e c t o r i s ζ' . = ( { l n A - E / R T ^ } ·, 
{-E/R}.) and the d e s i g-E/R}^ 

1 1 

1/T X-<1/T> 1/T 2-<1/T> 1/T n-<1/T> 

The s l o p e and i n t e r c e p t p a r a m e t e r s a r e r e l a t e d t o the 
thermodynamic p a r a m e t e r s by 

4\ = Αζ_ + Β 

where t h e thermodynamic parameter v e c t o r i s = 
(AG^ T h m ,ΔΗ^) f the a d d i t i v e c o n s t a n t v e c t o r 2 ^ s 

B 1 = ( R T h m l n ( k T h m e / h ) - R T h m , - R T ) and 

A = 
" R T h m 

0 

Ο 

-R 

P r o c e e d i n g as b e f o r e , we d e t e r m i n e t h a t t h e r e i s 
no c o r r e l a t i o n between AĜ m and ΔΗ^ e s t i m a t e s a f t e r a 

— i-hm — 
c o n s i d e r a t i o n o f t h e v a r i a n c e - c o v a r i a n c e m a t r i x 

Γ m.2 
ν(Ψ) = 

T £ m £ ( l / T - < 1 / T > r 0 

0 η 
R 2 a 2 

m|WeW| 
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Cov(AÔ£ ,ΔΗ^) 

Ρ = -j . = . = 0 
•Vuâjg ) ν ( Δ ά Π T h m

vnE(l/T-<l/T>) 2 

—hm 

The ratio of variances between these estimates is 
found to be a constant that depends only on the choice 
of experimental temperatures 

σ 2 -
λ. = A H J = (Σ1/Τ) 2 

JT 
σ 2

Δ £ ηΣ(1/Τ-<1/Τ>)2 

hm

such that i f the same experimental temperatures are 
chosen for a l l experiments, a l l such estimate pairs 
w i l l have the same ratio of variances (i.e., Xj = λ 
for a l l j i f T ^ = T± for a l l j ) . Since the Maxwell 
equations are linear relationships between the thermo
dynamic potentials H, G, Ε , and A and the properties 
S, Τ, P, and V, an extrathermodynamic linear relation
ship between any two must also be reflected by a 
linear extrathermodynamic relationship between any 
other two. In particular, i f an extrathermodynamic 
relationship 

AH = 3AS + AGg 
exists, then by substitution with the Gibbs equation, 

AH = yAG + (l-Y)AGg 
where the diagnostic parameter γ i s related to the 
compensation temperature β by 

γ = l/(l-T/$) 
and 

AGg = AH - $AS = AH + YT h mAS/(l-y) 
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Thus, i f λ ? 1, the Gibbs equation i s insufficient 
to explain detected chemical behavior and an extra-
thermodynamic effect i f detected. No s t a t i s t i c a l 
compensation exists between AGT and AH where AH 

-—hm 
may be evaluated at any temperature, including Τ = T h m. 
To test the n u l l hypothesis, HQ: γ = 1, AH must be 
regressed on AGT to estimate the slope γ and inter-
cept (l-y)AGg. Least squares i s an incorrect pro
cedure, because there i s uncertainty in both variables. 
The errors are uncorrelated, however, and the ratio of 
variances i s known, see Figure 3a. The likelihood 
function i s maximized in this case by 

min ™ 3 hm. 
a ' Y Σ -τ τ2— 

j=l (λ+γ2) 
Thra. 

This type of problem was f i r s t solved for the 
scope estimate by Lindley (35) and later commented on 
by others (36-38). To obtain a confidence interval 
for γ (and hence β) the distribution of γ must be 
determined. Creasy (39.) solved this type of problem 
in transformed coordinates, which correspond in our 
case to AH versus ^AG-, (see Figure 3b) , in which 

Ahm 
the joint probability regions are circular, that i s , 
the errors propagate randomly with no preferential 
direction. From the distribution of the correlation 
coefficient, the distribution of the angle φ that a 
regression line would make through such a plane i s 
determined. The distribution of the slope γ i s deter
mined from the relationship between γ and φ. For 
our case, we extend this line of reasoning one more 
step and from the relationship between γ and β, the 
distribution and hence the maximum likelihood value 
and confidence interval of the compensation temperature 
β i s determined. 

The Regression Algorithm. Given kinetic or 
equilibrium data, (k,T) or (Κ,Τ), the following 
algorithm may be used to obtain maximum likelihood 
estimates and their (1-a) confidence intervals for φ # 
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γ, a, AGg and the compensation temperature β for a 
homologous series of chemical data with 1 _< j _< η 
temperatures. 
1. Regress = In k ^ or In onto (1/Ti-<1/T>) 
to obtain parameter estimates and residual sum of 
squares s? ^ 

η 
Ά» 

η 
Zy. .(1/T.-<1/T>) 

i = l 1 3 1 

η 
Σ(1/Τ.-<1/Τ>)2 

i=l 

and 

.£(y ij-Çij-C 2 j{l/T i-<l/T>}) 
s i - — U^T) 

- 1 T h m = η/Σ1/Τ± = <1/T> 

2. Then calculate enthalpy and free energy estimates 
from the slope and intercept estimates. For kinetic 
data 

A a ? h m " - R Thm^j + i R Thm l n( k Thme/h)-RT h m} 
j 

AH^ = -RC2j - RT 
and for equilibrium data 

hm. 
3 

AHj = - R £ 2 J 

3. The data may be plotted with joint confidence 
regions determined by the e l l i p t i c equation 

(Ψ. - Ψ.)' A~ 1W 1WA" 1(Ψ. - ψ.) = 2s2F(2,n-2,1-α) 
~1 ~1 ~1 ~3 3 
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or the data may be plotted along with standard devia
tion increments from the maximum likelihood estimates 
from Step 2. 

• Δ Η . 

3 

= ΛτίΔΗ.) = R/s?/E(l/T-<l/T>) 2 

If a linear regression appears to be j u s t i f i e d from 
this plot, then proceed with 4 and 5. If a nonlinear 
functionality i s to be f i t t e d , use an appropriate 
weighted nonlinear technique. The weighting factors 
are s2 ̂  =ν(ΔΗ^) from above

4. Calculate the following
hood estimates using Lindley's solution (35). 

λ = (ΣΙ/Τ)2/(ηΣ(1/Τ-<1/Τ>)2) 
S G G = E A G j / s j - (ΣΔ0./ δ

2) 2/Σ1/5 2 

S H H = E A H j / s j - (ΣΔΗ./3 2) 2/Σ1/5 2 

= ΣΔΗ .AG ./s 2 - ΣΔΗ / S 2 Z A G /s2/ll/s2 

H G ^ 3 3 j j j j j 

Θ « ( S H H - X S G G ) / 2 S H G 

γ = Θ + / Θ 2 + 7 sgn(/02+Xi') = sgn(s u ) 
HG 

Φ = tan-Μγ/^ϊ 7 1) 
a = (EAH./S*-YZAG./S*)/E1/S* 3 D 3 3 j 

Δ0 β = â/(l-y) 

0 - w * 1 - 1 / ^ 

5. Finally (l-a)100% confidence intervals may be 
calculated from the following upper and lower 
bound estimates using Creasy's solution (39). 
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1 . ι t j sin" 

= v^Ttan^. 

2t a/2fm-2 
λ(SHHSGG"SHG) 

S H G ' 

a„ = (ZAH j/s?-Y LZAG./s?)/Zl/s 2 

U 3 L 

AG $ U = a„/(l-YT) L 
U 

This regression algorithm gives maximum likelihood 
estimates and their confidence intervals even though 
there i s error in both variables, because an addi
tional restraint i s placed on the system—the ratio of 
variances of dependent to independent variables i s 
a known constant, a function of the experimental tem
peratures. This restraint holds so long as each 
system i s sampled at identical temperatures. If this 
ratio λ becomes very large, the estimates w i l l con
verge on the weighted least squares estimates. 

An interesting sidelight i s the minimum l i k e l i 
hood estimate, the "worst" value of a parameter given 
the data. This estimate i s given by (35,36) 

γ* = Θ + /Θ2+λ sgn (/ΡΤλ) = -sgn(s H Q) 
$* = Τ η π/(1-1/γ*) 

Because of the high correlation between enthalpy-
entropy estimates, the application of least squares to 
these enthalpy-entropy estimates w i l l y i e l d numerical 
values of the compensation temperature that are nearer 
the minimum likelihood value rather than the maximum 
likelihood value. Thus by misuse of least squares, a 
valuable s t a t i s t i c a l technique, the "worst" numerical 
value of a chemical parameter has usually been 
reported in the literature rather than the "best" 
numerical value. 
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Our analysis of 37 reported enthalpy-entropy com
pensations revealed that only three had compensation 
temperatures significantly different than the harmonic 
mean of the experimental temperatures by an analysis 
in the AH-AS plane (26) and only 7 had detectable 
chemical compensations by an analysis in the AH-AG T 

plane (27). hm 
Application to Chemical Examples 

To i l l u s t r a t e the necessity of the proper regres
sion procedure and proper correlation analysis, we 
compare a data set that clearly has a linear chemical 
compensation with one that clearly does not show such 
an extrathermodynamic effect. The va l i d i t y of such 
an effect for this second example has been debated 
many times in the literatur  (]_r2

We find that dat
benzoate (1) display a linear extrathermodynamic 
effect but data for the hydrolysis of alkyl thymyl 
ketones (30) do not. The results of a comparative 
correlation analysis are l i s t e d in Table I . As 
expected from our previous arguments on the correla
tion coefficient, both data sets display significant 
correlations r in AH-AS coordinates that approximate 
the expected correlation coefficient ρ due to the 
propagation of errors. Only the hydrolysis data has 
a significant (AO) estimated correlation coefficient 
in AH-AG T coordinates, however. This finding 

hm 
indicates that the observed enthalpy-enthropy correla
tion for the oximation data is a result of only the 
propagation of measurement errors. 

Table I . Correlation Coefficients* 

Reaction 
AH^-AS^ AH^-AG^n 

hm 
m 

0.9999 0.9724 0 -0.2273 7 
0.9999 0.9988 0 0.0770 6 

1. Oximation of alkyl 
thymyl ketones (30) 

2. Same as (1) but 
deleting the methy
lated compound 

3. Hydrolysis of ethyl 0.9988 0.9987 0 0.9929 12 
benzoate (1) 

•Reprinted with copyright permission by the Journal of 
Physical Chemistry (2_7) . 
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The joint confidence regions, Μψ|γ_,Χ) and 
£(ψ|γ_,χ), for the oximation and hydrolysis data are 
plotted in Figures 4 and 5 for comparison. The 
oximation data have much greater uncertainty than do 
the hydrolysis data. It i s this greater uncertainty 
that i s largely responsible for the apparent compensa
tion i n AH-AS coordinates. In fact the ratio of 
major to minor axes for the oximation data in AH-AS 
coordinates i s a/b = 23252 causing the joint con
fidence regions to be well represented by the lines 
of their major axes. 

The compensation temperature and other parameter 
estimates are compared in Table II for estimation by 
(a) the regression algorithm presented here, (b) 
weighted least squares of AH on AÔ T using s j ^ as the 

weighting factors an
Because λ >> 1 for both examples, the application 
of weighted least squares in the AH-AGT plane 

hm 
(b) gave estimates close to the maximum likelihood 
values (a). Also for both examples the minimum Λ 

likelihood value of the compensation temperature β* 
is near the harmonic mean of the experimental tempera
tures T h m as expected. For both examples the value 
of the compensation temperature as determined by A 

least squares of AH on AS (c) was biased toward β* 
as expected, but for the oximation example the value 
of the compensation temperature as estimated by (c) 
was numerically much closer to the minimum likelihood 
estimate β* than to the maximum likelihood estimate P. 
That the^confidence interval for β should appear to 
exclude β when no chemical compensation i s detected 
is i l l u s t r a t e d in Figure 6. If the probability 
distribution for the diagnostic parameter γ overlaps 
unity (recall Η : γ = 1, where Ύ = 1 for no linear 
extrathermodynamic effect) the probability density 
for β is thinly distributed over a l l possible numbers 
such that the confidence interval for γ traces to a 
confidence interval for β that starts at a f i n i t e 
value, extends to i n f i n i t y , returns from minus i n f i n i t y , 
and f i n a l l y returns to a f i n i t e value. The MLE of β 
is then somewhere in that interval. When this happens 
H Q cannot be rejected and the probability density of 
β i s distributed so thinly that the probability of 
detecting a compensation temperature in a reasonably 
f i n i t e interval i s infinitesimal, and hence the 
probability that a linear extrathermodynamic effect 
i s detected i s essentially zero. 
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AS* (eu) AG* ( M 

Nature 
Journal of Physical Chemistry 

Figure 4. The 50% joint confidence regions for the oximation of alkyl thymyl ketones 
(30). The A//=-AS= ellipses are so narrow that they appear as lines. Departure of the 
methylated compound from a common AG= value causes it to fall off the statistical com
pensation "line" between ΔΗ= and AS= estimates. Notice that AG= is estimated more 

precisely than ΔΗ=. All values were calculated for Τ — Thm = 308.1 Κ (25, 27). 
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AS*(eu) A6*(kcal) 

Journal of Physical Chemistry 

Figure 5. Plots of thermodynamic parameter estimates and their respective 50% confi
dence regions for the hydrolysis of ethyl benzoate (1). The linear structure in the ΔΗ=-
AG= plot indicates that a linear chemical compensation is detected. The data are evalu

ated atT = Thm— 292.6 Κ (27). 
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Figure 6. Probability density functions for y and β. The bold line is the 
function f(y) through which the well-behaved probability density functions 
p(y\VtT) are mapped into either well-behaved or skewed density functions 
pjf/?|k,T). The footnote "1" represents parameters obtained from the hydroly
sis of ethyl benzoate (1), ana "T represents parameters obtained from the 
oximation of thymyl ketones (SO). Reprinted with copyright permission by 

the Journal of Physical Chemistry (27). 
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Journal of Physical Chemistry 

Figure 7. Carbinol formation from Malachite dyes (41). The 
data are plotted along with 50% confidence ellipses or one stand
ard deviation increments. The variances of the bG=Thm estimates 
are too small to he noticed on this plot. A nonlinear functionality 
appears to he suggested by the data. The data are evaluated at 
Τ = T h m —» 297.7 K. Reprinted with copyright permission by the 

Journal of Physical Chemistry (27). 

Finally, we show in Figure 7 that nonlinear 
relationships are easily visualized as well when the 
thermodynamic data are plotted in the AH-AG plane. 

Thm 
If a preferred nonlinear function i s to be f i t to such 
data, weighted least squares may be used to obtain 
numerical parameter estimates when λ >> 1, which i s 
the usual case. Such structured nonlinear functions 
are v i r t u a l l y impossible to distinguish from random 
(unstructured) scatter in AH-AS coordinates because 
of the dominant s t a t i s t i c a l compensation between 
parameter estimates i n those coordinates. 
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Conclusions 
The history of enthalpy-entropy compensation i s 

one characterized by a strong misuse of fundamental 
s t a t i s t i c a l tools (the method of least squares and 
correlation analysis) to reach incorrect conclusions 
about the detection and valid i t y of observed compensa
tions between enthalpy and entropy estimates. Any 
chemical effect in the enthalpy-entropy plane i s 
strongly confounded with the linear s t a t i s t i c a l com
pensation pattern due to the limited experimental 
temperature ranges suitable for most chemical investi
gations. Enthalpy and entropy estimates are s t i l l 
frequently plotted versus one another to display false 
correlations (compensations) for organic, biochemical, 
and heterogeneous catalytic reactions, however. 

Because both the relevant chemical identities and 
the choice of experimenta
to a scientist prio  analysis,
should choose to perform his correlation analysis and 
regression in the AH-AG- plane to detect the pre-

Thm 
sence of both linear and nonlinear relationships 
between any thermodynamic variables for both kinetic 
and equilibrium data. 
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11 

H o w to Avoid Lying with Statistics 

A L L A N E. AMES and GEZA SZONYI 

Polaroid Corp., 750 Main St., Cambridge, MA 02139 

I. Introduction 
Statistical analysis of randomly varying data has 

become commonplace in the age of calculators and 
computers. Such analyses are often carried out 
routinely using built-in calculator functions or 
standard computer subroutines. Parameters derived in 
such computations usually include the average (mean) 
and the standard deviation, characteristic of the 
central tendency and the variability of individual 
data sets. To compare two data sets with each other, 
the differences between their averages and the ratio 
of their variances are used customarily. Little 
thought is usually given to the fact that the compu
tation of the above parameters presupposes that the 
data analyzed are essentially normally distributed 
and that this distribution is monomodal, i.e., showing 
essentially one major peak or central value only. If 
this is not the case, and standard (parametric) methods 
are applied for the evaluation of such data, the 
results obtained will represent an incorrect picture. 
In other words, the evaluator is: "lying with statis
tics", usually without being aware he is doing so (1). 
To make matters worse, nearly all built-in programs 
for calculators, as well as the majority of the sub
routines and programs for computers are of the para
metric type. Nowhere in the instruction manuals is 
the fact adequately stressed that the usage of para
metric methods presupposes known, usually normal, 
distribution which must be ascertained before these 
methods are applicable. 
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220 CHEMOMETRICS: THEORY AND APPLICATION 

This paper w i l l show that for many applications 
the use of distribution-free (nonparametric) methods 
may be preferable and easier to use than the conven
tional parametric approach (1). (Throughout this 
paper, the term "parametric tests" pertains to the 
t-Test and the F-test, used with the appropriate 
tables (2, 3, £, 5, 6, S, 9) ) . We w i l l also provide 
a simple method for testing the normality of the dis
tribution of data sets. Examples w i l l be given to 
demonstrate the penalties which can be incurred when 
parametric methods are used for the analysis of non
parametric data. 
II. Methodology 

Normally distributed data are often represented 
graphically by the well-known, bell-shaped Gaussian 
curves (10, 11/ 12t 13
the data in questio
order and then grouped into classes. The number of 
items i n each class, i.e., the class frequencies, are 
then plotted against class midpoints i n such standard 
frequency plots. Another method of representation for 
the same data i s the use of cumulative frequency plots. 
Cumulative frequencies are obtained by adding 
("cumulating") for each class a l l the class frequencies 
up to that point, divided by the total number of data 
in the data set (10, 15J , as shown in Figure 1. 

This paper deals with two applications of the 
cumulative distribution. In one case, a known con
tinuous distribution—the normal d i s t r i b u t i o n — i s 
being compared to an unknown discrete distribution i n 
order to determine i t s normality or deviation from i t . 
In another case, two unknown cumulative discrete dis
tributions are being compared to each other to deter
mine their sameness or difference. For both cases 
the same test s t a t i s t i c i s applicable (16, 1J, 18) : 

Τ = sup |F(x) - S(x) I 

where: F(x) i s the cumulative distribution function 
of an unknown distribution; S(x) i s the cumulative 
distribution function of either a known (e.g. normal) 
or an unknown distribution; and, sup = supremum 
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s i g n i f i e s maximum, and together w i t h the two v e r t i c a l 
l i n e s symbolizes that one should take the maximum 
d i f f e r e n c e enclosed by these l i n e s . Thus, Τ i s the 
maximum v e r t i c a l d is tance between the two cumulative 
d i s t r i b u t i o n graphs. T h i s computed T , or a s i m i l a r l y 
d e r i v e d v a l u e , i s subsequently compared to appropr ia te 
t a b u l a t e d values a t s e l e c t e d confidence l e v e l s . The 
two d i s t r i b u t i o n s are regarded as being d i f f e r e n t i f 
t h i s Τ i s greater than the corresponding tabula ted 
v a l u e , o therwise , the opposi te holds t r u e . 

A number of methods have been d e s c r i b e d i n the 
l i t e r a t u r e to t e s t whether a g iven data se t can be 
considered to be e s s e n t i a l l y normally d i s t r i b u t e d or 
not . Table 1 summarizes the most important of these 
methods. As seen from t h i s t a b l e , a l l methods are 
based on the use of cumulative d i s t r i b u t i o n f u n c t i o n s , 
except the S h a p i r o - W i l
uses the normal cumulative d i s t r i b u t i o n to compute 
t h e o r e t i c a l f requencies ( 1 9 ) · ) There i s no o v e r a l l 
agreement, based on the l i t e r a t u r e surveyed, as to 
which method i s "best" f o r a l l p o s s i b l e e m p i r i c a l 
d i s t r i b u t i o n s (2J), 21, 22) . Comparison of the v a r i o u s 
normal i ty t e s t s has lead to the r e s u l t that i n some 
cases , the same data are considered normal by some 
tes ts and not normal by others (2_2) . However, the 
C h i Square t e s t i s g e n e r a l l y regarded to be i n f e r i o r 
to a l l other t e s t s (20,, 21, 22) . 

The extent to which parametric methods can be 
used f o r b o r d e r l i n e normal i ty cases has not been 
d e s c r i b e d i n the l i t e r a t u r e surveyed. T h i s area 
needs s u b s t a n t i a l e x p l o r a t i o n and, a t t h i s s tage , 
informed i n t u i t i o n i s as good a guide as any. 

T h i s paper deals wi th a simple t e s t f o r n o r m a l i t y , 
the L i l l i e f o r s Tes t {23^, 24.) / a n<* not wi th the 
q u e s t i o n of what normal i ty t e s t to s e l e c t . We have 
found t h i s t e s t s a t i s f a c t o r y to he lp us to decide when 
to use and when not to use parametric s t a t i s t i c s i n 
data a n a l y s i s . To analyze nonnormally d i s t r i b u t e d 
data , we have been us ing the Kolmogorov-Smirnov Two 
Sample T e s t ( 1 £ , 1̂7, 18) , which compares two data sets 
of unknown d i s t r i b u t i o n f o r t h e i r sameness or d i f f e r 
ence using the cumulative d i s t r i b u t i o n approach. The 
p r i n c i p l e of these two t e s t s i s presented g r a p h i c a l l y 
i n F i g u r e 2. 
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The L i l l i e f o r s Test of Normality. 
The computational procedure for the L i l l i e f o r s 

Test involves the following steps (1£, 17, 18): 
a) Arrange the data set to be tested in 

ascending order. 
b) Calculate the following quantities: 
The mean: 

χ - i - ih * i f i 

The standard deviation: 

S = 
Σ(χ± - χ ) /

Ν - 1 Ν - 1 

= Σ(χ £ - x ) 2 f . = Σ χ 1
2 ί 1 - (Σχ1ί.)2/Ν 

Ν - 1 Ν - 1 
The Z-Statistics for each distinct data value 

(Z(I)): 

where: 
x^ = individual datum, or class midpoint 

of data arranged by class frequencies. 
f^ = frequency of datum or data class 
Ν = total number of data in the data set 

c) for each datum (X(I)), or data class within 
the data set, compute i t s cumulative frequency (CUM) 
with the formula: 

CUM(I) = 1 ~ 1 

Ν 
where: i = the rank order of the datum, or i t s 
frequency, or the frequency of the data class. 
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This means that the f i r s t entry of the data set i s 
omitted, but cumulative frequencies are computed for 
a l l other data values, i.e., from: (i - 1) to N. 
The cumulative frequencies thus generated represent 
the unknown distribution function: F(x^). 

d) Using the Ζ^-values computed for every datum 
or data class, determine the standardized cumulative 
normal distribution value (XNORM) corresponding to i t . 
These standardized normal values can be obtained from 
tables of the Normal Probability Functions (25) , using 
the IBM Sc i e n t i f i c Subroutined NDTR (26), or writing 
your own subroutine u t i l i z i n g the error function (27.) . 
These values represent the cumulative normal d i s t r i 
bution function: S(x^). 

e) Compute the absolute difference (DIF) between 
CUM and XNORM, and determin  th  largest valu  (BIG) 
among these values
s t a t i s t i c s for the L i l l i e f o r

f) By using the L i l l i e f o r s Table (22, 2±, 28.) * 
determine whether this computed Τ i s s t a t i s t i c a l l y 
significant or not, at the selected confidence level. 
If Τ i s not significant, the data analyzed can be 
regarded as being essentially normally distributed so 
that both parametric and nonparametric methods can 
probably be used for the analysis of the data set in 
question. If Τ i s significant only nonparametric 
methods should be used. 

A simple i l l u s t r a t i o n of this procedure i s 
presented in Table 2, using previously published 
data (22). 

The procedure described i s applicable to a l l 
types of data sets, i.e , either sets of individual 
data, or sets of data specified through frequencies 
within defined classes. 

Steps a), b) and d) of this procedure are common 
to a l l normality tests given in Table 1, with the 
exception of the Chi Square and the Shapiro-Wilk 
methods, i.e., to a l l Empirical Distribution Function 
(EDF) s t a t i s t i c s which use cumulative frequencies 
(22). Having done these basic calculations, a l l EDF 
based tests can be carried out easily with a computer 
or calculator. 
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Table 2 

ILLUSTRATION OF THE APPLICATION OF THE LILLIEFORS TEST 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

X(J) 

148 

154 

158 

160 

161 

162 

166 

170 

182 

195 

236 

Z(J) 

-0.9618 

-0.7214 

-0.561

0.4809 

-0.4408 

-0.4008 

-0.2405 

-0.0802 

0.4008 

0.9218 

2.6451 

CUM 

0.0909 

0.2727 

0.3636 

0.4545 

0.5454 

0.6363 

0.7272 

0.8181 

0.9090 

BIG « 0.1683 

XNORM 

0.2358 

0.3156 

0.3300 

0.3446 

0.4052 

0.4681 

0.6554 

0.8212 

0.9960 

PI F 

0.1448 

0.0429 

0.0336 

0.1100 

0.1402 

0.1683 

0.0719 

0.0030 

0.0869 

X = 172. 

24.95195 
L i l l i e f o r s 
Table Values 

80 
85 
90 
95 
99 

0.206 
0.217 
0.230 
0.249 
0.284 

Since BIG i s smaller than a l l the tabulated values, i t i s regarded as 

being s t a t i s t i c a l l y not s i g n i f i c a n t and the data set to be e s s e n t i a l l y 

normally d i s t r i b u t e d . 
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The Kolmogorov-Smirnov Test—Nonparametric 
Testing of Two Distributions for Differences 
or Similarity. 
The Kolmogorov-Smirnov Two-Sample Test, also 

called "The Two-Sample Smirnov Test", i s used when 
two data sets are being compared in order to deter
mine whether the two sets belong to the same popula
tion or not regardless of their underlying d i s t r i 
butions (_16, 17, JL8) . This i s the same as asking 
whether two data sets are i n some way different from 
each other. To this end, cumulative distributions 
are calculated for each set, as well as the differences 
between the cumulative values. The largest absolute 
difference thus obtained i s then compared to appro
priate tabulated value t th  desired confidenc
level. If this larges
significant, the tw , 
otherwise they are the same. 

The computational procedure for the Two-Sample 
Smirnov Test i s the following (JL6, Γ7, JL8) : 

a) Sort both data sets in ascending order. The 
two sets are designated as vectors: X(I) and Y(J). 

where: 

X(I) = ^1' ̂ 2' ^3'···' ^n 
Y(J) = Y^, Y 2 , Y 3 , . . . , Y m 

and: η and m are the lengths of the vectors, 
i.e., the number of data in X and Y, respectively. 

b) Form two new vectors: XX and YY, both of 
length: η + m. The XX vector i s the augmented X 
vector containing zeros wherever there i s a number in 
the ordered Y vector. Similarly, the YY vector i s the 
augmented Y vector containing zeros wherever there i s 
a number in the ordered X vector. 

c) Compute the cumulative frequencies for both 
sets by 

- 1 = l,n 

and 

m 3 = 1 ' m 
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for each X and Y value. These cumulative frequencies 
are inserted into the cumulative distribution vectors 
X(I)C and Y(I)C at points corresponding to the 
location of data entries i n the augmented X and Y 
vectors. X(I)C and Y(J)C are representative of the 
two unknown distribution functions: 

F(x ±) and S(xjL) 
d) The difference (DIF) between X(I)C and Y(J)C 

is computed for each value of the augmented vectors. 
The largest positive or negative value i s determined. 
This represents: T, the test s t a t i s t i c . 

e) By using Tables of the Two-Sample Smirnov 
Test s t a t i s t i c (.29, 30) determine whether this 
computed Τ i s s t a t i s t i c a l l y significant or not at the 
confidence level selected
the two data sets ar  regarde g y 
belonging to the same population, otherwise they are 
not. (Different tables should be used for data sets 
of equal and unequal length.) 

A simple i l l u s t r a t i o n of this procedure i s 
presented in Table 3, using previously published 
data (31) . 

Although the main application of the Smirnov Test 
i s i t s use of comparing two nonnormally distributed 
data, i t can be used to evaluate normally distributed 
data sets as well. When used on normally distributed 
data, differences between the two sets w i l l be 
detected, regardless of whether these arise from 
differences i n the means or differences in the 
variances. Furthermore, the Smirnov Test may detect 
differences between normally distributed data sets 
when parametric methods do not allow clear-cut 
decisions. 
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Tabje 3 

ILLUSTRATION OF THE APPLICATION OF ΤΙ1Γ TWO-SAMPLE SMIRNOV TEST 

I M J LQJL XX YY Y(J)C 
1 7.6 15 1 5.2 0 0 5.2 0.067 
2 8.4 2 5.7 0 0 5.7 0.133 
3 8.6 3 5.9 0 0 5.9 0.200 
4 8.7 4 6.5 0 0 6.5 0.267 
5 9.3 5 
6 9.9 6 
7 10.1 7 
8 10.6 8 9.8 8.4 0.2222 0 0.4000 
9 11.2 9 10.8 8.6 0.3333 0 0.4000 
10 10 11.3 8.7 0.4444 0 0.4000 

11 11.5 0 0.4444 9.1 0.467 
12 12.3 9.3 0.5555 0 0.467 
13 12.5 0 0.5555 9.8 0.5337 
14 13.4 9.9 0.6666 0 0.5337 
15 14.6 10.1 0.7777 0 0.5337 

10.6 0.8888 C 0.5337 
0 0.8888 10.8 0.6004 
11.2 0.9999 0 0.6004 
0 0.9999 11.3 0.6671 
0 0.9999 11.5 0.7338 
0 0.9999 12.3 0.8005 
0 0.9999 12.5 0.8672 
0 0.9999 13 4 0.9339 
0 0.9999 J4.6 1.000 

PI F 

-0.067 
-0.133 
-0.200 
-0.267 

-0.1778 
-0.067 
0.04444 
-0.0226 
0.0885 
0.0218 
0.1329 
0.244 
0.3551 
0.2684 
0.3995 
0.3328 
0.2661 
0.1994 
0.1327 
0.066 
0 

Smallest Difference: DIF - -0.3333 at Y(5)-6.8 

Largest Difference: DIF - 0.3995 at X(9)-ll.2 

90 η./:Γ8? 
Τ-ο Sample Ssirr.ov Test 95 0.5333 

Table Values 99 0.64444 

Based on the tabulated values, the two data set belong essentially to the same population. 
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4 

Figure 3. Two bi-modal distributions 

III. Examples of How to Avoid Lying with Statistics 

Let us now give some examples to demonstrate 
what happens when parametric s t a t i s t i c s are used 
incorrectly. 

A Monte Carlo Simulation was used to generate 
the two distributions shown graphically in Figure 3. 
The corresponding data sets and the results of the 
parametric t-Test and F-Test (£, 9̂) are shown i n 
Table 4. These tests lead to the surprising conclu
sion that the two distributions are indistinguishable. 
If, however, the Two-Sample Smirnov Test i s applied 
to the same data, the two data sets clearly differ 
from one another as one would expect from Figure 3. 
The two-sided test s t a t i s t i c i s 0.5 which i s signi
ficant at the 99th percentile. This contradiction 
between the results of the parametric and nonparametric 
tests indicates nonnormality of one or both data sets. 
Indeed, when the L i l l i e f o r s test i s performed on these 
data, as shown in Tables 5 and 6, both sets show 
nonnormality. This means that only nonparametric 
methods are useful for comparing the data sets in 
question. To reassert the point made at the beginning 
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Table 4 

PARAMETRIC EVALUATION OF TWO DATA SETS GENERATED BY MONTE CARLO SIMULATION 

Data Set 1 

-50.06828 

-50.05978 

-50.04611 

-50.03810 

-50.02966 

-50.02777 

-49.99072 

-49.94664 

-49.94615 

-49.85856 

-23.75126 

- 5.20842 

19.62010 

19.66091 

25.08628 

26.31711 

35.13998 

61.47794 

66.56312 

78.51408 

Data Set 2 

-157.53665 

-105.65264 

-104.06236 

- 76.14665 

- 76.76301 

- 65.85975 

- 57.93762 

- 55.93762 

- 54.95785 

30.14344 

49.94298 

49.95922 

49.97837 

49.98032 

49.98634 

50.00938 

50.02284 

50.04142 

50.07682 

X - 9.82857 
s 2 2176.994635 
s 46.658271 

Tabulated t-values: t38 /90 1.3042 
*38,95 1,6860 
*38,97.5 2.0244 
t38,99 2.4286 

- 17.29912 
4992.86817 

70.660232 

Tabulated F-values: F19,19,90 1.8226 
F19,19,95 2.1686 
F19,19,97.5 2.5270 
F19,19,99 3.0282 

Computed t: 0.39450 Computed F: 0.43602 
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Table 5 

LILLIEFORS TEST OP DATA SET 1 

L i l l i e f o r s Test 

J 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

X(J) 

-50.06828 

-50.05978 

-50.04611 

-50.03810 

-50.02966 

-50.02777 

-49.99072 

-49.94664 

-49.94615 

-49.85856 

-23.75126 

-5.20842 

19.62010 

19.66091 

25.08628 

26.31711 

35.13998 

61.47794 

66.56312 

78.51408 

LILLIEFORS TEST OF SET 1 

Z(J) 

-0.86241 

-0.86223 

-0.86193 

-0.86138 

-0.86154 

-0.86075 

-0.85980 

-0.85979 

-0.85791 

-0.29837 

0.09904 

0.63117 

0.63205 

0.74833 

0.77471 

0.96380 

1.52829 

1.53728 

1.89341 

IS 0.2545. 

L i l l i e f o r s Table 
Values 

XNORM 

0.19423 

0.19428 

0.19436 

0.19445 

0.19446 

0.19468 

0.19494 

0.19495 

0.19546 

0.38270 

0.53944 

0.73603 

0.73632 

0.77287 

0.78074 

0.83242 

0.93678 

0.94921 

0.97084 

80 
85 
90 
95 
99 

CUM 

0.00000 

0.05000 

0.10000 

0.20000 

0.25000 

0.30000 

0.35000 

0.40000 

0.44999 

0.50000 

0.55000 

0.60000 

0.64999 

0.70000 

0.75000 

0.80000 

0.85000 

0.89999 

0.95000 

DIF 

0.19423 

0.14420 

0.09436 

0.05553 

0.10531 

0.15503 

0.20504 

0.25453 

0.11729 

0.01055 

0.13603 

0.06632 

0.07207 

0.03074 

0.03242 

0.08678 

0.04921 

0.02084 

0.160 
0.166 
0.174 
0.190 
0.251 
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Table 6 

LILLIEFORS TEST OF DATA SET 2 

L i l l i e f o r s Test 

J 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

X(J) 

-157.53665 

-105.65264 

-104.06236 

-76.14665 

-76.01930 

-72.76301 

-65.85975 

-57.93762 

-55.18869 

-54.55785 

30.14344 

49.94298 

49.95922 

49.97837 

49.98032 

49.98634 

50.00938 

50.02284 

50.04142 

50.07682 

LILLIEFORS TEST OF SET 2 IS 

2(J) 

-1.98467 

-1.25039 

-1.22709 

-0.93282 

-0.76493 

-0.08724 

-0.57512 

-0.53622 

-0.53295 

0.67141 

0.95162 

0.95185 

0.95212 

0.95215 

0.95223 

0.95256 

0.95275 

0.95501 

0.95352 

0.2793 

L i l l i e f o r s Table 
Values 

XNORM 

0.02359 

0.10557 

0.10974 

0.20247 

0.21624 

0.24596 

0.28260 

0.29590 

0.29703 

0.74902 

0.02935 

0.82941 

0.82948 

0.82949 

0.82951 

0.82959 

0.82964 

0.82970 

0.82983 

80 
85 
90 
95 
99 

COM 

0.00000 

0.05000 

0.10000 

0.15000 

0.25000 

0.30000 

0.35000 

0.40000 

0.44999 

0.50000 

0.55000 

0.60000 

0.64999 

0.70000 

0.75000 

0.80000 

0.85000 

0.89999 

0.95000 

DIF 

0.02359 

0.05557 

0.00974 

0.05247 

0.03376 

0.05405 

0.06739 

0.10409 

0.15296 

0.24902 

0.27935 

0.22941 

0.17948 

0.12949 

0.07951 

0.02959 

0.02035 

0.07029 

0.12016 

0.160 
0.166 
0.174 
0.190 
0.231 
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of this paper: the application of parametric methods 
to nonnormally distributed data may lead to drawing 
the wrong conclusions. 

Our interest in nonparametric methods was caused 
by some production problems. Here i t was important 
to decide whether a certain additive did or did not 
improve the quality of a certain product. The data, 
together with the parametric tests performed i s shown 
in Table 7. Based on these tests, the particular 
additive apparently did not improve product quality. 
Since physically this did not make too much sense, 
the same data were reevaluated by subjecting them to 
the Two-Sample Smirnov Test. The highest computed 
value thus obtained was 0.319, as opposed to the 
tabulated values of: 0.21496(80), 0.24466(90), 
0.271531(95), 0.30406(98) and 0.32527(99)  Based on 
this test, the two dat
the additive i n questio  Subjecting 
the data sets to the L i l l i e f o r s Test showed that both 
sets were nonormally distributed, giving computed 
values of: 0.31814 and 0.30726, resp., as opposed to 
tabulated values of: 0.11384(90), 0.1253(95) and 
0.14581(99). Thus, the parametric tests are not 
applicable. What i s particularly striking in this 
case i s the large sample size which was taken to 
insure greater confidence in the results obtained, 
but which only reinforced an incorrect conclusion. 

This example il l u s t r a t e s some important points. 
These are: 

1. When physical reality apparently contradicts 
the s t a t i s t i c a l results obtained, i t i s incumbent on 
the applied s t a t i s t i c i a n to reevaluate both his data 
and his approach. 

2. Although a large sample size i s generally 
desirable, i t i s no insurance for obtaining correct 
answers. 

The preceding examples demonstrate that in 
certain circumstances the parametric tests may f a i l 
to indicate significant differences between d i s t r i 
butions. The next example demonstrates the opposite 
situation, namely, that misapplied parametric tests 
can indicate significant differences between two 
distributions when in fact there are no differences. 
The specific circumstances are rather general, but we 
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have noticed this to be the case i f the parent d i s t r i 
bution i s skewed and the sample size small. Table 8 
shows the data and the results of parametric and non
parametric tests performed on such data. Based on the 
parametric tests, the two data sets d i f f e r with regards 
to v a r i a b i l i t y . This i s , however, not the case based 
on the Two-Sample Smirnov Test. The L i l l i e f o r s Test 
shows that one of the data sets i s nonnormally dis
tributed. 

IV. Conclusions 
The preceding examples have demonstrated the 

problems that can arise when parametric s t a t i s t i c ^ 
are used without proper foundation, that i s , the 
independent verification of sufficient normality for 
the parametric test
important for the commo
is that the more widely applicable nonparametric 
methods are more powerful (as compared to individual 
parametric tests) than the parametric tests for 
deciding when the "test" differs from the "control". 
(Some examples of the nonparametric s t a t i s t i c s into 
data analysis can be found in the following references: 
(38, 39, 40, 41, 42, 43, 44, 45).) 

As a general approach to answering the question 
"Is the 'test 1 different from the 'control'?", we 
recommend the following strategy. 1) For the f i r s t 
step in the intercomparison apply the two sample 
Smirnov test. If this step leads to the conclusion 
that no difference exists, no further analysis i s 
necessary. 2) If the f i r s t step establishes that a 
difference exists and i t i s necessary to resolve the 
difference in terms of distributional parameters, 
apply the L i l l i e f o r s (or other appropriate) test. 3) 
If the data are normally distributed use the parametric 
tests as necessary. If not, find the transformations 
which do make the data properly parametric. If these 
transformations cannot be found, the questions being 
asked of the data cannot be answered and new questions 
must be found. 

The computer programs used in the simulations and 
data analysis are available on request. Also available 
is the "Comprehensive S t a t i s t i c a l Screening Program", 
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Table 7 

PRACTICAL DATA AMD RESULTS OF THE PARAMETRIC TESTS 

Data 1 

5.65000 

5.17000 

5.75000 

5.40000 

5.75000 

5.08000 

5.75000 

5.00000 

5.75000 

5.86000 

5.75000 

5.20000 

5.75000 

5.20000 

5.75000 

5.25000 

5.75000 

5.09000 

5.75000 

5.33000 

5.75000 

5.52000 

5.75000 

5.25000 

5.75000 

5.26000 

Data 2 

5.25000 

5.68000 

5.25000 

5.61000 

5.25000 

5.89000 

5.79000 

5.25000 

5.62000 

5.25000 

5.72000 

5.25000 

5.67000 

5.25000 

5.84000 

5.25000 

5.69000 

5.25000 

5.58000 

5.25000 

5.66000 

5.25000 

5.82000 

5.25000 

5.85000 
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Table 7 

(continued) 

Data 1 Data 2 

5.75000 5.25000 

5.35000 5.77000 

5.75000 5.25000 

5.20000 5.25000 

5.76000 5.60000 

5.75000 5.25000 

5.27000 5.72000 

5.75000 

5.09000 5.66000 

5.75000 5.25000 

5.43000 5.70000 

5.75000 5.25000 

5.26000 5.76000 

5.75000 5.25000 

5.28000 6.00000 

5.75000 5.25000 

5.40000 5.66000 

5.75000 5.25000 

5.46000 5.75000 

5.75000 5.25000 

5.20000 5.61000 

5.75000 5.25000 

5.33000 5.50000 

Mean 1 5.50659 
Variance 1 0.07181 
Stand. Dev. 1 0.26797 
Coeff. Var. 1 4.86643 

Tabulated t-values: fc 98,90 
t 98,95 
t 98,97.5 
fc 98,99 

Mean 2 
Variance 2 
Stand. Dev. 2 
Coeff. Var. 2 

5.48219 
0.06057 
0.24611 
4.46933 

1.2902 Tabulated F-values: F 49,49,90 1.4496 
1.6606 F 49,49,95 1.6123 
1.9845 P 49,49,97.5 1.7691 
2.365 F 49,49,99 1.9724 

Calculated t-value 0.47423 Calculated F-ratio 1.18553 
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Table 8 

ANALYSIS OF SKEWED DATA 

Data Set 1 Data Set 2 

-0.85837 
-0.79696 
-0.78426 
-0.78426 
-0.61911 
-0.61911 
-0.57363 
-0.5422
-0.3886
-0.3701
-0.37918 
-0.35139 
-0.33228 
-0.23139 
0.14258 
0.57340 
1.21056 
1.58031 
1.58031 
4.11062 

-0.90514 
-0.84636 
-0.83421 
-0.83421 
-0.79696 
-0.79696 
-0.78426 

-0.63336 
-0.50991 
-0.40681 
-0.14344 
-0.07251 
-0.04782 
0.05691 
0.26831 
0.41030 
0.71030 

0.078786 
1.488776 
1.220154 

-0.412353 
0.235497 
0.485281 

Lil l i e f o r s 

Tabulated 
Li l l i e f o r s 
Values 

0.2503 
T20,90 
T20,95 
T20,99 

0.1759 

0.174 
0.190 
0.231 

Tabulated 
t values 

^38,90 
t38,95 
t38,97.5 

1.3042 
1.686 
2.024 

computed t: 
1.673 

Tabulated 
F values 

Tabulated Two 
Sided Smirnov 
Values 

*19,19,95 
F19,19,97.5 
F19,19,99 
T20,20,80 
T20,20,90 
T20,20,95 

2.168 
2.527 
3.028 

0.30 
0.35 
0.40 

computed F-. 
6.322 

computed T: 
0.349 
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combining L i l l i e f o r s , Kolmogorov-Smirnov, and a number 
of standard parametric tests. 

We would like to express our thanks to the Polaroid 
Corporation for the permission to publish this work 
and to Jean Frederiksen of Polaroid for many helpful 
suggestions and stimulating discussions in connection 
with this paper. 

Literature Cited 

1. Mason, R.L., "FORTRAN Programs for Non-Parametric Studies", 
Naval Underwater Systems Center, New London, Connecticut, 
AD-769 649. National Techn. Information Service, U.S. Dept. 
of Comm., Springfield, Va., 1973. 

2. Dixon, W.J. and Massey, F.J., "Introduction to Statistical 
Analysis", 3rd ed.  pp  114-119 McGraw-Hill Book Co.  Ne
York, 1969. 

3. Dunn, O.J. and Clark, V.A., "Applied Statistics: Analysis 
of Variance and Regression", pp. 50-53, John Wiley & Sons, 
New York, 1974. 

4. Dixon and Massey, loc. cit., pp. 109-113. 
5. Dunn and Clark, loc. cit., pp. 53-55. 
6. Natrella, M.G., "Experimental Statistics", National Bureau of 

Standards Handbook 91, pp. 4-1 to 4-14, U.S. Government 
Printing Office, Washington, D.C., 1963. 

7. Natrella, loc. cit. pp. 4-8 and 4-9. 
8. Owen, D.B., "Handbook of Statistical Tables", pp. 27-30, 

Addison-Wesley, Reading, Mass., 1962. 
9. Owen, loc. sit., pp. 63-87. 

10. Davies, O.L. and Goldsmith, P., "Statistical Methods in 
Research and Production", 4th rev. ed., pp. 12-16, Hafner 
Publishing Co., New York, 1972. 

11. Dixon and Massey, loc. cit., pp. 9-10. 
12. Haseloff, O.W. and Hoffman, H.J., "Kleines Lehrbuch der 

Statistik", p. 82, Walter de Gruyter & Co., Berlin, 1968. 
13. Maisel, L., "Probability, Statistics and Random Processes", 

pp. 56-59, Simon & Schuster, New York, 1971. 
14. Mosteller, F., Rourke, R.E.K. and Thomas, G.B., Jr., 

"Probability with Statistical Applications," pp, 259-268. 
Addison-Wesley Publishing Co., Reading, Mass., 1970. 

15. Bethea, R.J., Duran, B.S. and Boullion, T.L., "Statistical 
Methods for Engineers and Scientists", p. 43, Marcel Dekker, 
Inc., New York, 1975. 

16. Conover, W.J., "Practical Nonparametric Statistics", 
pp. 293-326, John Wiley & Sons, New York, 1971. 

17. Siegel, S., "Nonparametric Statistics for the Behavioral 
Sciences", pp. 127-136, McGraw-Hill Book Co., New York, 1956. 

18. Hollander, M. and Wolfe, D.A., "Nonparametric Statistical 
Methods", pp. 219-228, John Wiley & Sons, New York, 1973. 

In Chemometrics: Theory and Application; Kowalski, B.; 
ACS Symposium Series; American Chemical Society: Washington, DC, 1977. 



242 CHEMOMETRICS: THEORY AND APPLICATION 

19. Dixon and Massey, loc. cit., pp. 243-244. 
20. Dyer, A., Biometrika (1974) 61, pp. 185-189. 
21. Shapiro, S.S. and Francis, R.S., J. Am. Stat. Assoc. (1972) 

67, pp. 215-216. 
22. Stephens, M.A., J. Am. Stat. Assoc. (1974) 69, pp. 730-737. 
23. Liffiefors, H.W., J. Am. Stat. Assoc. (1967) 62, pp. 399-402. 
24. Conover, loc. cit. pp. 302-306. 
25. Beyer, N.H., "Handbook of Tables for Probability and 

Statistics", 2nd ed., pp. 125-134, The Chemical Rubber Co. 
Cleveland, Ohio, 1968. 

26. IBM Application Program, System/360, Scientific Subroutine 
Package, Version III, Programmer's Manual, Program Number 
360A-CM-03X, 5th ed., p. 78, 1970. 

27. Alger, P.L., "Mathematics for Science & Engineering", 
pp. 303-304, McGraw-Hill Book Co., New York, 1969. 

28. Conover, loc. cit. p. 398. 
29. Conover, loc. cit  399 d 400-401
30. Massey, P.J., Jr.

pp. 435-441. 
31. Conover, loc. cit. p. 311. 
32. Shapiro, S.S. and Wilk, M.B., Biometrika (1965) 52, 

pp. 591-611. 
33. Shapiro, S.S., Wilk, M.B. and Chen, J.H., J. Am. Stat. Assoc. 

(1968) 63, pp. 1343-1372. 
34. D'Agostino, R.B., Biometrika (1971) 58, pp. 341-348. 
35. Schuster, E.I., J. Am. Stat. Assoc. (1973) 68, pp. 713-715. 
36. Klimko, L.A. and Antle, C.E., Comm. Statistics (1975) 4, 

pp. 1009-1019. 
37. Govindarajulu, Ζ., Comm. Statistic Theory Meth. (1976) A5, 

pp. 429-453. 
38. Reed, A.H., Clinical Chemistry (1971) 17, p. 275. 
39. Arnoldi, C.C., Acta Chirug. Sci. (1972) 138, p. 25. 
40. Scholler, R., Path. Biol. (1973) 21, p. 375. 
41. Wu, G.T., Twomey, S.L. and Thiers, R.E., Clinical Chemistry 

(1975) 21, pp. 315-320. 
42. Smith, W.B., Tex. J. Sci. (1971) 22, p. 252. 
43. Vestal, C.K., Monthly Weather Rev. (1971) 99, p. 650. 
44. Britton, P.W., J. Sanit. Eng. (1972) 98, p. 717. 
45. Locks, M.O. and Pauler, G.L., Proc. Am. Reliability and 

Maintainability Symposium (1974) 7, pp. 226-228. 
46. Stephens, M.A., J. Roy. Stat. Soc., Ser. B, (1970) 32, 

pp. 115-122. 
47. Conover, loc. cit., p. 397. 
48. Massey, F.J., Jr., J. Am. Stat. Assoc. (1951) 46, pp. 69-78. 
49. Owen, loc. cit., pp. 413-425. 
50. Siegel, loc. cit. pp. 47-51. 
51. Stephens, M.A. and Maag, M.R., Biometrika (1968) 5, 

pp. 428-430. 

In Chemometrics: Theory and Application; Kowalski, B.; 
ACS Symposium Series; American Chemical Society: Washington, DC, 1977. 



12 
S I M C A : A Method for Analyzing Chemical Data in 

Terms of Similarity and Analogy 

SVANTE WOLD and MICHAEL SJÖSTRÖM* 

Research Group for Chemometrics, Institute of Chemistry, Umeå University, 
S-901 87 Umeå, Sweden 

1. Introduction 
Chemists study the behavior of molecules and 

mixtures of different molecules. Henceforth these 
mixtures or molecules are called chemical systems or 
objects. As in all branches of science, the increased 
quantification of measurements makes mathematics 
increasingly important both for the analysis of the 
measured data and for the prediction of the behavior 
of yet unstudied systems. 

Roughly, we can distinguish 2 extremes of mathe
matical models employed for these purposes. The first 
type, best suited for rather simple systems, we can 
call global hard models. There are two contrasts; 
global-local and hard-soft. The term global is used 
to indicate that the models, in principle, describe 
the behavior of the system "everywhere". The polari
zation hard-soft is used mainly to describe the amount 
of information contained in the model. Hard models 
contain much information since they describe the 
system in terms of fundamental quantities. In addi
tion, the deviation between the hard model and the 
measured data must not be larger than the errors of 
measurement. 

Developed mainly in physics, global hard models 
describe a system i n terms of fundamental physical 
quantities such as mass, charge, energy and time. 
Examples of this type of model employed in chemistry 
are quantum mechanical models and kinetic models in 
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the form of systems of d i f f e r e n t i a l equations* 
The hard global models, when properly applied, 

have great advantages both in their far-reaching 
predictions and their interpretation in terms of 
fundamental quantities. However, their use i s limited 
to systems of moderate complexity, since the complex
it y of the models — in terms of the number of invol
ved parameters and equations — grows faster than 
exponentially when the number of components in the 
modelled systems increase. 

Since global models of the type used in physics 
for a long time were the only mathematical models 
available, these were applied also in the study of 
very complex chemical systems involving many atoms and 
molecules, such as organic compounds reacting with 
each other in a solvent. For some aspects of such 
studies, for instanc
mathematical analysi
notably the relationship between structure and react
i v i t y , the results of the mathematical analysis usual
ly have been disappointing, in particular with regard 
to the predictions resulting from the analysis. 

It was soon found that in order to apply the 
global hard models to systems of the complexity of 
common chemical systems, either the models had to be 
simplified to a degree that their interpretation was 
made dubious or the chemical system studied had to be 
simplified so far that i t lost much of i t s relevance 
to the chemical problem that originated the study. 

These d i f f i c u l t i e s with global hard models have 
made chemists continue to analyze their experimental 
data in a qualitative way. This qualitative analysis 
is often made in terms of analogy and similarity. 
Consider, as an example, an organic chemist studying 
properties of esters. When he starts the study of a 
new eater, he does not expect this ester to display 
an identical behavior to earlier studied esters. 
Rather, he expects a similar behavior. What is meant 
by "similarity" i s d i f f i c u l t to state precisely, but 
the intuitive meaning i s rather easy to see in each 
individual case. 

In the same way, much of chemical theory i s based 
on the concepts of similarity and analogy — see for 
instance Theobald (JL) for an illuminating discussion. 
Thus, the periodic system orders the elements in 
columns within which we find elements with "similar" 
chemical properties. Organic molecules with the same 
functional group, say COOR, display analogous proper
ties with regard to. reactivity, s t a b i l i t y , spectra and 
so on. 
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W i t h t h e l a r g e m a s s e s o f q u a n t i t a t i v e d a t a b e i n g 
p r o d u c e d i n t o d a y ' s c h e m i c a l l a b o r a t o r i e s — m a s s 
s p e c t r o m e t r y , ΝMR, U V , I R , A t o m i c A b s o r p t i o n , E l e c t 
r o p h o r e s i s a n d A m i n o - a c i d a n a l y s i s , e t c . — t h e n e e d 
t o q u a n t i f y t h e c o n c e p t s o f s i m i l a r i t y a n d a n a l o g y 
b e c o m e s u r g e n t . I t i s f a i r l y e a s y t o p e r c e i v e a 
q u a l i t a t i v e s i m i l a r i t y b e t w e e n s y s t e m s w h e n o n e o r t w o 
m e a s u r e m e n t s a r e m a d e o n e a c h o f t h e m , b u t e x t r e m e l y 
d i f f i c u l t w h e n t h e n u m b e r o f d a t a o b s e r v e d o n e a c h 
s y s t e m b e c o m e s l a r g e r . 

A s w i l l b e s e e n b e l o w , t h e q u a n t i f i c a t i o n o f 
s i m i l a r i t y a n d a n a l o g y c a n b e m a d e i n a s t r a i g h t 
f o r w a r d m a n n e r u s i n g t h e t w o c o n c e p t s o f c l a s s e s — 
i . e . l o c a l m o d e l s — a n d s i m i l a r i t y m o d e l s — i . e . 
s o f t m o d e l s . B e f o r e we g o i n t o t h i s h o w e v e r , l e t u s 
f i n i s h t h i s s e c t i o n b y f i t t i n g t h e d i f f e r e n t t y p e s o f 
m a t h e m a t i c a l m o d e l s

T h e c o n t r a s t s b e t w e e
a n d s o f t m o d e l s s h o u l d n o t b e s e e n a s d i c h o t o m i e s o f 
m u t u a l l y e x c l u s i v e m a t h e m a t i c a l t o o l s . R a t h e r , we s e e 
i n e a c h c h e m i c a l s t u d y o n e p a r t t h a t i s b e s t s t u d i e d 
b y m e a n s o f g l o b a l h a r d m o d e l s a n d o n e p a r t t h a t i s 
b e s t s t u d i e d b y m e a n s o f s o f t m o d e l s . U s u a l l y t h e r e 
i s a l s o a r e g i o n o f o v e r l a p w h e r e e i t h e r t y p e o f m o 
d e l c a n b e e m p l o y e d ( s e e F i g u r e 1 ) . L e t u s i l l u s 
t r a t e t h i s w i t h t h e e x a m p l e o f 1 3 C ΝMR w h i c h we d i s c u s s 
b e l o w . H e r e o n e p r o b l e m i s t o u t i l i z e t h e s p e c t r a t o 
d e t e r m i n e w h e t h e r a g i v e n m o l e c u l e h a s e x o o r e n d o 
c o n f i g u r a t i o n . T h i s i s a p r o b l e m o f r a t h e r l a r g e 
c o m p l e x i t y w h e r e t h e f u n d a m e n t a l k n o w l e d g e i s r a t h e r 
s c a r c e a b o u t w h i c h f a c t o r s d e t e r m i n e t h e d i f f e r e n c e 
i n s p e c t r a b e t w e e n e x o a n d e n d o m o l e c u l e s . H e n c e 
t h i s p r o b l e m i s b e s t a p p r o a c h e d u s i n g s o f t m o d e l s . 
A n o t h e r p r o b l e m i s t h e i n t e r p r e t a t i o n o f t h e e m e r g i n g 
p a t t e r n s o f t h e s p e c t r a i n t h e t w o c l a s s e s o f e x o a n d 
e n d o m o l e c u l e s . T h i s i s a p r o b l e m w h e r e w e r e q u i r e 
a n s w e r s i n t e r m s o f f u n d a m e n t a l c o n c e p t s a n d we t h e r e 
f o r e t r y t o u s e h a r d m o d e l s f o r t h i s i n t e r p r e t a t i o n , 
s a y c o r r e l a t i o n s w i t h c h a r g e d e n s i t i e s c a l c u l a t e d b y 
s o m e q u a n t u m m e c h a n i c a l m e t h o d . 

I n t h i s w a y h a r d a n d s o f t m o d e l s f o r m c o m p l e m e n t s 
t o e a c h o t h e r , e a c h t y p e b e i n g u s e f u l f o r t h e p u r p o s e 
t h e y a r e d e s i g n e d . 

S i n c e t h e u s e o f h a r d m o d e l s (2^3) i s t r e a t e d b y 
n u m e r o u s a u t h o r s i n t h e c h e m i c a l l i t e r a t u r e , we w i l l 
n o t d w e l l m o r e o n t h i s a r e a b u t w i l l h e r e i n s t e a d o u t 
l i n e t h e b a s i s a n d u s e o f s o f t m o d e l s ( o f a s p e c i a l 
t y p e ) i n c h e m i c a l i n v e s t i g a t i o n s . We u r g e t h e r e a d e r 
t o r e m e m b e r t h e c o m p l e m e n t a r y n a t u r e o f t h e d i f f e r e n t 
t y p e s o f m a t h e m a t i c a l m o d e l s . T h e p r e s e n t t r e a t m e n t 
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Figure 1. In a given problem different 
aspects are approached by means of dif

ferent types of mathematical modeb 

l e a r n i n g set 

exo ( q =1) 

7 

,6 2Λ 
1 

\6 

7 

x k 

k x k 

1 C H 3 

k 

9 

x k 

C H 3 

2 N H 2 1 0 Ν H 2 

3 OH 1 1 OH 

4 F 1 2 CN 

5 CN 1 3 C O O H 

6 C O O H 1 4 C O O C H 

7 C O O C H j 1 5 C H 2 0 Η 

8 C H 2 O H 

Figure 2. Learning set of 2-substituted norboranes. 
The exo compounds form class 1 (q — 1) and the endo 

compounds class 2 (q— 2). 
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thus discusses the use of mathematics in an area where 
this earlier has been d i f f i c u l t , we do not propose 
that the soft models should be used where hard models 
are appropriate. 

However, there are many types of data analysis 
where, in our view, hard models are presently used 
rather inappropriately. This i s because there i s a 
lack of information about the existence and use of 
soft models. In such cases there might emerge an 
apparent c o n f l i c t between the two types of models. 
This conflict w i l l certainly be resolved when experi
ence with the use of a l l kinds of mathematical models 
is common in a l l branches of chemistry. 

2. Example 
To i l l u s t r a t e th

shall use the SIMCA-analysi
bornanes (Figure 2) (4). The data were analyzed to 
find out whether l^C NMR data of these compounds could 
be used to determine i f the structure of a particular 
compound i s exo or endo and whether there existed 
consistent patterns for each type of molecules which 
could be u t i l i z e d in the assignment of NMR-spectra. 
The data are shown in Table I. The reader i s refer
red to section 5 for a more detailed discussion of 
which kind of information that one desires from this 
type of data analysis. 

3. The Idea of Classes; Experimental Design and 
Similarity Models 
The quantification of the similarity concept 

which we here propose (SIMCA) i s based on three funda
ments (5) . The f i r s t i s the experiment design which 
SIMCA presently can handle. Thus, we shall assume 
that on each object (chemical system) studied, a 
number of measurements have been made — the same 
variables measured on a l l objects in the study. In 
the norbornane example, this number (henceforth denot
ed M) i s seven; seven ^3C NMR shifts, one for each atom 
1-7 in Figure 2, are collected for each of the studied 
compounds. 

This design i s rather common in chemical studies, 
the data collected in a study can often be arranged in 
a matrix as in Figure 3. As w i l l be shown later in 
section 6.7 we need not assume that a l l positions in 
the matrix actually contain measured values, SIMCA 
works also with incomplete data. 

Of c r i t i c a l importance for the success or failure 
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of the data analysis i s that at least some of the var
iables have a relevance for the problem; i.e. that 
they are in some way related to the chemical problem 
under study. As w i l l be seen below, one primary re
sult of the data analysis i s information about this 
relevance, whether the data contain any information at 
a l l and i n such case, which parts that carry this 
information. 

Second, we shall assume that the chemical systems 
have been ordered in classes in such a way that each 
class contain only similar systems (see Figure 3). 
usually, there are also in the study a number of 
systems of uncertain class assignment. These we col
lect in the "test set" (see Figure 3) in order to later 
make an assignment by means of the mathematical models 
applied to the classes. This ordering into classes i s 
usually easy in chemica
are accustomed to formulatin
of classes. In the norbornane example we have the two 
classes exo and endo compounds between which we wish 
to find the differences in NMR spectra. 

Though we here i l l u s t r a t e the methodology by an 
example with two classes, the methods can also equal
ly well be applied to problems with a single class or 
with a large number of classes. Depending on whether 
the number of classes i s one or two or more, however, 
different types of information can be extracted from 
the data, a discussion of which i s given in section 5. 

It i s evident that the concept of classes consid
erably simplifies the discussion, analysis and inter
pretation of the behavior of chemical as well as other 
natural systems. This i s the reason for the popular
i t y of this concept. Compounds are cl a s s i f i e d as 
organic or inorganic, aromatic or aliphatic, acids or 
bases, ionic or covalent and further into a large 
number of subclasses depending on the chefhical problem 
studied. Reactions are cl a s s i f i e d according to 
"mechanisms", S^l or S N2, solvent assisted or not, 
f i r s t or second order, acid or base catalyzed etc., 
etc. Thus, instead of considering a large number of 
individual cases or systems, one relates to a much 
smaller number of classes into one (or few) of which 
each case or system i s assigned. 

The third fundament i s the existence of mathemat
i c a l models which, under rather general assumptions, 
can approximate data observed on the similar objects in 
a single class. These similarity models, here called 
local and soft because they are limited to a single 
class and are of an approximate nature, can be derived 
by means of simple mathematical tools such as Taylor 
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expansions. They can be considered as analogous to 
polynomials. In the same way as a polynomial of 
sufficiently high order always can approximate the 
variation of any continuous function in a limited 
interval, the similarity models shown in eq~. Π Π can, 
with sufficiently many terms, approximate any data 
matrix measured on a collection of similar systems, 
i.e., systems showing a limited diversity. 

In conclusion, the similarity concept can present
ly be quantified in situations where a. measurements 
of the same type have been made on a number of systems, 
b. at least two measurements have been made on. each 
system, c. the systems can be ordered into one or 
several classes plus a "test set" so that within each 
class there are only "similar" systems. 

For each class we can then, on the basis of the 
data of the objects
struct a mathematica
6.1). If we have Q classes in the study we thus obtain 
Q different models, each describing the data structure 
within a single class. 

There are other ways to handle the cl a s s i f i c a t i o n 
problem, most of which are reviewed by Kanal (6) and 
Cacoullos {!) · Some of these methods have been applied 
in chemical data analysis by Isenhour and Jurs (S), 
Kowalski (9,10) and others. The main difference 
between these methods and SIMCA which we here discuss 
is that the scope of SIMCA goes further than mere 
clas s i f i c a t i o n , namely to get an approximate descript
ion of the data structure within each class in terms 
of a quantitative model. 

4. Graphical Representation 
It i s convenient to have a graphical representa

tion of the data observed on the systems under study 
(Figure 3). The best way found so far is to represent 
the data measured on one system as a point in the M-
dimensional space obtained when each variable i s given 
one orthogonal coordinate axis. This space, the 
measurement soace, i s henceforth referred to as M-
space. The ^C NMR data in Table I would thus be re
presented as points in a 7-dimensional space; one 
point for each compound. 

Though i t i s d i f f i c u l t to visualize spaces with 
more than 3 dimensions, we can discuss examples in 2 or 
3 dimensions and draw analogies to higher dimensional 
spaces. Figure 4 shows one of many 2-dimensional 
representations of the norbornane data and i t i s seen 
that even this simple plot reveals interesting 
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Chemical system (object) 

12 k 

M 

1 
1 

yik 

! 
ν " ν ' ' V ' ' V 

Class I Class 2 Class Q Unassigned 
objects 

> v • · ν ' 
Learning set (Training, Reference set) Test set 

Figure 3. The data matrix in a quantitative analysis of simifority. On each chemical sys
tem (object), the values
ordered in classes dispfoying internal simihrity. The test set contains objects of "un

known* class assignment. 

a (ppm) 

5.01 

-5 .0 ' ' (,'ο ' ' ' ' . m h { 1 > P , U ) 

Figure 4. Plot of the difference in relative 
shift for the C7 (AB7k) and C6(&86k) carbons 
against the relative shift for the carbon 
(AS**) for the compounds 1-15 (see Figure 2). 
The variables are further reseated to the 
same experimental width. Thus a = (1.43 
AB7lrAB6k)/V2 and b — 2.73 Δ84*. Circles 
refer to exo compounds and squares to endo 
compounds. Two well separated classes are 

obtained. 
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regularities within the two classes. Graphical 
methods w i l l be discussed further in Section 6.8. 

5. Which Information Is Wanted from the Data Analysis 
For each particular problem there are of course 

some questions which are specific for the problem. 
There are usually also a number of questions which are 
common to a l l problems of this kind. These questions 
relate to mainly three types of information; 
(a) information about each separate class, 
(b) information about the relations (similarity and 

dissimilarity) between objects and classes and 
(c) information about the relations between classes. 

5.1 A Single Class. 
The informatio

the analysis of the data observed on the objects 
"known" to belong to the class (the training, learning, 
or reference set of the class). The primary goal i s 
usually to get a picture of the "data pr o f i l e " of the 
class, i.e., the typical behavior of the objects in 
the class. In SIMCA, this data profile i s described 
in terms of the parameters α and β in eq. (1) (see 
section 6.2), which in turn can be seen to define a 
simple surface (line or hyperplane) in M-space. 

Second, i t i s often of interest which variables 
that "take much part" in this data profile and which 
(if any) that are less involved in the class p r o f i l e . 
This i s further discussed in section 6.5.2. 

Third, in the analysis of real data, the learning 
set of the class i s often chosen under some uncertain
ty. Hence, one is interested to find out whether one 
or several of the objects in the learning set have 
deviating properties — either due to an incorrect 
class assignment or because of a non-typical behavior 
— one wants to find outliers in the training set (see 
section 6.5.1.). 

5.2 Relations Between Objects and Classes. 
The class assignment of the objects in the test 

set in sometimes the primary goal of the data analysis. 
In chemistry one i s usually also interested in other 
aspects as touched on in sections 5.1 and 5.3. We 
stress this because some methods used in "pattern 
recognition" are "optimal" when (i) the sole goal i s 
the cl a s s i f i c a t i o n of unassigned objects and (ii) one 
is completely certain that the objects in the training 
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set a l l are correctly assigned and typical of the 
classes. When more information is desired (see above) 
and when the p o s s i b i l i t y of outliers must be consider
ed, some of this c l a s s i f i c a t i o n optimality must be 
compromised for other aspects such as information about 
the data profiles of the classes and outliers. 

The information about the relation between the 
objects and the classes can take different forms. The 
crudest i s that an object either belongs to a class or 
not. Though sufficient in some cases, i t i s usually 
desired to instead get a probability measure of this 
class assignment. Thus, SIMCA gives, for each object, 
a probability for each class that the object belongs 
to the class (see section 6.6). These probabilities 
need not sum up to one. We can consider a particular 
object to have very low probabilities to belong to the 
given "known" classe
kind". We can also
object to belong to two (or several) classes — either 
the data are not sufficient to make an unique assign
ment, or the object in fact does belong to several 
classes like a chemical compound having several func
tional groups or a patient suffering from several 
diseases. 

5.3 Relation Between Classes. 
Here we might be interested in whether two of the 

classes are "close" to each other compared to the other 
classes — we desire information about the "distances" 
between the classes (section 6.5.7). Another often 
important type of information i s the "distance" between 
two classes for each of the variables; i.e., how 
important each variable i s to distinguish between two 
classes. When collecting such information for one 
variable over a l l class-pairs or, perhaps better, over 
a l l "close" class-pairs, we get an idea about the 
discrimination power of the variable (section 6.5.4). 
In many problems, the discrimination power of the 
variables i s of great importance for the interpretation 
of the data structure; in particular when a large 
number of variables have been included without prior 
information about their relevance for the problem. 

When reducing the number of variables (see section 
6.5.6), however, we must not base this reduction on the 
discrimination power of the variables since this w i l l 
result in a gross over estimation of the differences 
between classes. Instead, as discussed below, this 
selection i s better based on the modelling power of the 
variables which basically i s how much each variable 
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"takes part" in the modelling of a l l the classes 
instead of just a single class as discussed in section 
5.1 (section 6.5.3). 
6. The SIMCA Method 

The method* is based on modelling each class by a 
separate model. The main features are described i n the 
following sections. Of those, 6.3 through 6.6 are 
rather technical in nature and might be skimmed by the 
reader more interested in the philosophical points. 

6.1 Describing a Class by Mathematical Model. 
We can see one primary goal of the data analysis 

as finding "the regular behavior" of the objects i n the 
different classes. Th
to simplify the discussio
lection of objects — instead of discussing each 
individual object we reduce the complexity by the 
discussion of a much smaller number of classes. With 
this philosophical motivation for the classes i t i s 
natural to treat each class as independent from the 
other classes. This corresponds, in mathematical 
terms, to the construction of one mathematical model 
for each class. 

The f i r s t question i s whether this i s at a l l 
possible, after a l l we know only that the objects in 
one class are in some way similar. The trick i s to use 
mathematical models which can approximate any regular 
behavior of a class of similar objects. 

Let us, for i l l u s t r a t i v e purposes for a while look 
at a simpler case. For bivariate data y = f(χ) we know 
a large number of approximative models. Thus, provided 
that f(x) has some continuity properties, i t can be 
Taylor expanded around χ = x Q giving a polynomical 
series of a r b i t r a r i l y good approximating power when 
sufficiently many terms are included in the expansion. 

In the same way, using multidimensional Taylor 
expansions, i t can be shown that under some rather 
general assumptions, data observed of a class of 
similar objects can be approximated a r b i t r a r i l y well 
by the principal components expansion (1) in the next 
* 
SIMCA is an acronym for S t a t i s t i c a l Isolinear Multiple 
Components Analysis (due to Dave Duewer) or Soft Inde
pendent Modelling of Class Analogy or SIMple C l a s s i f i 
cation Algorithm or SIMilarographic Computer Analysis 
or 
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section (5). 
The chemist should not be surprised by this re

sult. Simple few term principal components (PC) models 
have for some time been used to describe chemical data 
observed on similar objects (usually chemical react-
tions) under the names of Linear Free Energy Relation
ships (LFERs) and Extra Thermodynamic Relationships 
(ETRs) (LI,12). The Bronsted and Hammett equations 
(13,14) are notable examples. The relation between 
LFERs and chemical pattern recognition has been pointed 
out by Hammond (15). 

The most important condition for these PC models 
to be able to approximate the data observed on a 
class of similar objects i s that the variables i indeed 
are, at least i n part, a realization of this similarity 
within the class. In other words, the variables chosen 
to characterize th
problem. This conditio
fundamental importance for a l l methods of data analy
si s . One advantage with the SIMCA method i s that i t 
provides a measure for the relevance of each variable 
(see sections 6.5.2 and 6.5.4). This gives the 
opportunity to include variables of doubtful relevance 
in i n i t i a l stages of the data analysis, followed by 
calculation of their actual relevance and the deletion 
of irrelevant variables. 

6.2 Principal Components (PC) Models As 
Similarity Models. 

A data matrix Y (q) with the elements y j ^ can, 
provided that a few assumptions are f u l f i l l e d , be 
approximated a r b i t r a r i l y closely by the PC model (j>) : 

Y i k
( q ) - « i < q ) • eia<*> e i k W * H k

( q ) (i) 
a=l 

Here the index £ indicates that the data belong to 
class c[. The assumptions on which this model i s based 
are two; (i) the data are generated by a "smooth" 
process and (ii) the cases (objects) with index k are 
"similar". 

The f i r s t assumption corresponds to an assumption 
that the function generating the data i s several times 
differentiable so i t can be Taylor expanded. This 
assumption i s very natural with chemical data. What
ever detailed theory one has for the processes 
generating the data yj.k, most such theories can be 
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f o r m u l a t e d as b e i n g s o l u t i o n s t o an o p e r a t o r e q u a t i o n 
w hich a u t o m a t i c a l l y makes t h i s "smoothness" assumption 
f u l f i l l e d . 

We note t h a t t h i s f i r s t a s s u m p t i o n i s g e n e r a l l y 
f u l f i l l e d when a r e measured d a t a . When i s o f 
some o t h e r k i n d , say d i s c r e t e d a t a deduced from a 
c h e m i c a l s t r u c t u r e such as t h e p r e s e n c e o r absence o f 
a n i t r o - g r o u p i n a c e r t a i n p o s i t i o n , t h i s assumption 
i s f a r from f u l f i l l e d . N u m e r i c a l l y , t h e method works 
anyway, b u t the u s e r must be c a u t i o n e d t h a t the i n t e r 
p r e t a t i o n and use o f t h e r e s u l t s i s l e s s c e r t a i n . 

The second assumption about s i m i l a r i t y i s needed 
to make the number o f terms i n t h e T a y l o r e x p a n s i o n s 
l i m i t e d , i . e . , the number o f p r o d u c t terms i n model 
(1), A, s m a l l . T h i s i s i n a n a t u r a l way r e l a t e d t o how 
th e c l a s s d e f i n i n g t h e c h o i c e o f t h e d a t a i s 
s e l e c t e d . I f i t i
c o r r e s p o n d s t o a n a t u r a
model (1) w i l l d e s c r i b e d a t a w e l l b u t i f done i n a 
"bad" way, t h e model (1) w i l l g i v e an i l l - d e f i n e d 
d e s c r i p t i o n . 

G e o m e t r i c a l l y , model (1) c o r r e s p o n d s t o an A-
d i m e n s i o n a l hyper p l a n e i n M-space. F o r t h e s i m p l e s t 
c a s e s , A = 0 and A = 1, t h i s c o r r e s p o n d s t o a s i n g l e 
p o i n t and a s t r a i g h t l i n e . T h i s makes t h e g r a p h i c a l 
i l l u s t r a t i o n o f model (1) r a t h e r s i m p l e (see F i g u r e 7). 

Model (1) i s r e l a t e d t o s e v e r a l m a t h e m a t i c a l 
methods f i n d i n g use i n c h e m i s t r y . LFERs have a l r e a d y 
been mentioned i n the p r e v i o u s s e c t i o n . R a t i o - m a t c h i n g 
(16) i s a s p e c i a l c a s e o f eq. (1) when the v a r i a b l e 
means a r e s m a l l and t h e number o f p r o d u c t terms A, 
i s one. The l a t t e r i s o f t e n f u l f i l l e d f o r d a t a 
o b s e r v e d on c l o s e l y s i m i l a r o b j e c t s . F a c t o r a n a l y s i s 
(12,18.,19.) has a m a t h e m a t i c a l f o r m u l a t i o n c l o s e l y 
r e l a t e d t o eq. (1). The main d i f f e r e n c e t o SIMCA i s 
t h a t one u s u a l l y i n f a c t o r a n a l y s i s assumes t h a t a 
s i n g l e model i s v a l i d o v e r a l l d a t a ( i . e . , a g l o b a l 
m odel), w h i l e SIMCA i s b a s e d on one s e p a r a t e model f o r 
each c l a s s . 

S t a t i s t i c a l l y , t he model (1) i s c l o s e l y c o n n e c t e d 
t o t h e models o f m u l t i p l e r e g r e s s i o n (20). Thus, the 
v a l u e s $j[a i n eq. (1) c o r r e s p o n d t o the i n d e p e n d e n t 
v a r i a b l e s X i a i n m u l t i p l e r e g r e s s i o n . The p r i n c i p a l 
d i f f e r e n c e i s t h a t the l a t t e r (X) a r e known by 
o b s e r v a t i o n w h i l e the former (β) a r e e s t i m a t e d from the 
Ν r e a l i z a t i o n v e c t o r s (k = 1,2,...,N). 

Once the v a l u e s o f β_ a r e e s t i m a t e d i n SIMCA from 
the o b s e r v e d v a l u e s o f f o r t h e t r a i n i n g s e t o f the 
c l a s s — l a t e r uses o f t h e model c o r r e s p o n d t o m u l t i 
p l e l i n e a r r e g r e s s i o n s w i t h the v a l u e s o f f i x e d t o 
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these estimated values. 
Thus, the SIMCA cla s s i f i c a t i o n of an unassigned 

object corresponds to multiple regressions, one for 
each class model (index cj) , of the data of the object 
(denoted by on the parameter vectors J3 

v. - «. ( q ) - Tq t ( q ) β ( q ) + e ( q ) (2) ^ip a i - Σ *ap &ia + e i p ( 2 ) 

a— ι 
The "distance" between the object £ and the class 

models i s related to the residual standard deviation 
s Tq) 

(q) . Σ i e i D
( q ) } 2 / (M-Aq) 

i=l p 4 

1/2 (3) 

To conclude this section, we state the two main 
numerical problems involved in the application of 
model (1) to a given data matrix Y, obtained by 
observing the values of M variables on one class of Ν 
similar objects (for Q classes, each class i s treated 
in the same way, giving Q independent class models). 
(i) Estimation of the number of product terms in eq. 

(1), A. The estimation of this number corresponds 
to the separation of the data Y into signal — 
the parameters α and JB — and noise (£ik) · We 
realize that a large A gives small residuals (ε) 
— much signal and l i t t l e noise, and the reverse. 
Hence i t i s of utmost importance to get a good 
value of A, a value too large w i l l give too much 
apparent structure in the data leading to too far-
reaching conclusions. A value of A too small w i l l 
correspond to an under-utilization of the infor
mation actually contained in the data. 

(ii) Once the values of A are estimated for the class, 
the estimation of the parameters α and £ in the 
model (1) i s numerically rather t r i v i a l . This i s 
further discussed in section 6.3. 

6.3 Parameter Estimation in the PC Model (1). 
For a given A, the estimation of the parameters α 

and β in eq. (1) can be accomplished by several 
numerical methods. This problem i s in mathematics 
called by many names; singular value decomposition, 
eigenvector decomposition, Karhunen-Loêve expansion, 
matrix diagonalization and other names. In SIMCA we 
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have, for different reasons, used a special type of 
algorithm called a NIPALS algorithm (21./22.) . This 
works iteratively, determining one vector &a+i after 
another (j^) using the fact that these vectors are 
mutually orthogonal. This iterative "peeling" proce
dure gives two advantages; i t i s e f f i c i e n t in the 
cross-validatory estimation of A (see next section) and 
i t can be adapted to handle incomplete data matrices 
(some observations are missing). 

6.4 The Number of Components (A) in PC Models. 

As discussed in section 6.2, i t i s essential not 
to overestimate or underestimate the amount of infor
mation contained i n the data matrix Y. This amount i s 
directly related to the number of terms in model (1), 
i.e., A. We have use
validation which give
the optimal predictability of the data set back on 
i t s e l f using model (1). This takes some explanation. 

Assume that we have estimated the parameters ot̂  
and gja/ £afc for a = 1,2 up to A for a given data matrix 
Y of a particular class. We can then see i f the addi
tion of another term £if(A+1) ,i(A+l) k betters the f i t 
of model (1) to the data Y in the following way. 

1. Calculate the residuals after A terms 

a=l 

2. Delete part of the matrix elements in { e i k
( q ) } and 

f i t the model to the remaining elements 

e <q) _ R (q) fl (q) + * <q) ( ^ 
e i k " Bi,(A+l) 9(A+l),k + 6 i k <5' 

Since the NIPALS method (21,22) works also with 
incomplete data, this f i t t i n g i s easily accomplished 

3. For the deleted elements (denoted by £ik*)» c a l 
culate the prediction error 

(q) _ * (q)_ (q) (q) 
A i k " e i k ~ Bi,(A+l) 6(A+l),k ( 6 ) 
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£. Restore the matrix q } and then delete other 
elements and repeat steps 4 and 5 u n t i l a l l 
elements of (Φ} have been deleted once. 
Form the sum of a l l prediction errors in square 

M Nc 

Σ Σ 
i k 

(q) 

D = Σ Zq A i k
( q > 2 (7) 

Compare D with the sum of residual squares S 

S ( q ) = Σ ? q e . k
( q ) 2 (8) 

i k 
If the ratio betwee

(A+l)st product ter
error of model (1) and we conclude that A terms were 
sufficient. 

If D/S i s less than one, we make a components 
analysis of the f u l l matrix Î£i k}/ subtract the (A+l) s t 

term and start again at step 1, but with A = A+l. 
The details of this cross-validation methodology 

w i l l be published elsewhere (2_3) ; i t suffices here to 
say that the method works very well with both simulated 
and real data. 

If the values of A g for the different classes come 
out very different (differ by more than two) one should 
use different values of Aq for the different classes. 
If they agree within 1, however, i t i s practical to use 
the same value of Aq for a l l the classes. 

6.5 Information Contained in the Residuals. 
The SIMCA method i s based on the least squares 

framework. Thus the parameters ot, £ and £ in eq. (1) 
are calculated to minimize the sum of squared residuals 
(£ifc). This estimation is consistent for most probable 
distributions of £i k but in order for the methods below 
to be e f f i c i e n t , the residuals should be approximately 
normally distributed. Hence, this should be tested 
for. This i s easiest done by making histograms of 
£ifc for each variable and class. If the residuals are 
highly non-normal, the data should be transformed, 
the reader i s referred to Box and Cox (24) for a 
discussion of the problem. 

When the number of objects in each class i s small, 
however, (smaller than 20-30) any test of normality i s 
highly uncertain and crude and in this typical case 
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one can only hope that normality i s approximately 
f u l f i l l e d . 

The size of the residuals after f i t t i n g data of a 
class reference set or data of individual objects to 
the various class models reveals interesting pieces of 
information. This w i l l be discussed after the defin i 
tion of suitable measures of "residual size". 

Besides equations (1) through (3) we shall need, 
in the treatment below, the following quantities; 

The total residual standard deviation of class 
q; B ' Î ' (£ik f r o m e q - D 

(q) = I £ i k ( q ) 2 / ( » q - \ - D (M-A ) 
1̂ 

1/2 
(9) 

The residual standar
over a l l the data i

η 1/2 
(q)2 1 Q 

W q=l (M-Ag) k=l 
Q 
Σ £ i k / Nq-Aq-1 (10) 

The corresponding standard deviation of the train
ing set data y_: 

s i , y 
Q 
Σ 
q=l k=l 

Q 
( Σ 
q-1 

Nq) -1 
1/2 

(11) 

The average of Vj^ over the training set 

Q 
= Σ t 1 

q=l k=l q=l 
(12) 

The residual standard deviation of the obiects in 
class r when f i t t e d to the class model 2 (flip from 
eq. 2: γ· then denotes data belonging to class 
vectors r) 

(q) _ 
Μ Ν, ι 1/2 

(q)2 
P=l - i p / (M-Aq) (13) 
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The corresponding standard deviation of variable 
i^ 

1/2 
s. ( q ) = M ?r ^ (q)2 

(M-AQ) p-1 l p 
(14) 

6.5.1 Outliers i n a Class Reference Set. 
The size of the residuals for a particular object 

(denoted by £ . ) can be compared with the "normal" 
size of the class by means of, say, an F-test. If this 
comparison shows that the residuals of the object are 
large, this indicates that the object i s an outlier, 
either because i t was incorrectly assigned to the class 
or because i t shows an atypical behavior. Thus, the 
test i s based on th

F = s ( q ) 2 t
 N q / S o

( < ^ ) 2 (15) 

The standard deviations are defined in eq % (3) 
and (9). The correction Nq/(Ng-Ag-l) i s needed 
because the vector £ has been included in the computa
tion of the class parameters α and 

The F-value in eq. (15) i s compared with c r i t i c a l 
F-values with (M-Aq) and (Nq-Aq-1) (M-Aq) degrees of 
freedom. 

If outliers are found in the training set, they 
should, as long as they are not too many (say not more 
than 10% of the training set) be deleted and the class 
parameters should be recalculated. 

6.5.2 The Modelling Power of a Variable. 
In the method like SIMCA where each class i s 

described by a mathematical model, measures of how 
much of the variation in the original data that are 
described by the models are of great interest. These 
measures are simplest obtained by comparing residual 
standard deviations with the corresponding data 
standard deviations. Thus we can calculate the 
modelling power of a variable i over a l l classes as: 

• i - 1 - ( s i / si,y> (16) 
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Here and s-^y a r e d e f i n e d i n eq. (10) and 
(11) r e s p e c t i v e l y . 

A v a l u e o f ^ c l o s e t o one i n d i c a t e s a h i g h and 
c l o s e t o z e r o a low m o d e l l i n g power. 

6.5.3 The Data R e l e v a n c e f o r a C l a s s . 

S i m i l a r l y t o t h e m o d e l l i n g power f o r a s i n g l e 
v a r i a b l e ( p r e v i o u s s e c t i o n ) we can c a l c u l a t e how much 
o f t h e v a r i a t i o n i n t h e d a t a o f a c l a s s c[ i s d e s c r i b e d 
by t h e model: 

Ψο ( < 3 ) = l - s 0 < * > / s, (q) (17) 

Here, i s g i v e n i n eq. (9) and Sy^q) i s t h e 
s t a n d a r d d e v i a t i o n o
eq. 12) : 

1/2 
(q) _ M N a („\ ο 

Σ iq ( y i k
( q ) - y i 2 ) / (M.N ) 

i = l k = l 
(q) 

(18) 

The a v e r age o f j L ^ ' o v e r a l l c l a s s e s g i v e s a 
measure o f t h e t o t a l d a t a r e l e v a n c e . 

6.5.4 D i s c r i m i n a t o r y Power o f a V a r i a b l e , 

By comparing the f i t o f o b j e c t s i n two g i v e n 
c l a s s e s £ and r t o (a) t h e i r own c l a s s models and (b) 
t o t h e o t h e r c l a s s model ( o b j e c t s i n c l a s s £ t o model 
r and v i c e v e r s a ) we can g e t an i d e a o f t h e d i s t a n c e 
between t h e two c l a s s e s o v e r a l l v a r i a b l e s ( s e c t i o n 
6.5.8) and a l s o f o r each v a r i a b l e . U s i n g t h e r e s i d u a l 
s t a n d a r d d e v i a t i o n s i n eq. (14) we can c a l c u l a t e t h e 
d i s c r i m i n a t o r y power o f v a r i a b l e i ^ between the two 
c l a s s e s £ and r a s : 

1/? 
(q)2 + s ( r ) 2 n 

• i 
( r,q) i / r 

S i , r 
ΤΈΤΤ 

i>q 
s <a>2 
i»q 

-1 (19) 

( r ο ) 
A v a l u e o f ' q c l o s e t o z e r o i n d i c a t e s a low 

d i s c r i m i n a t o r y power and much above one a good power. 
When more than two c l a s s e s a r e p r e s e n t , an 

a g g r e g a t e measure i s o b t a i n e d by summation o v e r a l l 
c l a s s - p a i r s o r j u s t o v e r a l l c l o s e c l a s s p a i r s , H p a i r 
a c c o r d i n g t o the d i s t a n c e s d i s c u s s e d i n s e c t i o n 6.5.7) 
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(r,q) / n p a i r (20) 
r r q 
6.5.5 Weighting of Variables. 
It i s customary to scale the variables so that 

they a l l have the same variance over the training set 
(auto-scaling) (9). This is to avoid an exaggerated 
influence of a variable showing large variation in the 
original data. 

After the f i r s t stage of the analysis, the mea
sures of modelling power and discrimination power give 
additional information about the relevance of the 
variables for the problem. Hence, in later stages, the 
variables might, i f so warranted, be weighted by a 
multiplication by their modelling power

Such a weightin
on the analysis, however
make a zero-one weighting as discussed in next section. 

6.5.6 Selection of Variables from Many. 
When a large number of variables have been includ

ed, a number of these often turn out to have a low 
modelling power (ψ^ smaller than, say, 0.3 in eq. 16). 
Such variables are then best completely deleted and 
the computations redone for the reduced data set. We 
should note that variables must not be deleted solely 
on the basis of their discriminatory power since this 
leads to a gross exaggeration of the differences 
between classes; the design of a method looking for 
differences must not be conditioned to maximize such 
differences. A reasonable compromise can be reached, 
however, by deleting only such variables which have 
both low modelling and low discrimination power. 

6.5.7 Distance Between Two Classes. 
In the same way as the discrimination power for 

single variables were calculated in section 6.5.4, we 
can calculate a distance between two classes using the 
residual standard deviations over a l l variables. 

(q)2 (r)2 1 1/2 
D(r'<3) = + 

(21) 
s (q)2 + s (r)2 
ο ο 
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A distance D^r'3) close to zero indicates that the 
two classes r and (j are v i r t u a l l y identical (with 
respect to the given data) and values larger than one 
indicate real differences. A quantitative test on the 
significance of ο' Γ / (2' i s obtained by using the fact 
that (D(r,q) + 1) 2 i s approximately F - distributed, 
with (N r - Ag) (M-Ag) + (Ng-Ar) (M-Ar) and (Nr-Ar-1) 
(M-Ar) + (Nq-Aq-1) (M-Aq) degrees of freedom. 

6.6 Classification of New Objects (Test Set). 
In order to assign objects in the test set to the 

classes, each of these objects i s f i t t e d to each class 
model according to eq. (2). The residual standard 
deviation (eq. 3) corresponds to the orthogonal dis
tance between object £ and class £ (Figure 5)  However
when calculating th
class one also, obtain
range of 6.ak f o r t h e class. 

If an object £, when f i t t e d to the class model 
(eq. 2), gets coefficients t a f a l l i n g outside the 
normal range of £ a for the class, one instead calcu
lates the "distance" between object £ and class c[ as 
d p(q) (Figure 5) 

Variab 

Variable I 

Figure 5. When α point ρ gets coefficients t e p (eqn. 2) 
outside the "normal range* of a class q (eqn. 23, 24), the 
distance between the object ρ and the class is measured 

by dp(Q) (eqn. 22). 
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1/2 (22) 

Here the summation i s made only over terms where 
t a i s outside the normal range £a?low' £a?nigh 

This range i s defined by the minimal and maximal 
values of plus minus t/2 standard deviations of <3 
where t* is the t distribution with Nq degrees of 
freedom , 

t*/2 · - ( < 3 ) 

a,lim 
θ (q) a, max 

,<q> 
a.min 

- t*/2 

'6,a 

s (q) 
9,a 

(23) 

(24) 

N q 
Σ 
k=l 

,(q)2 
}ak (25) 

The coefficient Φ 3 in eq. (22) i s introduced to 
make S p ^ 2 and ( t a - £a,lim) comparable 

- - P ( q ) / s e , a ( q ) (26) 
the class showing The object £ i s then assigned tgv the class s 

the best f i t , i.e., the smallest dp # provided that 
this d p i s not much larger than the standard devia
tion of the class according to an F-test (M-Aq) and 
(Nq-Aq-1) (M-Aq) degrees of freedom: 

= dT 
(q)2 / s< 

(q)2 (27) 

Furthermore, a unique assignment i s obtained only 
when the ratio between the next smallest (here denoted 
by S ρ ) and the smallest residual variances ( S p W ) 
is larger than a c r i t i c a l F-value with M-Ar and M-Aq 
degrees of freedom 

_ . (r)2 , , (q)2 
= dP 7 dp (28) 

To conclude: the cla s s i f i c a t i o n of an object ρ 
in the test set can give several different results. 
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a. Object £ i s uniquely assigned to class <£. It f i t s 
the closest class 3 within the typical standard-
deviation of that class (F in eq. (27) i s smaller 
than the c r i t i c a l value). In addition, the 
distance to the next closest class i s much larger 
according to the F-test in eq. (28). 

b. Object £ f i t s several classes q^, 33. · ·3η· T t f i t s 
each of these classes within the typical standard 
deviations of the classes (eq. 9), but the ratios 
between the distances to the classes 3,1···3η a r e 

not different according to eq.* (28). The reason 
for this ambiguity can be two; either the data are 
not sufficient to distinguish between the different 
classes with respect to object £ (more variables 
with better discrimination power then be measured) 
or the object actuall
being either a g proper
ties of several classes like a compound with 
several functional groups. 

c. Object £ f i t s no class within i t s typical standard 
deviation (eq. 9). We then conclude that the 
object is of a new, hitherto not see, type, a 
member of a new class. 

6.7 Missing Data. 

The presentation has so far been implicitly based 
on the assumption that the data matrix of each class 
reference set has been complete, i.e., a l l elements 
Zik a r e defined by measured values. In many 
chemical problems, however, the class data matrices are 
incomplete due either the d i f f i c u l t y to measure a l l 
values, or the absence of a defined value for some 
variables and objects, e.g., a compound may have an i l l -
defined melting point or a certain peak might be 
missing in the IR spectrum of a compound. 

The model (1) may s t i l l be f i t t e d to an incomplete 
data matrix using an extended NIPALS method (23) . A l l 
degrees of freedom in the expressions for the various 
residual standard deviations must then be changed to 
take missing observations into account, but that 
presents no problem, 1 i s subtracted from the denomi
nators for each observation missing in the calculation. 

The determination of the number of product terms 
in the models (section 6.4) can hopefully also be 
modified to cope with missing data. Presently, how
ever, with missing data one must use a standard value 
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of Ag. We recommend using Ag = 2 or 3 unless M i s 
smaller than 10 when Ag should be smaller than M/4 
(Ag=l i s always admissible, however, even i f M=2 or 3). 

6.8 Graphical Methods. 
The model (1) has a simple representation in M-

space being a line (A=l) or an Α-dimensional hyper
plane. In cases when A=l gives a good representation 
of the data, this can be seen also in linear project
ions of M-space down on two-space. Such projections 
w i l l project also the line of the class model to a 
line in the 2-dimensional space. This is the basis 
for the following graphical method which can easily 
be applied with the help of graph paper and a calcu
lator when the number of variables M i s smaller than 
5 or 6 (below we i l l u s t r a t
a. Scale the variables by dividing them by their range 

over a l l data. 
b. Divide the variables "randomly" into two groups, 

say group A containing variables 1 and 4 and group 
Β containing variables 2 and 3. 

c. Plot, for each object, the sum of the variables in 
group A against the sum of the variables in group 
B, i.e. 
( y l k + y4k ) a g a i n s t (y?k* + y3k*> t h e asterisks denoting that the y-values are scaled. 

d. Plot instead the differences between the variables 
in groups A against the differences between the 
variables in group B, i.e., (y,, * - yav*) against 
<y2k*-y 3k*>-

e. Redistribute the variables creating two new groups 
A· and B', say A'=variables 1 and 3 and B1 v a r i 
ables 2 and 4. 
Go through steps c and d for these two new groups. 
In this way one obtains four different plots of 

the data and patterns that are consistent in two or' 
three of the plots are indications of real regularities 
also in M-space. 

As with a l l methods based on projections, i t is 
important to realize that a single plot might reveal 
apparent regularities which in fact are a result of 
the choice of projections. One must therefore always 
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use a t l e a s t two d i f f e r e n t p r o j e c t i o n s as g r a p h i c a l 
i l l u s t r a t i o n s o f d a t a and r e s u l t s . 

When a computer i s u s e d , a l a r g e number o f 
d i f f e r e n t p r o j e c t i o n s can be g e n e r a t e d more o r l e s s 
a u t o m a t i c a l l y . The r e a d e r i s r e f e r r e d t o K o w a l s k i (25) 
f o r an i l l u m i n a t i n g d i s c u s s i o n . 

6 .9 The Norbornane Example. 

The a n a l y s i s o f t h e norbornane d a t a gave the 
f o l l o w i n g r e s u l t s , t h e c h e m i c a l s i g n i f i c a n c e o f which 
i s d i s c u s s e d i n n e x t s e c t i o n . 

0. The d a t a were f i r s t a u t o s c a l e d by s u b t r a c t i n g 
t h e v a r i a b l e means and d i v i d i n g by 4 . 69 t i m e s 
t h e s t a n d a r d d e v i a t i o n s (bottom o f T a b l e I )
A l l t h e r e s u l t
s c a l e d d a t a

1 . The d i m e n s i o n a l i t y o f t h e d a t a was f o u nd by 
a p p l y i n g c r o s s v a l i d a t i o n s e p a r a t e l y t o the 
two c l a s s m a t r i c e s d e f i n e d by the d a t a i n 
T a b l e I . T h i s shows t h a t each c l a s s i s b e s t 
d e s c r i b e d w i t h model (1) h a v i n g A = l . 

2. F i t t i n g model (1) t o the two c l a s s m a t r i c e s 
g i v e s t h e p a r a m e t e r v a l u e s o f t h e two c l a s s e s 
shown i n T a b l e I I f o r t h e t h r e e v a r i a b l e s 
c o n t a i n i n g any i n f o r m a t i o n (see b e l o w ) . 
V a r i a b l e s w i t h low d i s c r i m i n a t i o n and model
i n g power were s t e p w i s e d e l e t e d from f u r t h e r 
a n a l y s i s and t h e c o m p u t a t i o n s were redone f o r 
t h e r e d u c e d d a t a m a t r i c e s (see T a b l e I I I ) . 

3. The d a t a i n t h e l e a r n i n g s e t were f i t t e d t o 
t h e two c l a s s models (3 v a r i a b l e s ) g i v i n g t h e 
r e s u l t s i n T a b l e IV. 

4. The d a t a i n the t e s t s e t were f i t t e d t o t h e 
two c l a s s models (3 v a r i a b l e s ) g i v i n g t h e 
r e s u l t s i n T a b l e V. 

6 . 9 . 1 C l a s s i f i c a t i o n o f Sxo and Endo 2-
S u b s t i t u t e d N orbornanes. 

The r e s u l t s from the SIMCA c l a s s i f i c a t i o n show 
t h a t o n l y t h e s o - c a l l e d γ-carbons ( c 4 , C 6 and C7) 
c o n t a i n i n f o r m a t i o n whether a compound i s an endo o r 
exo 2 - s u b s t i t u t e d n o rbornane. Thus the s h i f t d i f f e r 
ences o b s e r v e d f o r t h e α, β and Δ c a r b o n s c o n t a i n o n l y 
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Table I. Relative C NMR s h i f t s Δδ i n ppm for the Cy-C-j carbons 
in the norbornane framework*-. The Δδ values are obtained as 
s h i f t differences between the actual structure and the unsubsti-
tuted norbornane (X=H) 

Comp, substituent class Δ δ Δ6 Δ6 Δδ Δδ Δδ Δδ 
lk 2k 3k 4k 5k 6k 7k 

1 -CH3(exo) 1 6.7 6.7 10.1 0.5 0.2 -1.1 -3.7 

2 -NH2(exo) 1 8.9 25.3 12.4 -0.4 -1.2 -3.1 -4.4 

3 -OH(exo) 1 7.7 44.3 12.3 -1.0 -1.3 -5.2 -4.1 

4 -F(exo) 

5 -CN(exo) 1 5.5 1.0 6.3 -0.3 -1.5 -1.6 -1.3 

6 -COOH(exo) 1 4.6 16.7 4.4 -0.2 -0.3 -1.0 -1.8 

7 -C0 2CH 3(exo) 1 5.1 16.4 4.2 -0.4 -1.1 -1.4 -2.1 

8 -CH2OH(exo) 1 1.8 15.1 4.4 -0.2 0.2 -0.7 -3.3 

9 -CH3(endo) 2 5.4 4.5 10.6 1.4 0.5 -7.7 0.2 

10 -NH2(endo) 2 6.8 23.3 10.5 1.2 0.6 -9.5 0.3 

11 -OH(endo) 2 6.3 42.4 9.5 0.9 0.2 -9.7 -0.9 

12 -CN(endo) 2 3.4 0.1 5.5 0.2 -0.7 -4.9 0.0 

13 -COOH(endo) 2 4.2 16.2 2.1 0.9 -0.6 -4.8 1.9 

14 -C0 2CH 3(endo) 2 4.0 15.9 2.2 0.7 -0.7 -5.0 1.7 

15 -CH20H(endo) 2 1.7 12.8 4.0 0.4 0.2 -7.2 1.4 

mean value Δδ^ 5.37 15.8 8.02 0.25 -0.36 -3.65 -1.22 

standard dev. 0^ 1.68 15.8 3.15 0.78 0.75 3.44 2.31 

— Data from Grutzner, J . Β., Jautelat, M, ; Dence, J . Β., Smith, 
R. Α., and Robert J . D. ; J. Amer. Chem. Soc. (1970), 92, 7107. 
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Table I I . Parameters for the exo and endo class models 

i i l 

class 1 i=4 -0.201 0.775 
(q=l) i=6 0.058 0.613 

i=7 -0.165 0.149 

class 2 i=4 0.153 0.495 
(q=2) i=6 -0.206 -0.764 

i=7 0.172 -0.415 

Table I I I . Discrimination (Φ) and modelling (Ψ) power (see 
section 6.5.3 and 6.5.5) for the norbornane carbons as a function 
of the number of variables f i t t e d to eq. (9). Values are shown 
for seven and three variables. 

i= l i=2 i=3 i=4 i=5 i=6 i=7 

Φ ± 0.4 1. 1. 14. 5. 46. 20. 

Ψ ± 0.23 0.25 0.45 0.36 0.50 0.60 0.55 

Φ ± 22. 69. 23. 

V 0.72 0.74 0.50 
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Table IV. The result of the SIMCA c l a s s i f i c a t i o n of the com
pounds 1-15 in the learning set and with A«l i n eq. (1) Residual 
variance class 1 Ο 2 s 0.012 and class 2 Ο 2 = 0.012. F-test 
according to eq. (15). 

Compound known class standard standard F* 
no. deviation deviation (closest 

(closest class) (next closest class) 
class) 

1 1 0.10 (1) 0.37 (2) 1.1 (1) 

2 1 0.10 (1) 0.24 (2) 1.1 (1) 

3 1 

4 1 0.03 (1) 0.57 (2) 0.1 (1) 

5 1 0.11 (1) 0.25 (2) 1.3 (1) 

6 1 0.07 (1) 0.28 (2) 0.5 (1) 

7 1 0.07 (1) 0.31 (2) 0.5 (1) 

8 1 0.05 (1) 0.37 (2) 0.3 (1) 

9 2 0.08 (2) 0.44 (1) 0.7 (2) 

10 2 0.03 (2) 0.48 (1) 0.1 (2) 

11 2 0.07 (2) 0.43 (1) 0.6 (2) 

12 2 0.12 (2) 0.25 (1) 1.4 (2) 

13 2 0.09 (2) 0.38 (1) 0.9 (2) 

14 2 0.04 (2) 0.36 (1) 0.2 (2) 

15 2 0.09 (2) 0.39 (1) 0.9 (2) 

^ c r i l T 4 - 0 
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Table V. The result of the SIMCA c l a s s i f i c a t i o n of the compounds 
16-43 i n the test set. F-test according to eq. (27). 

Compound known standard Fâ. standard F*. 
no. class deviation (closest deviation (right class 

(closest class) (next closest i f not 
class) class closest) 

16 1 0.13 (1) 1.3 (1) 0.42 (2) 

17 2 0.13 (2) 1.3 (2) 0.27 (1) 

18 1 0.09 (1) 0.6 (1) 0.40 (2) 

19 2 0.11 (2) 1.0 (2) 0.43 (1) 

20 1 0.08 (1) (1) (2) 

21 2 0.07 (1) 0.5 (1) 0.26 (2) 

21· 2 0.10 (2) 0.8 (2) 0.25 (1) 

22 1 0.08 (1) 0.5 (1) 0.36 (2) 

23 2 0.20 (1) 3.2 (1) 0.33 (2) 

23· 2 0.10 (2) 0.8 (2) 0.33 (1) 

24 1 0.08 (1) 0.5 (1) 0.41 (2) 

25 2 0.09 (2) 0.6 (2) 0.45 (1) 

26 1 0.06 (1) 0.3 (1) 0.38 (2) 

27 2 0.09 (2) 0.6 (2) 0.30 (1) 

28 1 0.09 (1) 0.5 (1) 0.42 (2) 

29 2 0.19 (2) 3.0 (2) 0.35 (1) 

30 1 0.10 (1) 0.8 (1) 0.45 (2) 

31 2 0.30 (2) 7.7 (2) 0.39 (1) 

32 1 0.09 (1) 0.7 (1) 0.40 (2) 

33 2 0.04 (2) 0.2 (2) 0.29 (1) 

5.6 (2) 
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Table V. (continued) 

34 1 0.14 (1) 1.5 (1) 0.44 (2) 

35 2 0.30 (2) 7.8 (2) 0.37 (1) 

35' 2 0.15 (2) 2.0 (2) 0.48 (1) 

36 1 0.11 (1) 0.9 (1) 0.41 (2) 

37 2 0.07 (2) 0.5 (2) 0.45 (1) 

38 1 0.09 (1) 0.6 (1) 0.41 (2) 

39 2 0.05 (2) 0.2 (2) 0.36 (1

40 1 0.18 (2) (2) (1) (1) 

41 2 0.32 (2) 8.7 (2) 0.50 (1) 

42 1 0.10 (2) 0.8 (2) 0.32 (1) 9.5 (1) 

43 2 0.40 (1) 13.1 (1) 0.44 (2) 16.1 (2) 

^ c r i t - 4 ' 0 

individual effects of the substituent but no specific 
information whether the substituent i s situated in 
exo or endo postion. The finding that models with 
dimensionality A=l describes the data well shows that 
the s h i f t parameters consist of an individual substi
tute^ effect ûjç q ' in addition to the exo/endo effects 
i* i 

The c l a s s i f i c a t i o n can be visualized by the 
earli e r described plotting method (see section 6 . 8 ) . 
In this case two well separated classes are obtained 
by plotting the difference between the relative s h i f t 
for C7 and Cg against the relative s h i f t for C4. The 
variables were rescaled to 2.73 C4, 1.0 and 1.43 C7, 
where the coefficients are obtained by dividing the 
experimental width for each variable by the variable 
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with minimum width observed (C6) . (See Figures 4,7 and 
8·) 

The obtained parameters from the test sets can be 
used to c l a r i f y i f other exo or endo 2-substituted 
compounds closely related to the norbornanes behave in 
a similar way. Therefore a number of such compounds 
were chosen to form a test set (compounds 16-43, see 
Figure 6). The autoscaled s h i f t differences were 
f i t t e d to the parameters obtained for the training sets 
(a and £ are fixed to the values obtained in the 
analysis of the reference sets). The goodness of f i t 
of the nonclassified objects to the class models can 
be estimated by F-test by comparing the residual 
variances for these objects with the residual variances 
of the reference sets. (See Table V.) Most of the 
structures are well-classified i.e., they have the 
same variance as observe
reference sets, a fac
assignments in most cases. (See Figure 7.) However, 
some exceptions can be noted (Figure 8). 

(a) The tentative assignment given for the C4 and C2 
carbons in structure 23 does not provide a cor
rect c l a s s i f i c a t i o n . The reversed assignment for 
C4 and C2 c l a s s i f i e d this structure well. 

(b) For compound 21 two different assignments have 
been proposed for the C5 and C7 . One of these 
cl a s s i f i e d 21 correctly. 

(c) Applying the proposed assignment for 35 this 
compound f i t neither class. However, after 
reversing the assignment for C2 and C4 the 
compound f i t nicely to the endo class. 

(d) A group of compounds the terpenes 40-43 have been 
found not to be well-classified with the parame
ters from the test set, showing that compounds 
with methyl groups on the C7 don't behave in the 
same way as the shifts for the compounds in the 
test-set. 

7. Applications 
The SIMCA-methodology i s rather new and the number 

of published applications therefore i s small. Most of 
the early applications concern structure-reactivity 
relations of the Hammett-equation type with the data 
analysis of a single class (12,26-28). A single class 
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test set 

28(29) 30(31) 32(33) 

Sfcr dtr ar 
34(35) 3 6 ( 3 7 Γ 38(39) 2 

40(41) 42(43) 

Figure 6. The test set of exo and endo norbornanes and related 
compounds. Even numbers refer to the exo compounds, the odd 

numbers to the endo compounds. 
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application in Analystical Chemistry addresses the 
comparison of analytical methods with respect to their 
performance on real data (29) . 

The earliest use of SIMCA in pattern recognition 
with several classes was made by Duewer, Kowalski and 
Schatzki (30) who analyzed the 22-dimensional data of 
40 classes of simulated o i l - s p i l l s . They showed that 
i t i s possible to determine the source of an o i l - s p i l l 
on the basis of such data. This was followed by the 
test of SIMCA on the clas s i c a l I r i s data of Fisher (5) 
and the analysis of spectral data (IR and UV) of two 
classes of unsaturated carbonyl compounds (12). 

Sjôstrôm and Edlund analyzed the 1 3C NMR data of 
norbornanes and chlorinated biphenyls (A). The norbor-
nane analysis has been used in the present a r t i c l e as 
an i l l u s t r a t i o n , Strouf and Wold have used SIMCA to try 
to find regularitie
and unstable comple
features such as the size and electronegativity of 
ligands and central atoms, a 75% prediction rate of the 
s t a b i l i t y of the complexes was achieved, a rate which 
is significantly better than chance. 

The similarity model (1) has also been used in 
cluster analysis in the grouping of liquid phases for 
gas chromatography on the basis of retention data of 
10 standard compounds (_32) . 

We w i l l not here in detail discuss areas where 
SIMCA has possible applications. Chemistry is f u l l of 
problems which in a natural way can be formulated in 
terms of similarity assessment and/or c l a s s i f i c a t i o n . 
Suffice i t here to mention structural determination of 
unknown compounds on the basis of spectra, source 
determination of samples ( o i l - s p i l l s , blood-stains, 
paper-samples), type assessment of biological i n d i v i 
duals (chemotaxonomy) relation between structure and 
reactivity and — exciting but d i f f i c u l t — the efforts 
to find relations between chemical structure and 
biological activity (mutagenicity, toxicity, etc.). 

8. Future Developments 
The main lines of development can be seen for the 

SIMCA methodology. The f i r s t i s to extend the similar
ity models beyond the simple PC models of eq. (1) to 
cope with particular types of problems where the PC 
model i s less e f f i c i e n t . One example i s when one 
wishes to introduce causality in the mode. Take, for 
instance, the norbornane application discussed above, 
and l e t us post the problem how the variation of ^C 
NMR spectra within each class depends on the structure 
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of the compounds. If we describe each structure by 
means of a number of structural descriptors, say, the 
size, electronegativity and Taft σ-value of the 12 
substituents in positions 1 through 7 (including 
hydrogen), we have 36 structural descriptors for each 
compound (block 1). These, together with the 7 NMR-
shifts (block 2) give 4 3 variables for each compound. 
However, we now wish to analyze the data in terms of 
cause and effect, we wish to "explain" the variation 
of the latter 7 variables (block 2) as the "effect" 
of the variation of the former 36 (block 1). This can 
be done by expanding the model (1) to two PC-models — 
one for each block of variables — plus a multiple 
relation between the θ-vectors in block 1 and the Θ-
vectors in block 2. Such "path" models which current
ly are being developed for use in econometrics, 
sociology and othe  social science  (33,34) w i l l hav
many interesting application
chemical data. 

The second line of development involves the 
application of the SIMCA methodology to data where the 
grouping (classes) i s not i n i t i a l l y known. Data-
analysis aimed at finding the "natural" grouping of a 
number of objects with respect to multidimensional 
data measured on the objects is usually called cluster 
analysis. A SIMCA cluster analysis would thus try to 
group the objects so that within each of the resulting 
groups (clusters) the data would be well described by 
model (1) (or one of i t s path-model extensions). 
Mathematically and computationally, this is a much 
more d i f f i c u l t problem than the one where the classes 
are defined à p r i o r i but the results are also more 
rewarding in terms of new knowledge. 

Possible chemical applications of cluster-
analysis are as many as those of c l a s s i f i c a t i o n . Any 
large collection of chemical systems, say solvents, 
reactions of a certain type, compounds of a certain 
type, can be subjected to a cluster analysis and, 
i f a natural grouping is found, the resulting clusters 
correspond to a subclassification of the chemical 
systems which then can be u t i l i z e d practically and/or 
interpreted theoretically. 

9. Discussion 
The analysis and interpretation of and complex 

relationships and the behavior of complex systems such 
as those investigated in Chemistry is often done using 
the concepts of similarity and classes. In the typical 
case one has observed relatively much data on each 
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system (spectra, thermodynamic data, GC and trace 
element "spectra") but has relatively l i t t l e theoret
i c a l information about the fundamental processes 
generating the data. By dividing the systems into 
classes so that the systems display a regular behavior 
(similarity) within each class, the analysis i s 
considerably simplified; the complexity of a large 
collection of individual systems i s reduced to the 
moderate complexity of a small number of classes. 

The quantitative analysis of the data in each 
class by means of simple mathematical models such as 
eq. (1) makes i t possible to extract most of the 
information contained in the data in a way which i s 
easily interpreted. The linear structure of model (1) 
makes a graphical display of data and results 
straightforward. 

What might be importan
that SIMCA does no
each class. The cross-validatory estimation of the 
number of components (A) assures that only "real" 
regularities are described in the data. Thus, i f 
there i s no difference between two (or several) 
classes with respect to the data, this i s found by the 
method and the chemist need not interpret artifacts 
introduced by the problem formulation. 

It i s philosophically interesting that the 
quantitative similarity model (1) seems to closely 
correspond to the intuitive meaning of similarity as 
the concept is used in chemistry. Thus, data observed 
on chemical systems which are said to be similar, can 
usually be described by model (1) with one term (A=l). 

When comparing SIMCA with other methods of quant
ifying similarity we note that SIMCA often performs 
better on real data sets that "optimal" methods such 
as the K-nearest neighbor method (5./3C0 . The compari
sons made on real data are too few to allow any 
definite conclusions, however. 

Theoretically, SIMCA has the advantage before 
distance based methods of being only mildly dependent 
on the scaling of the individual variables. The 
independent handling of each class makes SIMCA 
insensitive to the number of classes which i s a 
severely limiting factor with linear discriminant 
analysis and similar methods such as the linear 
learning machine. 

Another severe limitation with most methods i s 
that the number of variables must not approach the 
number of objects in one class. The number of 
available parameters then approaches the number of 
data with disastrous consequences for the robustness 

In Chemometrics: Theory and Application; Kowalski, B.; 
ACS Symposium Series; American Chemical Society: Washington, DC, 1977. 



280 CHEMOMETRICS: THEORY AND APPLICATION 

of the results. 
SIMCA extracts only A components (eq. 1) from 

the data in each class and as long as A i s small 
compared to the number of variables and objects (less 
than 1/4) in the classes, the results are robust even 
i f the number of variables i s very large. 

Missing data are easily handled with SIMCA, a 
necessary condition for any method to be used in 
routine application. 

We believe that SIMCA, being sp e c i f i c a l l y 
developed for chemical data analysis, has many fea
tures which makes i t useful for these purposes. So 
far, we have not detected any drawbacks with the 
method, i t seems sufficiently flexible to adapt to 
most patterns revealed by real data. The experience 
with the method i s s t i l l limited, however, and the 
application of the metho
data sets and the continuin
methods w i l l provide further information about advan
tages and drawbacks of SIMCA in particular and 
quantitative similarity models in general. 

Finally, we wish to stress that mathematical 
methods for data analysis such as SIMCA in no way are 
a substitute for chemical s k i l l or intuition. Rather, 
analogously to a good instrumental method which 
simplifies the collection of accurate and relevant 
measurements, the mathematical method f a c i l i t a t e s the 
extraction of relevant information from a given set of 
data. Thus, the chemist is freed from much of the 
drudgery of making lengthy calculations and can 
instead address himself to the more rewarding tasks of 
formulating problems, designing crucial experiments 
producing relevant data and interpreting the results 
of the data analysis. 
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